GEOMETRIC AND COMBINATORIAL STRUCTURE OF
HYPERSURFACE COAMOEBAS

MOUNIR NISSE

ABSTRACT. Let V be a complex algebraic hypersurface defined by a polynomial
f with Newton polytope A. It is well known that the spine of its amoeba has a
structure of a tropical hypersurface. We prove in this paper that there exists a
complex tropical hypersurface V., s such that its coamoeba is homeomorphic to the
closure in the real torus of the coamoeba of V. Moreover, the coamoeba of Vi s
contains an arrangement of (n — 1)-torus depending only on the geometry of A and
the coefficients of f. In addition, we can consider this arrangement, as a weighted
codual hyperplanes arrangement in the universal covering of the real torus, and the
balancing condition (the analogous to that of tropical hypersurfaces) is satisfied.
This codual hyperplanes arrangement is called the shell of the complex coamoeba
(the cousin of the spine of the complex amoeba). Using this combinatorial coamoebas
structure, we show that the amoebas of complex algebraic hypersurfaces defined by
maximally sparse polynomials are solid. More precisely, we characterize the image
of the order map defined by Forsberg, Passare, and Tsikh.
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Amoeba and coamoeba are a very fascinating notions in mathematics where the first
terminology has been introduced by I. M. Gelfand, M M. Kapranov and A. V. Zelevin-
sky in their book (see [GKZ-94]) in 1994, and the second one by M. Passare and A.
Tsikh in 2001. Amoebas (resp. coamoebas) have their spines, contours and tentacles
(resp. spines, contours and extra-pieces), and they have many applications in real al-
gebraic geometry , complex analysis, mirror symmetry and in several other areas (see
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IMI=(2], [M2-04], [M3-00], [FPT=00], [PRI1=04], [R=01], [RST=05], [S-02], and [SS-04]).
Amoebas and coamoebas are naturally linked to the geometry of Newton polytopes,
which can be seen in particular with the Viro patchworking principle (i.e., tropical
localization) based on the combinatorics of subdivisions of convex lattice polytopes.
The purpose of this paper is to describe the relations and the similarities which exist
between amoebas and coamoebas of algebraic complex hypersurfaces. Let V' C (C*)"
be an algebraic complex hypersurface defined by a polynomial f with Newton polytope
A. The amoeba &7 of an algebraic set V = {f(z) = 0} in the algebraic torus (C*)"
is defined as its image under the mapping Log : (z1,..., 2,) — (log|z1],...,log|z,]).
The amoeba’s complement has a finite number of convex connected components, cor-
responding to domains of convergence of the Laurent series expansions of the rational
function % We know that the spine I' of the amoeba &7 has a structure of a tropical
hypersurface in R™ (proved by M. Passare and H. Rullgard in 2000 [PRI-04], and
independently by G. Mikhalkin in 2000). In addition the spine of the amoeba is dual
to some coherent (i.e. convex) subdivision 7 of the integer convex polytope A. It is
shown by M. Forsberg, M. Passare and A Tsikh that the set of vertices of 7 is in bi-
jection with the set of complement components of 7 in R [EPT-00]. The coamoeba
cog/ of an algebraic set V = {f(z) = 0} in (C*)" is defined as its image under the
argument mapping Arg : (zy,..., 2,) — (e?¥8)  iasz)) Tt is shown in [NI=07]
that the complement components of the closure in the flat torus of the coamoeba of a
complex algebraic hypersurface defined by a polynomial f with Newton polytope A
are convex and their number cannot exceed n! Vol(A).

The study of the geometry and topology of the amoeba of an algebraic sub-variety
in the complex algebraic torus is strongly linked to the coamoeba of that sub-variety.
I am convinced that these two objects are not only similar, but also, complementary.
Also, their combinatorial structure is in duality with an object defined by the defining
ideal of this sub-variety. For example, such complementarity is proved in codimension
one. Moreover, the combinatorial structure of the Newton polytope in this case is in
duality with that of the amoeba and coamoeba. More precisely, these two objects are
related combinatorially to the same object which is some convex (coherent) subdivision
7 of the Newton polytope. The amoeba has a spine I" (which can be seen as its average)
equipped with a tropical structure dual to the subdivision 7, and the coamoeba has
a shell which is a codual hyperplanes arrangement # (codual to the edges of 7)
equipped with a structure of a co-tropical structure. I mean that 7 is a weighted
polyhedral complex satisfying to the balancing condition as the spine is. So, this
arrangement has an algebraic, topological, and combinatorial structure strongly linked
to the geometry and the topology of the complex hypersurface itself. In this paper,
we prove the existence of the arrangement 7 by giving an explicit function vy, )
defined on a subset of the support of the polynomial defining the complex hypersurface
union the image of the order map, which take its image in S*. This function gives a
complete description of the arrangement 7. A combinatorial structure of coamoebas
of complex plane curves is given by physicists, and described by bipartite graphs
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called brane tiling see [FHKV-05] and [HV-07|, but their description has no natural
generalizations in higher dimension, maybe in the three dimensional case for a very
special Newton polytopes. Our combinatorial description is naturally and strongly
related to the Newton polytope and the coefficients of the defining polynomial of the
complex hypersurface.

