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Abstract. We consider an abelian variety defined over a number field. We give con-
ditonal bounds for the order of its Tate-Shafarevich group, as well as bounds for the
Néron-Tate height of generators of its Mordell-Weil group. The bounds are implied
by strong but nowadays classical conjectures, such as the Birch and Swinnerton-Dyer
conjecture and the functional equation of the L-series. In particular, we generalise a
result by D. Goldfeld and L. Szpiro on the order of the Tate-Shafarevich group. The
method is an extension of the algorithm proposed by Yu. Manin for finding a basis
for the non-torsion rational points of an elliptic curve defined over the rationals.
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1 Introduction

The Mordell-Weil theorem says that the group of rational points on an abelian variety A/ K
defined over a number field is finitely generated: A(K) ~ A(K);ops x ZFAK)  Nowadays,
even in the case of an elliptic curve, there is no way, in general, to compute the torsion
part, the rank or a set of generators of this group. For some applications, it would be
sufficient to bound the size of them. There exist bounds for the cardinality of the torsion
subgroup, e.g., in the case of elliptic curves, [Mer96]. The proof of the Weak Mordell-
WEeil theorem gives an upper bound for the rank; such an explicit bound is obtained in
[OT89]. As for the generators, Yu. Manin [Man71] proposed an algorithm for finding a
basis for the non-torsion rational points of an elliptic curve. From Manin’s algorithm one
could deduce a bound for the Néron-Tate height of the generators. The approach relies on
the conjecture of B. J. Birch and H. P. F. Swinnerton-Dyer [BSD65] (BSD-conjecture for
short) and on the hypothesis that the L-series of the elliptic curve satisfies a functional
equation. S. Lang modified the heuristic approach of Yu. Manin and proposed the following
conjecture [Lan83, Conjecture 3|: Let E be an elliptic curve defined over Q. Denote Fg g
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the conductor, Hpq(E/Q) the exponential Faltings height and rk(FE(Q)) the Mordell- Weil
rank of E/Q. We can find a basis { Py, ..., P.} of the free part of E(Q) satisfying
max h(Py) < HEQF . FE . (1og F o) SEQ) . Hpy (B/Q), (1)

1<i<r

where ¢ is an absolute constant and € is a function which does not depend on the rank and
€(F) tends to 0 as F tends to infinity.

On the other hand, from the proof of the Weak Mordell-Weil theorem we know that,
for all n > 1, the n-torsion part of the Tate-Shafarevich group is finite. It is conjectured
that the whole Tate-Shafarevich group is finite; the conjecture is known for certain elliptic
curves with complex multiplication ([Rub87]) and certain modular elliptic curves ([Kol88]).
D. Goldfeld and L. Szpiro [GS95] suggested the following bound for the order of the Tate-
Shafarevich group HI(E/K) of an elliptic curve, in terms of the conductor. Let E be an
elliptic curve defined over a field K, which can be a number field or a function field. Then,

for every e > 0,
UI(E/K)| = O(Niyo(Fix)'**), (2)

where the implicit constant in the O depends on ¢, K and rk(E(K)). In the same article
they proved that this conjecture holds for elliptic curves defined over function fields pro-
vided the Tate-Shafarevich group of the function field is finite. D. Goldfeld and D. Lieman
[GL96] proved that, for a CM elliptic curve defined over Q with Mordell-Weil rank 0, we
have |II(E/Q)| < k:(e)fgj@, with 0 = 22 if j £ 0,1728, 6 = 2 if j = 0 and § = = if
j = 1728, where k(e) depends only on € and is effectively computable. It is also proved in
[GS95, Theorem 1] that, if the curve E is defined over Q and satisfies the BSD-conjecture
and Szpiro’s conjecture (which bounds the discriminant in terms of the conductor), then
ImI(F/Q)| <« .7:;//86(?‘5/@), where €(F) tends to 0 when F tends to infinity.

In this article, we consider an abelian variety A defined over a number field K. We are
interested in giving, under the assumption of the BSD-conjecture, bounds for its regulator
and the order of its Tate-Shafarevich group, as well as bounds for the Néron-Tate height of
the generators of its Mordell-Weil group. The bounds are given in terms of more tractable
objects associated to the variety and the number field. Precisely, our bounds depends on
the dimension g of A, the absolute value 7 = Ng/gF 4,k of the norm of the conductor, the
Faltings’ height h = hp.(A/K), the Mordell-Weil rank r = rk(A(K)), the degree [K : Q]
and the absolute value Dy of the discriminant of K. Moreover the dependence is explicit
in all the parameters, with the exception of g and [K : Q]. We denote by H = exp{h} the
exponential height.

On one hand we give a conditional upper bound for the Néron-Tate height of the ele-
ments of a (particular) basis of the free part of the Mordell-Weil group A(K).

Theorem 1.1 Let A be an abelian variety defined over a number field K. Suppose that the
L-series of A/K satisfies a functional equation (Conjecture 2.1) and the BSD-conjecture
(Conjecture 3.1). Then we can choose a system {Py, ..., P} of generators for the free part
of the Mordell-Weil group A(K) such that h(P,) < ... < h(P,) and

WP, < eiegyg - (M)* -2+ ()™ - D - F - (log F) U - (log(F - Di))H .
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HUEQ) o)1) +olK:Q]

where ck.q),y depends at most on the dimension g and the degree [K : Q], and ck.q) depends
at most on [K : Q.

Notice that Conjecture 2.1 is known for abelian varieties with complex multiplication
([ST61]) and some modular abelian varieties ([Shi94]). As for Conjecture 3.1, the results
of [CWT7], [GZ86], [Rub87] and [Kol88] provide evidence for its truth. On the other hand,
we extend Theorem 1 of [GS95] to arbitrary abelian varieties defined over number fields.
This gives a conditional upper bound for |III(A/K)|. When the dimension equals 1 and
the number field is Q, our bound improves Theorem 1 of [GS95].