Sturmfels’s tropical model, I mean the image under the valuation map of an alge-
braic sub-variety in the algebraic torus over the field of Puiseux series K is the standard
model in tropical geometry, which plays the central role in tropical geometry. So, to
study the amoeba (resp. coamoeba) of an algebraic sub-variety in the complex al-
gebraic torus of codimension greater than one, we must firstly study those amoebas
(resp. coamoebas) which converge in the Gromov-Hausdorff metric, to Sturmfels’s
tropical (resp. co-tropical) model. Here, Sturmfels’s co-tropical model means the
coamoeba of some lifting in the complex algebraic torus, of a tropical model (see sec-
tion 3 for more details). It may be noted that in codimension one, any tropical variety
is of Sturmfels’s model, but in codimension greater than one it can not be globally but
only locally modeled. In the forthcoming papers with F. Sottile [NS1-09],we study the
combinatorial structure of coamoebas of some complex tropical complete intersections,
and also the coamoebas of some complex tropical Grassmannian.

The purpose of this paper is to prove that the coamoebas of a complex algebraic
hypersurfaces have a similar combinatorial object as the spine of their amoebas. I
also, give a necessary condition of combinatorial nature, which must satisfies an index
in the image of the order map but not in the support of the polynomial.

Theorem 1.1. Let V' be a complex algebraic hypersurface defined by a polynomial f
with Newton polytope A. Let us denote by 7y the subdivision of A dual to the spine
of the amoeba of V. Then there exists a complex tropical hypersurface Vi ¢ satisfying
the following:

(i) The closure of the coamoebas of Vs ¢ and V in the real torus (S*)™ are home-
omorphic;

(ii) The lifting of the coamoeba of Vi ¢ in the universal covering of the torus
(SH™ contains an arrangement S of codual hyperplanes to the set of edges of
7 which determine completely the topology of the complex coamoeba of V.

Let us begin with a brief description of our ideas without technical details. Let A
be the support of the polynomial f. The main ingredients in the construction are
a special deformation of the standard complex structure on (C*)", the generalized
Passare-Rullgard function v (see the definition in section 2), Viro’s tropical localiza-
tion, and Kapranov’s and Sturmfels’s Theorem [K-=00], [S=02|, and [SS-04]. So, using
the generalized Passare-Rullgard function v, we construct a family of polynomials f;
with 0 <t < % (i.e., a deformation) such that fi = f, and we consider the family of

the Ji-holomorphic hypersurfaces Hy({fi(z) = 0}) where H; is a self-diffeomorphism
of (C*)™. When ¢ tends to zero, we obtain a complex tropical hypersurface V, ¢, such
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that its coamoeba is a retract by deformation of the coamoeba of V. In addition, using
the subdivision 7 of A dual to the spine of the amoeba of V' and Sturmfels’s theorem
[S-02] and [SS-04], that is the several ways to view a tropical variety, or Kapranov’s
theorem [K=00], we have an algorithm giving an explicit description of the coamoeba
of Voo, . In other word, the results are obtained by deformation of the complex struc-
ture on the hypersurface to a degenerate structure called complex tropical structure
which is a piecewise-linear polyhedral complex in R™ supplied with some lifting to
(C*)™ (see G. Mikhalkin [M1-02| and [M2-04]).

Theorem 1.2. Let § € Im(ordy) \ supp(f). Then we have the following:

(i) There exists an effective sub-arrangement &' in H; of codual hyperplanes to
the adjacent edges to 3 such that any hyperplane H € 7" is of weight at least
two,

(ii) The coamoeba cosf of the hypersurface V' with defining polynomial f contains
some extra-pieces. In particular, if n = 2, this imply that the real part RV of
V' is not a Harnack curve.

Theorem 1.3. The amoeba of a complex algebraic hypersurface defined by maximally
sparse polynomial is solid.

Theorem 1.4. Let V be a complex algebraic plane curve defined by a polynomial f
with Newton polytope A, such that its real part RV is a Harnack curve. Then f is
dense i.e., supp(f) = A NZ2.