Theorem 1.2 Let A be an abelian variety defined over a number field K. Suppose that the
L-series of A/K satisfies a functional equation (Congjecture 2.1) and the BSD-conjecture
(Conjecture 3.1). Suppose that AJ/K satisfies the Szpiro’s Conjecture (Conjecture 6.1).
Then, for every e > 0,

m(A/K)| < 5[K:Q],g(7’) . Dg{+(92+e)[K:Q} .f&"‘(%‘*‘f)[KiQ] - (log f)4g[K:Q]_

)

. 7(29+1)+g[K:Q]
(log(F - DI (L4 Y log F o+ (g + ) log D + i)

where dk.q),¢(T) = Clk.qlg - (rh)-2r. (crrq)” - elKWee Clk-ql,g depends only on g and
(K - Q, cx.q) depends only on [K : Q] and c.[k.q) depends at most on € and [K : Q).

Recently, M. Hindry treated this topic for abelian varieties in [Hin05]. He puts the accent
on the analogy with the classical Brauer-Siegel formula for number fields. He formulates
a conjecture comparing the product of the Tate-Shafarevich group and the regulator, with
the height of the variety: For all € > 0, Hpu(A/K)179) < |11(A/K)| - Reg(A/K) <
Hpa(A/K)3%9) | where the implicit constants depend on K,g,e and rk(A(K)). In
[Man71], [Lan83] and [GS95] the argument is developped when the dimension is 1 and
the number field is Q, while in [Hin05] the dependence of the bounds on the number field
is not always made explicit. As pointed out in our joint work with V. Bosser [BS07], this
dependence could play an important role. For example, the discriminant of the number
field appears in the rank of the variety. In fact, the latter can be bounded in terms of
the logarithm of the discriminant of K ([OT89]). Therefore, we consider here an arbitrary
number field and make explicit the dependence on the number field. Furthermore, contrary
to [Lan83] and [Hin05] the bounds given here are not conjectured, but implied, by strong
but nowadays classical conjectures.

The method is an extension of the one proposed by Yu. Manin, based on the BSD-
conjecture. The BSD-conjecture predicts the behavior of the L-series of the abelian variety
A at the center of symmetry, that is 1. In fact, it states that the order of vanishing of
L(A/K,s) at s = 1 equals the Mordell-Weil rank of A/K. Furthermore, it gives a formula
which relates the value of the leading coefficient of the Taylor expansion of L(A/K,s) at
s = 1 to the product of the Tate-Shafarevich group, the canonical regulator and some
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other objects associated to the variety. The notations and the data concerning the abelian
variety can be found in the next section. The core of our results are in section 3, where we
bound the product of the Tate-Shafarevich group and the canonical regulator (Proposition
3.11). In order to do it, we bound each one of the other terms of the BSD-formula. To deal
with the leading coefficient of the Taylor expansion of the L-series we use the functional
equation (Lemma 3.2). We then relate the local periods to the Faltings’ height of A/K
(Lemma 3.5). We also give a bound for the torsion part of the Mordell-Weil group (Lemma
3.10). In section 4 we recall some classical results on the geometry of numbers. We quote,
in section 5, some lower bounds for the Néron-Tate height of non-torsion points. In section
6 we deduce from the BSD-conjecture, the bounds for the highest Néron-Tate height of a
set of generators of A(K)/A(K)irs (Theorem 1.1) and an upper bound for the order of
I(A(K)) (Theorem 1.2).

In [BS07], we apply these results, for an elliptic curve, to show that, using the elliptic
analoque of Baker’s method, the BSD-conjecture for a single elliptic curve implies a result
in the direction of the abc-conjecture over number fields.

2 Notations

Throughout the text we will consider an abelian variety A of dimension g defined over a
number field K. We denote Dy the absolute value of the discriminant of the field K. To A
one can associate different objets, as the conductor, the L-function, the Faltings height, the
Tate-Shafarevich group and the regulator. For the notations we follow [Ser70], [LRS93],
Mil72] , [ManT71], [Gro82], [Tat95] and [CS86].

Let v be a finite place of K which corresponds to a prime ideal p. Denote K, or K,
the completion of K at v. For any prime ideal p of K, fixing a prime in K, above p
gives us a decomposition group G, = Gal(K,/K,) for p in Gal(K/K). Let I, be the
inertia subgroup of G, inducing the identity on the residue field k(p). Let m, denotes the
Frobenius which generates the quotient Gy/I,. (Up to conjugation, Gy, I, and 7, depend
only on p.) Let [ be any prime, [ # char(k(p)). Denotes A[N] the N-torsion of A, for an
integer N, T;(A) = lim A[I"] the l-adic Tate module, and Vi(A/K) = Ti(A) ®z, Q; the Q-
vector space associated. Since Gal(K /K) acts on Vi(A/K), we have a [-adic representation
p:Gal(K/K) — GL(V,(A/K)).

The conductor of the abelian variety A/K is the integral ideal of K defined by

-,'tA/K = prpa

where the product runs over the prime ideals p of K, and f, is a positive integer, called
the exponent of the conductor, which we will define below. However, the exponent f, is
zero if and only if A has good reduction at p. So, this product is finite. Let p be the prime
number lying below p. It is known that if p > 2¢g 4 1, then f, < 2g. Unconditionally, it is
proven in [LRS93] that f, < 12¢%vk, (p) (see [BK94] for best possible upper bounds in all
cases).



As in [Ser70], we will attache to p two positive integers e,(1) and 6,(I) which measures the
ramification of p. For the notations we follow [LRS93]. Denotes V;(A/K )’ the submodule
of elements fixed by I,. Define

ep(l) = codileV}(A/K)I"

Let L, = K,(A[l]) be the field generated over K, by the I-torsion points of A. Denotes
v, the normalized valuation on L,. Let 7z, be a uniformizer for L,. Denotes G; = ={o €
Gal(Ly,/Ky);vp, (o7, — 7Tr,) > i + 1} the i-th inertia group assomated to L /K and
g; = |G, its order. Write gy = |Gal(L,/K,)|. Define

-Saem ()

i>1 90

It has being proved (see the references in [LRS93]) that £,(l) and d,(l) are independents
of [ so we will denote them by ¢, and d,. They are called the tame part and, respectively
the wild part of the conductor. The exponent of the conductor is given by

Let us define the L-series, also called the (-function, of the variety A (see [Ser70,
Section 4]). Since the Frobenius is defined up to I, it makes sense to define a polynomial
P o(T) = det(1 — (p(mp)|Vi(A/K)*)T), where 7, is regarded as acting on the submodule
Vi(A/K)™ of elements fixed by I,. The polynomial P, ,(7) has integral coefficients which
are independent of [ ([ST68, Theorem 3]). Define

L(A/K,s) = HPAp

where the product is taken over all non-archimedean places v, of K and N (vy) is the norm
of the prime ideal p associated to v,. Define the normalized L-function by

A(A/K,s) = (Ngjo(Fajx) - D) - ((2m) 7 - T(s)*™ 9 - L(A/K, ).

(Observe that the product HUGM?{O [',(s) of the I-factors equals ((27)~* - I'(s))9¥@, In
fact, T',(s) equals T'c(s)* if v is complex and, T'c(s)¢ if v is real, where T'c(s) = (2m)*T(s)
(see [Ser70, section 3]).) The Euler product converges and gives an analytic function for
all s satisfying R(s) > % We have a classical generalisation of a conjecture of Hasse-Weil.

Conjecture 2.1 (Hasse-Weil) Let A/K be an abelian variety defined over a number
field. The L-series and the A-series of A/K have an analytic continuation to the entire
complex plane and the A-series satisfies the functional equation

ANA/K,2—s)=ecANA/K,s), for some &= =+l1.



This conjecture is true for abelian varieties with complex multiplication ([ST61]), in
some special cases, this conjecture is also true for modular abelian varieties ([Shi94]) and
it is true for elliptic curves over Q ([Wil95] and [BCDTO01}).

Denote Q}A/K the sheaf of differentials 1-forms on A/K and let {w,...,w,} be a K-basis
of H(A, Q). Let n = wi A...Aw, be anon zero differential g-form on A. Let A denote
the Néron model of A over O, let e : Spec(Ok) — A be its neutral section and let €%, ,
be the invertible sheaf of the differential 1-forms on A. The module H(A, Q7 J0,.) of global
invariant differentials on A is a projective Ox-module of rank 1 and can be written as

HO(Aa Qi\/oK) =na,

where a is a fractional ideal of K (depending on 7).

To every place v of K, we will associate a local number ¢,. For a finite place v let
A°(K,) be the subgroup of K,-rational points which reduces to the identity component of
the Néron model A. Denotes

Cy = (A(Kv) : AO(KU))

the index of the subgroup of K ,-rational points which extends to the connected component
in A. Let p, be an additive Haar measure on K, such that u,(Og,) = 1 if v is finite, u,
is the Lebesgue measure if v is a real archimedean place (i.e. K, = R) and twice the
Lebesgue measure if v is complex (i.e. K, = C). Define, for an archimedean place v, the

local period
cy = / |72
A(Ky)

Remark that the integral ¢, is non zero. For a non-archimedean place, Yu. Manin define
m, = Py(Nkg(pu)™) ™" [y, Inleg, which is equivalent to our ¢, (see, e. g., [ManTL,
lemma 8.9] when the dimension ¢ is 1). For the complex places, Yu. Manin choose p,
to be the Lebesgue measure, instead, as we do, twice the Lebesgue measure. So with its
definition [Man71, formula (38)], ¢, = 29m,. B. Gross [Gro82] gives another formulation
for the archimedean places, which is equivalent (see [Man71, lemma 8.8]). Define also the
archimedean local factor as

Coo(A/K) = Nijg(a) - H Co,

veMg?

which is independent of the choice of the differential 7.

The part concerning the local periods ¢, can be bounded in terms of the Faltings’ height.
We recall here its definition (see [CS86, Chapter 11]). We endowed the line bundle & ,
with an hermitian metric by definying, for a section s and for every archimedean place v,

i :
|s], = ((—) s/\§> .
2 A(Ky)



We define also

lIsllo = sly",

where n, = 1 if v is real and n, = 2 if v is complex. This norm extends the norme on K,
(ie. Vk € Ky, Vs € Q)5 R0, Ko, |[ks]lo = |k, - [[s]|»). Taking the pull-back of 7,
and metrics via the neutral section e : Spec(O) — A, we obtain a metrised line bundle
on Spec(Ok) (i.e. a projective Ox-module of rank 1):

— »*0O9
wA/OK =€ QA/(’)K'

The line bundle wy/0, can be identified with HO(Qi/OK) = na. In fact, e*Q),, =
% 0> Where ™ A — Spec(Og) is the structural morphism, and since the line bundle

is affine, it can be identified with the module of its global sections H(QY /OK)' The
Faltings’ height of A is the Arakelov degree of w40, :

1 1
hrare (A/K) = mdegm(wft/@w 1.I]) = —mlog H [I5]]o,

UEMK

for any section s. We will also use the notation Hpqy = exp{hpa}. It is well known that

dega,(Wajore, |1]) = log card(wao, /sOx) — Y log|[s..

v]oo

Denote MI(A/K) = ker(H'(Gal(K/K), Ax) — T[], H(Gal(K,/K,), Ax,)) the Tate-
Shafarevich group of A/K. Recall that II(A/K) measures the obstruction to the Hasse
principle. In fact, a non trivial element of 1II(A/K) corresponds to an homogenous space
which have K,-rational points for every place v, but no K-rational points. Even if it is
not easy to construct such a variety, it is only conjectured that II(A/K) is finite. K.
Rubin [Rub87] gave the first examples of elliptic curves for which it can be proved that the
Tate-Shafarevich group is finite (for example, for elliptic curves defined over Q). See also
the results of V. A. Kolyvagin [Kol88]. We will suppose throughout the text that m1(A/K)
is finite.