Recall that it is proved by M. Passare, T. Sadykov, and A. Tsikh [PST-05] that the
amoeba of any A-discriminantal hypersurface is solid.

The remainder of this paper is organized as follows. In Section 2, we review some
properties of the amoebas of complex hypersurfaces proved by M. Forsberg, M. Pas-
sare and A. Tsikh in [EPT-00], M Passare and Rullgard in [PR1-04], and G. Mikhalkin
in [M1-02] and [M2-04]. Also, it reviews some theorem structure of non-Archimedean
amoebas proved by M. Kapranov in [K-00], B. Sturmfels in [S-02], and D. Speyer and
B. Sturmfels in [SS-04]. It also reviews some properties of the coamoebas of complex
hypersurfaces proved in [NI-07] and [N2-07]. In Section 3, we review some properties
of complex tropical hypersurfaces. In Section 4, we define the codual hyperplanes ar-
rangement in the universal covering of the real torus with other definitions, properties,
and examples. In Section 5, we give the proof of the main result i.e., Theorem 1.1
which gives a geometric and combinatorial structure of complex hypersurface coamoe-
bas. In Section 6, we give a combinatorial caracterization of the lattice points in the
image of the order map ord, and then we give a second proof that the amoeba of
maximally sparse polynomial is solid. We will prove also, that if a real polynomial
f in two variables with Newton polygon A is the defining polynomial of a Harnack
curve, then it is dense i.e., supp(f) = A NZ2%
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2. PRELIMINARIES

In this paper we will consider algebraic hypersurfaces V' in the complex torus (C*)",
where C* = C\ {0} and n > 1 an integer. This means that V' is the zero locus of a
polynomial:

f(z) = Z a0z, 2% =22y 2o (1)
a€supp(f)
where each a, is a non-zero complex number and supp(f) is a finite subset of Z",
called the support of the polynomial f, with convex hull, in R™, the Newton polytope
Ay of f. Moreover, we assume that supp(f) C N* and f has no factor of the form z*
with o = (o, ..., ).

The amoeba <7; of an algebraic hypersurface Vy C (C*)" is by definition ( see M.
Gelfand, M.M. Kapranov and A.V. Zelevinsky [GKZ-94]) the image of V; under the
map :

Log (C)™ — R7
(z1,..y2n) +— (log |z |,...,log | z, |).

It was shown by M. Forsberg, M. Passare and A. Tsikh in [FPT-00] that there is

an injective map between the set of components { E°} of R™ \ @7y and Z™ N Ay:

Ol"df : {Ec} — Zn N Af

Theorem 2.1 (Forsberg-Passare-Tsikh, (2000)). Each component of R" \ <7} is a
convexr domain and there exists a locally constant function:

ordf : R"\ &y — Z" N Ay
which maps different components of the complement of </ to different lattice points
Of Af .

Let K be the field of the Puiseux series with real power, which is the field of the series
a(t) = Z &) with ¢; € C* and A, C R is a well-ordered set (which means that any

JEAa
subset has a smallest element). It is well known that the field K is algebraically closed
and of characteristic zero, and it has a non-Archimedean valuation val(a) = — min A,:

{ val(ab) = val(a) + val(b)
val(a +b) < max{val(a), val(b)},

and we put val(0) = —oo. Let g € K[z ..., 2,] be a polynomial as in (1) but the coeffi-
cients and the components of z are in K. If <, > denotes the scalar product in R", then

the following piecewise affine linear convex function gy, = max( ){val(aa)+ < o,x >}
aesupp(g

which is in the same time the Legendre transform of the function v : supp(g) — R
defined by v(«o) = min A,_, is called the tropical polynomial associated to g.
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Definition 2.2. The tropical hypersurface I'y is the set of points in R" where the
tropical polynomial gy, is not smooth (called the corner locus of gp).

We have the following Kapranov’s theorem (see [K=00]):

Theorem 2.3 (Kapranov, (2000)). The tropical hypersurface Iy defined by the tropical
polynomial girop s the subset of R™ image under the valuation map of the algebraic
hypersurface defined by g.

', is also called the non-Archimedean amoeba of the zero locus of g in (K*)™.

Let g be a polynomial as above, A its Newton polytope, and A its extending Newton
polytope, i.e., A := convexhull{(a,r) € supp(g) x R | r > min A, }. Let us extend
the above function v (defined on supp(g)) to all A as follow:

v : A — R )
a +—— min{r| (a,r) € A}.