Denote A the dual abelian variety of A, that is Pic’(A), which is also defined over K,
and isogenous to A. Let <,>: A(K) x A(K) — R denote the Néron-Tate height pairing
corresponding to the Poincaré divisor on A x A. Denote r = rk(A(K)) the rank of A(K).
Choose a basis { Py, ..., P.} for the torsion free part of A(K) and a basis {Q1,...,Q,} for
the torsion free part of A(K). The canonical requlator of A is defined by

I i R

It is a non zero real number and does not depend on the choice of the basis.
Denote A(K)sors and A(f( )tors the torsion subgroups of the Mordell-Weil groups. Re-
mark that |A(K)srs| and |A(K)ers| are always non zero.



3 On the Birch and Swinnerton-Dyer conjecture

We can now state the celebrated conjecture of B. J. Birch and H. P. F. Swinnerton-Dyer (see
[BSDG65] for the case of elliptic curves and [Man71] and [Gro82] for a general formulation).

Conjecture 3.1 (Birch and Swinnerton-Dyer) Let A be an abelian variety defined
over a number field K.

1. The L-series L(A/K,s) has an analytic continuation to the entire complex plane.
2. ords—1 L(A/K, s) = rk(A(K)).

3. The leading coefficient L*(A/K,1) = lim,_; (Sf(l‘;/% in the Taylor expansion of
L(A/K,s) at s =1 satisfies

LXA/K, 1) = [I(A/K)|-Reg(A(K))- | A(K ) tors| [ A(K ) tors| " coe(A/K)- T co- DI,

(3)

There is some evidence for the truth of this conjecture. In particular, for an elliptic
curve defined over Q satisfying ord,—1 L(F/Q, s) = 0, the conditions 1. and 2. are proved
and also a relation between the value of L(E/Q, 1) and the order of II(E/Q) similar to
condition 3. See the results of [CWT77], [GZ86], [Rub87], [Kol88].

In this section we bound the product |1I(A/K)| - Reg(A/K). In order to do it, the
formula (3) of the BSD-conjecture suggest to bound each one of the remaining terms. This
is done in the following lemmas.

The numbers c¢,, for every non-archimedean place v, are non zero integers and can be
bounded from below by 1.

To bound the leading coefficient L*(A/K, 1), Yu. Manin suggested to use the functional
equation and some explicit equation for the derivative [Man71, formula (48)]. Here we use
the functional equation and the classical convexity argument as in the Phragmén-Lindelof
principle, as in [GS95]. We conclude applying the Cauchy inequality in two different ways,
because we want to obtain different kind of bounds.

Lemma 3.2 Let A/K be an abelian variety of dimension g satisfying Conjecture 2.1. Let
r = ords—1 L(A/K,s) and F = Ngjo(Fask). Then the leading coefficient of the L-series
of A/K at s =1 satisfies the following bounds:

|L*(A/K, 1)| < (9/2m)" "V F - Dj (4)

IL*(A/K,1)] < 27 49590 FE . DE . (log(F - D))l (5)



Remark 3.3 Conjecturally, the order of the L-series at 1, here denoted by r, equals the
rank of A(K'). The bound (4) is independent of r, while (5) has a term 2". Concerning the
rank, T. Ooe and J. Top [OT89] proved the following bound:

rk(A(K)) < yilog F + vz log D + s, (6)

where 71,792 and -3 are positive real numbers depending only on ¢g and [K : Q] and are
explicitly given. Using (6), we deduce from (5) a bound independent of the rank, which
growth in F and D is as:

Fi D (log(F - D2))IK9,

Respect to the conductor, the bound (4) is of better quality than this last one. As for the
dependence on the discriminant Dy, the bound (4) has a better dependence than this last
bound if the dimension g is 1 or 2. In [BS07] we are concerned with elliptic curves and we
are interested on the dependence on Dg: the bound (4) is used therein. (However, it is
expected that rk(A(K)) < log’i“gr =. This would gives, using (5), a bound for the leading
coefficient of the order

FiteF) D?{*HG’(DK),

where ¢ and ¢ depend on g and [K : Q] and tend to 0 when F tends to infinity and,
respectively, when Dk tends to infinity.) From now on, we will use the bound (4) in the
one-dimensional case and the bound (5) otherwise.

Proof of Lemma 3.2. Let us consider the abelian variety A’ = Resg A over Q which is
obtained from A by restriction of scalars (see [Mil72]). Over C we then have the decompo-
sition A" =~ [ [, A;(C), where the product runs over all the embeddings o : K — C and A,
is the abelian variety obtained by action of o on A. Then A’ is of dimension ¢’ = g[K : Q]
and

L(A'/Q,s) = L(A/K,s) and Fa g = Ngjo(Fasx) - DY (7)
We will use the fact that, since the abelian variety A’ is defined over Q, we have [Fon85]

N’Z}"A//Q>109/. (8)

The Hasse-Weil bound gives Pas,(T) = [[/_,(1 — &;T), where p = deg(Pa,) < 2¢' and
;] < \/p. Then, if we write s = o +i7, with o = R(s) > 2, the local factor of the Eulerian
product of the L-series satisfies

/

Cer— 1o
|Parp(p)*| 7 < (1 —p277)7%,

and then .
L(A/Q,5) < (o - 5)¥.

Let 0 = % + €, with € > 0. Then

IA(A/Q,s)| = |A(A'/Q, g +e+it)| < Nits. (27r)—g’(3+6) . F(§

I+

9



Since [¢(1+€)] < (14 1), for € > 0, then

3 € ! 3 ! 1 !
|A(A'/Q, 5 Hetim)|< Nits . (27)79 (Gt PG +e7 - (14 2)29 : (9)

Using the functional equation, that is, Conjecture 2.1, the same bound (9) is valid for
IA(A'/Q, L — e —ir)|. The Phragmén-Lindelof theorem, implies that the bound (9) is still
valid for s with real part o satisfying % —e<o< g + €. Applying the Cauchy inequality
in the disc D(1, 5 + €), we obtain

(2m)¢ AV(A/Q,1)
VN r!

The upper bound (9) gives

! max A(A'/Q,s).

_ oy
T VN (54 €) sen Lt

L(A/Q,1) =

L*(A'/Q,1) < -(2m) o (ate) L Nat

MY
|
N
DO W
+
o
N

Q
N
—_
+
a |
N——

[\~
)

(% +e)r

To prove (4), we choose € = 1 and obtain

9

L(A/Q,1) < (%> s

To prove (5), we take € = ﬁ. Thus (5 + €)™ < 2" and Nits =¢. Ni. Using the lower
bound (8) for the conductor A" of A’/Q, we obtain 141 <log N and I' (2 +¢) < (3y/7) <
3. For proving the last inequality, remark that I’ (% + e) = (% + e) r (% + e) < %\/7_?,

because 3 + = [3,2] and then I' (3 +¢) <T' (%) = /7. Moreover e -39 - (27)~9 (1/2+9 =

9
3 6\g' ' 1 _ 1 3 o
e- (W) <e-(3)? <49, because 5 < 5 + ¢ < 3. This gives

L*(A'/Q,1) <2749 - Fl, - (log Faryg)™

We conclude in both cases applying (7). O

In order to relate the Faltings’ height with the archimedean local periods, we need some
preliminaries. For v complex, the local period ¢, is almost the norm ||w||, of w, while for
v real, it is a little bit more delicate to link the local period ¢, with the norm [|w||,. We
fix an archimedean place v of K. Let (71,4, ..,7240) be a basis of the integral homology

H = H,(A(K,),Z) of A. Choose Y14, ...,7y0 such that v ,,...,7,., generates the part of
H fixed by complex conjugation. Let

Oy, = (/ wj> and €y, = (/ wj> ,
Tev /i<y Vv gr1<iag

10



where j runs over {1, ..., g}, be the periods matrixes associated to 71, . . ., Y24, Moreover,
choose 71,4, . . . V24,0 such that
~1
T’U — Ql,”{)927v

is a symmetric matrix in a fundamental domain. Then $(7,) is positive definite, and
satisfies
%(Tvi,i)- (10)

3
S(711) < - < S(Tagg)s (i) = g and [S(7:)] <

N | —

Let A, = Q4,29 + Q5,79 be the associated lattice. Choose an isomorphism over C
¢:CI/A, — A(K,)
such that the inverse function of ¢ maps the invariant differential n to dz: ¢*(n) = dz.

Lemma 3.4 The archimedean local factor satisfies

251;
Coo(A/K) = H - Hpa(A/K)~H0,

oreal V det (7))

where 2° = card(A,(R) : A,(R)Y) is the number of real components of the variety A,
obtained from A by the action of v.

Before proving Lemma 3.4, we deduce an upper bound and a lower bound for ¢, (A/K)
in terms of the Faltings’ height, the degree [K : Q] and the dimension g.

Lemma 3.5 The archimedean local factor satisfies the following inequalities
ClkQlg - hrat(A/K) ™Y IRKQ . Hpo(AJK) Y < ¢ (A/K) < 28U Hp 0 (A/K)~EA - (11)

where cik.q),y depends at most on the degree [K : Q] and the dimension g. When g = 1,
one may take ci.q1 = (3[K : Q>4

Proof. Since €, equals 0 or 1, the product of the number of real components satisfies:
1 <JJ2% < 2KQ On the other hand, (7) satisfies (10). Then

- Hpay(A/K) B < ¢ (A/K) < 28U H L (A K)~HEY,

vEMPreal V det\s TU

For g = 2, using the Matrix Lemma of [Mas87, p. 126] (see also [DP02, Lemma 6.7]),
we obtain

i)y Prar(AJK) Uy, (AJK)HY < o (A/K). (12)

For g = 1, using the arithmetic-geometric inequality and the Cauchy-Schwartz lemma,
we obtain

#{vloo} #{vloc}

[TVt < | DVEE | < (el 8
v|oo

~ t{vfoo}

v]oo

11



[K:Q]

< [K QX (Y 3(n) . (13)

v|oo

We now use the formula for the height A = hpy(E/K) of [CS86, Prop. 1.1 of Chap. X]:
12[K : Qlh = log Nk /oAp/k — Z 6n, log (7,) va log |A(7,)]
v]oo v]oo
and, from the exercise on page 256 of loc. cit., the estimate
o1/9

log |A(7,)| < —273(7,) + log —— e < =27(7y).

Since log Nk oA gk > 0 and log S(7,) < 13(7,), we obtain

> mS(n) %?6/6[ 1 QJh < 3K : QJh.

v]oo

Putting this inequality into (13), we obtain J, . /S(7) < (3[K QJ?h)%¥ and we can
conclude.
O

For the proof of Lemma 3.4 we use the two following lemmas.
Lemma 3.6 For an archimedean place v we have

|77|v = |Ql,v| V det %(Tv)' (14)

Proof. Using the definition of the metric and the inverse map of ¢ we compute

|2 = (i/2) /A(K)?Mﬁ: W2)9/@/A dz Ndz = (z’/2)9/ dz Ndz

CI/Q v (29414 Z9)

= (i/2)9/ | det Q) ,[2dz' A d2' = (i/2)?] det QLU]Q/ (—2idx A dy)
C9/Z9+7,L9 C

g/ZgJ’_TvZQ
= |det ., |* det (7).

For the last equality we use that [, JZ8-4707 dz A dy is the area of a fundamental domain
for C9/7Z9 + 7,79, which is (1/29) det |7, — 7,| = det (7). O

Lemma 3.7 The product of the local periods satisfies the following equality

o= T s JICE

v]oo v real

12



Proof. For a real place v we can prove ([Man71, lemma 8.8]) that

Co = / In|ud =2 - |det / wj = 2% |det Qy,|.
A(R) Y1,v 1§1,]§g

From Lemma 3.6 we obtain, for v real,

Co

Qv Qv
= \/Wm = \/WHUHU.

For v complex, we have

mmzm%amwﬁc

n=(:1/2)9
(ﬁAn(/)A

(—2i)9dx Ndy = / dx N\ dy,

(© A(C)

where dx A dy is the Lebesgue measure on A(C). Since |n|ud is also the Lebesgue measure

on A(C), then
Iolle = [ ol = ..
A(C)

Proof of Lemma 3.4. To compute the degree of wa/0, (which we have identified with
HY(A, 40, ) = na, and since, by the product formula, 3°, ¢,/ log|[nlle = 3= e, 108 |[Enl o,
for all k£ in K'), we choose the invariant differential n:

(K : Qhran(A/K) = deg u, (wajor |I-11) = logna/mOxk| = log|n|l.-

v]oo

O

Since ‘7]&/770[(’ = ‘G/OK‘ = ’OK/Cl_1| = NK/@(Q_I), then

(K : Qhrar(A/K) = —log N sg(a) = log(]  l1n])-

v]oo

We conclude applying Lemma 3.7.
O

In the one-dimensional case, using the results of L. Merel [Mer96] and P. Parent [Par99]
we can obtain an uniform bound for the cardinality of the torsion part of the Mordell-Weil
group. In fact, Merel’s result tell us which prime numbers could divide |E(K)s| and
Parent’s result give us a bound for the powers of these primes, independent on the power.

Lemma 3.8 For every integral number d > 1 there is a positive number B(d) such that
for every number field K with [K : Q] < d and every elliptic curve E defined over K we
have

‘E(K)tors‘ S B<d) (16)

(1434/2)8

On may take B(d) = (129.(5% — 1)(3d)5)z10s1+3%72) .

13



For the convenience of the reader we give the details of the proof of Lemma 3.8. Before
the proof, we state an analytic lemma which will be used therein.

Lemma 3.9 Forn > 1, denote py,ps,...,p, the n first prime numbers. As usual, denote
0(pn) = > i logp;. For everyn > 1, one has
0(pn)
~ logf(ps)

Proof. Remark (see, e.g., [EN75, page 25]) that for every n > 1, one has p, > nlogn. Fur-
thermore, for n > 2, one has Y. logi > [|"logzdx = nlogn—n-+1and Y. ,log(logi) >
loglog 2. From these remarks we deduce that, for n > 2,

O(pn) = logQ—I—Zbgpi > 10g2+Zlog(i10gi) > log2+nlogn —n + 1+ loglog 2.

=2 1=2
Let n > 4. Then 6(p,) > %nlogn > e and, since for x > e, the fonction x +— 1ozz growths,
then 102%(”191) > 105(;05);1)' Moreover, log”“‘)lgo;osn_bg? =1+ lﬂilﬁ — % <1+ % Thus
n <2 (1 + é) —loz(g&)n).
We easily check that for n = 1,2 and 3 one also has n < 4102(5&1). O

Proof of Lemma 3.8. Following a result of L. Merel, if there is an element in E(K )y of
order a prime number p, then p < m(d). The theorem of [Mer96] gives m(d) = d**; but
this bound was improved by J. Oesterlé (in an unpublished article) by m(d) = (1 + 3%/2)2.
We will use here Oesterlé’s bound. Let us denote p; < ... < p,, the first m prime numbers,
where m satisfies p,, < m(d) and p,,+1 > m(d). Then, for i € {1,...,m}, there exist some
n; > 0, such that |E(K)rs| < pit...plm. We have 0(p,,) = log(pi...pm) < mlogm(d).
Applying Lemma 3.9, we deduce that

m(d)?*  (1+3%%)°*
~ logm(d)  2log(1 + 34/2)

From [Par99, Theorem 1.2, we now that, for every p € {p1,...,pm} and every non zero
integer n,
p" < c(d) = 129.(5% — 1)(3d)".
(In fact, Parent’s result is even more precise; it gave better bounds for p" depending if p
equals 2, 3 or not.) We conclude that
(1+34/2)8
|E(K ) tors| < c(d)™ < (129.(5% — 1)(3d)%)210s01+5%72)
O

In higher dimension we do not have anymore such a uniform bound. (It is conjectured
a bound B(d, g) depending on the degree and the dimension.) However we can get the
following bound, which is sufficient for our purpose.
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Lemma 3.10 There ezists a positive number Ci,.s such that for every abelian variety A/ K
we have

|A(K)tors| . |A(K)t0rs| S (Otors . 10g NK/Q(fA/K))ﬁlg[K:Q}'

Proof. Put N = N o(Fa/k) the norm of the conductor of A. As usual, let us denote w(V)
the number of prime numbers dividing N and 7(X) the number of prime numbers < X.
By the Prime Number Theorem, there exists some absolute constant ¢; such that, for X

large enough, 7(X) > ¢ XX. Furthermore, there exists another absolute constant ¢y such

log

that w(N) < c;—2Y_ Take X = Clog N, where C is a positive number large enough

loglog N *
- Clog N log N log N
to satisfies m(C'log N) > clm. Then 7(X) — w(N) 2 a1C 15, 100 — ©logbg N
Since log’i ‘g + tends to infinity when N tends to infinity, we can always choose C such that

m(Clog N) —w(N) > 2. We can then take two distinct primes numbers, p and ¢, coprime
with N and < C'log N.

Let p and q be ideals of K lying above p and ¢ and denote v and w the corresponding
places of K. Since p and ¢ are coprime with N, the ideals p and g do not appear in the
conductor of A. Then A has good reduction at p and q ([ST68, Theorem 1]). Denote A,
and A, the reduced varieties and k, and k,, the residual fields. Then using the injection

A(K ) tors — Ay(ky) X Aw(kw)

proceed in the same way for |A(K)ips|. Since the conductor of A is the same as the
conductor of A ([ST68, Corollary 2]), we can conclude.

we deduce that [A(K)rs| < (]YK/@(p) - Nkjo(q))? < (pq)!FU < V(ClogN)Qg[K:@]. We

O

For an abelian variety A/K, denotes g the dimension, r = rk(A(K')) the Mordell-Weil
rank, F = Ng/oFa/kx the absolute value of the norm of the conductor, h = hpy(A/K)
the Faltings’ height, H = exp{h} its exponential, IIT = |III(A/K)| the order of the Tate-
Shafarevich group and R = Reg(A/K) the canonical regulator.

Proposition 3.11 Suppose that Conjecture 2.1 and Conjecture 3.1 hold for the abelian
variety AJ/K. Then, with the notations above,

M- R < g - 2+ Di - Fi - (log F)9IU - (log(F - D)8 (H - p)lU - (17)
where ci.q),4 depends at most on the degree [K : Q] and the dimension g.

Proof. Apply to the formula (3) of the BSD-conjecture the bound (5) of Lemma 3.2,
Lemma 3.5 and Lemma 3.10. O

Using the bound (4) of Lemma 3.2, instead of (5), we obtain a bound independent of
the rank. This bound is particularly interesting when the dimension ¢ is 1 or 2 and one
is interested on the dependence on the discriminant of the number field (see the Remark
3.3).
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Proposition 3.12 Suppose that Conjecture 2.1 and Conjecture 3.1 hold for the elliptic
curve E/K. Then

W(E/K)| - Reg(E/K) < Cy- D& - F& - (H - b, (18)

(1+3%/2)8

where d = [K : Q] and Cy = (%)d - (3d2)% - (129.(57 — 1)(3d)6) ot +577)

A similar result is obtained in [Rém97, Proposition A.2.3, Annexe A], for an elliptic
curve in the case K = Q.

Proof of Proposition 3.12. Apply to the formula (3) of the BSD-conjecture the bound (4)
of Lemma 3.2, Lemma 3.5 and Lemma 3.8. O

Remark 3.13 Since II(A(K)) is conjectured to be finite, its order is greater than 1 and
the bounds of Propositions 3.11 and 3.12 are still valid for Reg(A(K)).

Remark 3.14 If one would like also to deduce from the BSD-conjecture a lower bound
for the product of the order of the Tate-Shafarevich group and the canonical regulator, one
would be confronted with the problem of estimate from above the product [], ¢, of the
local numbers at the finite places and also with the problem of giving a lower bound for
L*(A/K,1). For the local numbers ¢,, this could be done, under Szpiro’s conjecture, when
A is a jacobian variety (see [Hin05, Lemma 3.5]). The question for the L-series seems also
difficult (in the case g = 1 and K = Q see the proof of Theorem 2 of [GS95]).

4 Geometry of numbers

The Néron-Tate height h on A(K) extends to a positive definite quadratic form on A(K)®z
R. Thus we have a lattice A(K)/A(K ) sitting inside a Euclidean space A(K)®;R = R"
with inner product <, >, and the canonical regulator Reg(A(K)) is the square of the volume
of the fundamental domain for the lattice. Putting together Minkowski’s theorem on the
successive minima [Cas97, Theorem V, Chapter VIII, section 4.3] with Lemma 8 page 135

of [Cas97], as [RémO05, Lemma 5.1], we can choose a basis {Py, ..., P,} for the torsion free
part of the Mordell-Weil group satisfying h(P;) < ... < h(P,), and
H h(P) < (r)*Reg(A(K)). (19)

Thus, in order to bound from below the regulator of the variety it sufficies to give a
lower bound for the A(P;)’s. In the same way, a lower bound for the product | h(P;) of
the (r — 1) first heights of the generators together with an upper bound for the regulator
gives us an upper bound for the greatest height iL(PT). Thus, it will be sufficient to bound
from below the smallest height iL(Pl). In section 5, we quote some results about lower
bounds for the height of non-torsion points.
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5 Lower bounds for the height of non-torsion points

A rational point of the abelian variety has Néron-Tate height zero if and only if it is a
torsion point. We are interested in lower bounds for the height of the elements of a basis
of the free part of the Mordell-Weil group of the variety and more generally for points of
infinite order. There are two different directions on which these kind of lower bounds are
studied. Let A/Ky be an abelian variety defined over a number field. Let K/Kj be any
finite extension of the ground field Ky and let P in A(K) be a non-torsion point. In the
first case, A/Kj is fixed and the dependence on the degree [K : Ky is the main interest.
This is a Lehmer-type problem. In [BS07] lower bounds of the first kind are used. This
is because E/Kj is fixed, while the field K, which is the field of rationality of the point
P, varies. In the second case, the accent rely in the dependence on the variety A/K,. For
this last one, there is a conjecture of S. Lang [Lan78, page 92|: for every elliptic curve
E/K, there is a positive number cx depending only on the degree [K : Q], such that, for
all non-torsion points P in E(K),

~

h(P) 2 CkK - lOg NK/QAE/K- (20)

J. Silverman [Sil84] proved Lang’s conjecture for an elliptic curve with integral j-invariant
and generalised it to higher dimension [Sil84]. (M. Hindry and J. Silverman [HS88, The-

orem 0.3] proved such a lower bound for all elliptic curves, with the constant cx replaced
log NK/QAE/K
log Ny /o F /K
plicit, decreases with og k. This result show that the Szpiro’s conjecture implies Lang’s

conjecture. )

Here we consider the second kind of bounds because we put the accent on the variety.
Concerning this problem, D. Masser [Mas87, Corollary 1] proved that for every K/Kj,
there exists a real number cix.q) depending on [K : Q] such that, for all non-torsion points
P in A(K), one has

by some function on the Szpiro ratio og/x = This function, which is ex-

h(P) > cir.q) + hran(A/Ko) =37+, (21)

In fact, D. Masser proved a more precise bound, which is even more precise than the one
obtained replacing here hry; by the stable Faltings” height. However, this bound is enough
for our application. (S. David [Dav93, Theorem 1.4] gives an explicit bound. His bound,
valid for certain families of abelian varieties under some hypothesis, could tends to infinity
when the height of the variety tends to infinity. See the comments on page 515 of loc. cit..)

6 On the generators of the Mordell-Weil group and
the order of the Tate-Shafarevich group

In this last section, we give the proofs of Theorem 1.1 and Theorem 1.2 and comment on
these results.
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Proof of Theorem 1.1. Applying to the inequality (19), obtained from Minkowski’s theorem
on successive minima, the lower bound (21) for h(P;) and the conditional upper bound
(17) for the regulator we obtain the theorem. O

When g =1 and K = Q, the bound of Theorem 1.1 should be compared with Lang’s
conjecture (1). S. Lang obtained a factor e and he could not reduced it to e”, as remarked
by himself in [Lan83, Note on p. 170]. Our bound gives a factor which growths with
r as e'"1°e7ter - This is because we use Minkowski’s theorem, instead of Hermite’s one.
Concerning the height of the variety, we have a supplementary factor: h29+Dr—1) . pglK:Q],
The factor 9@ comes from the Matrix Lemma. The factor, A(29tD=1 comes from
the lower bound for non-torsion points. To bound the height of non-torsion points, in
the one-dimensional case, S. Lang used his conjectured bound (20) and compared the
discriminant of the curve with its conductor. As for the dependence on the conductor, we
obtain Fit<%) where € depends only on g and K and €(F) tends to 0 when F tends to
infinity. Contrary to this, S. Lang suggested <) - (log F)", where ¢(F) tends to 0 when F
tends to infinity. This is because, for bounding the leading coefficient of the L-function, he
avoided the use of the functional equation, which he replace by some hypothetical bound
of his own, inspired by the Riemann hypothesis on the zeta function and some analytic
estimates.

We remark that we can deduce a lower bound for the regulator from inequality (19) and
the lower bound (21) for non-torsion points:

Reg(A/K) > ()" - (cixq)” - hiae(A/K) 37,
With Proposition 3.11 we obtain an upper bound for the order of the Tate-Shafarevich
group:
1A/ K)| < eireagrg - (1) 27+ ()" D - F o - (log F)'9U - (log(F - D))<,
CHEQ pglK:Ql+r(2g+1) (22)

Even if this is not made explicitly here, we would like to point out that there should be
an inequality of the form F < H'2. For an elliptic curve this is quite obvious because the
Faltings’ height is linked with the minimal discriminant. In higher dimension, the implied
constant in < would depend at least on g and K. With this inequality, we could deduce
from (22) an upper bound for |III(A/K)| which is independent of F and growths in the

height as
H3+[K:Q] i h7g[K:Q]+r(2g+1)‘

On the other hand, an inverse inequality between the height and the conductor would
lead to an upper bound as a function in F, r, K and g. This inequality is predicted by
the following conjecture.

Conjecture 6.1 (Generalised Szpiro conjecture) Let A be an abelian variety of di-
mension g defined over a number field K. There exists real numbers ¢y and co depending
at most on g and K such that

hrat(A/K) < c1log Nk jg(Fa/x) + co.
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Looking at the function field analog and a theorem of P. Deligne, M. Hindry [Hin05]
suggest that we may take ¢; = (g + 6), for every € > 0. Playing with restriction of scalars,
he adds: ¢ = (g + €) log D + Ce,[Kk:q], Where ¢ [k.q] depends only on € and (K : Q).

Proof of Theorem 1.2. Applying Conjecture 6.1 to (22) and replacing ¢; by (g + e) and ¢y
by (g% + €)log Dk + ¢ [k.q], we obtain the theorem. O

When the dimension of the variety is 1 and the number field is Q, Theorem 1.2 gives
(E/Q)| < FY4eH1F) where ¢ = 1/2 + ¢, the function v depends on r and ~(F)
tends to 0 when F tends to infinity. The bound of Theorem 1 of [GS95], which we have
quoted in the introduction, is |II(E/Q)| < FY4H) | with ¢ = 3/2 and ~(F) tends to
0 when F tends to infinity. They expected ([GS95, page 75]) ¢ > 1/2, as we obtained.
The difference between the numbers ¢ is because they use the lower bound for the period:
Q> D% > H™3 where D is the minimal discriminant of the curve (see [Gol90, page
168]), while our Lemma 3.5 gives: ¢, > h™!- HL.

In the same paper D. Goldfeld and L. Szpiro proved [GS95, Theorem 2] a sort of
reciprocal statement. Precisely, they proved that if their conjectured bound (2) holds
for every elliptic curve over QQ, then a weak version of Szpiro’s conjecture holds for every
elliptic curve defined over Q. The proof use the BSD-conjecture for all elliptic curves
over QQ, but just in the case of rank zero, which is a theorem. It would be interesting to
investigate if this result can also be generalized to any number field or to higher dimension.
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