It’s clear that the linearity domains of v define a convex subdivision 7 = {Ay, ..., A}
of A (by taking the linear subsets of the lower boundary of A, see [R-01], [PRI-04],
[RST-05], and [IMS-07] for more details). Let y =< x,v; > +r; be the equation
of the hyperplane ); C R" x R containing the points of coordinates (o, v(«)) with
(RS Vel't(AZ)

There is a duality between the subdivision 7 and the subdivision of R" induced by I'y
(see |[R=01], [PRI-04], [RST-05], and [IMS-07]), where each connected component of
R™\ T, is dual to some vertex of 74 and each k-cell of I, is dual to some (n — k)-cell
of 7. In particular, each (n — 1)-cell of Ty is dual to some edge of 7. If z € ;5 C Ty,
then < a,z > —v(a) =< B,z > —v(f), so < a — B,z —v; >= 0. This means that v;
is a vertex of I'; dual to some A; having E,z as edge.

More generally, let Z C K[z, ..., 2,] be an ideal, and V(Z) = {z € (K*)" | f(2) =
Oforallf € T}. Let x € R", and f € Z. The initial form in,(f) of f is the
polynomial in C[z1, ..., z,] whose monomials are those which dominate f in Val™!(z).
We denote by in,(Z) = {in.(f) | f € Z} the initial form of the ideal Z. It was shown

by D. Speyer and B. Sturmfels that a tropical variety Val(V'(Z)) can be seen in several
ways. A short and nice proof of this Theorem can be found in [SS=04]:

Theorem 2.4 (Speyer-Sturmfels, (2003)). For an ideal T C K[z, ..., z,] the following
subsets of R™ coincide:
(a) The closure of the set {(val(z1),...,val(z,)) | (21,...,20) € V(Z)};

(b) The intersection of the tropical hypersurfaces defined by the tropical polynomi-
als firop where f € 1;

(¢) The set of all vectors x € R™ such that in,(Z) contains no monomial.

Passare-Rullgard function.
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Let A’ be the subset of Z™ N Ay which is the image of { £°} the set of complement
components of the amoeba under the order mapping ords. M. Passare and H. Rullgard
define in [PRI-04] the spine I' of the amoeba <7} as the non-Archimedean amoeba
defined by the tropical polynomial:

ftrop(x) = maX{CQ+ <o, >},
acA’

For a € A', ¢, is defined by:

cazRe( . log<f(z))dzl/\.../\d,zn)
(270)" JLog1 (@) z* 2. 2

where z is in the complement component ES of order o, z = (21,--+,2,) € (C*)". In
other words, the spine of 7 is defined as the set of points in R" where the piecewise
affine linear function f;,,, is not differentiable, or as the projection in R" of the corner
locus of the graph of this function where R is the semi-field (R; max, +). Let us denote
by 7 the convex subdivision of Ay dual to the tropical variety I'.

Definition 2.5. (Ronkin ). If f is a Laurent polynomial, the function .4} defined in

R" by:
1 1 DTS
Np(x) = /1 , og | f(2)|dxn N... Ndz,
og x

(2mi)™ 21 2n
is called the Ronkin function of f.

This function is convex and affine linear in any open connected set E which is
contained in R™ \ 7. In particular, if f is a monomial, then .47 is an affine linear
function (i.e., if f(z,w) = an2®, then A}(x) =< a,x > +log | a, |). f x € R™ \ 7,
the gradient of .4} on x is the order of the complement component containing x
([EPT=00]).

We define the Passare-Rullgard’s function vpr : Ay — R on the Newton polytope
Ay as follows :
(i) if a € Vert(7), then vpg(a) = —c,
(ii) Let A; be an element of the subdivision 7 with maximal dimension, and y =<
x,a; > +b; be the equation of the hyperplane in R” x R containing the points
of coordinates (o, —c,) € R" x R for o € Vert(4;), a; = (a1i,...,a,,:) € R"
and b; € R. If a € A;\ Vert(r), and for any small perturbation of the
coefficient a,, the amoeba of the new polynomial remains without complement
component of order «, then we set vpr(a) =< a,a; > +b; + 1.0Otherwise we
set vpr(a) =< «, a; > +b;.
If f is the polynomial given by (1), we define a family of polynomials { ft}te}oé] as
follows :

fle) = 3 ez
(f)

aEsupp
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where &, = a,e"P#@ (note that f1 = f).

Remark 2.6. Passare and Rullgard prove that if F' is a face of the Newton polytope
of f, and o € F is contained in the image of the order map, then c,(f) = co(fF)
where fF is the truncation of f to F. In particular, if « is a vertex of the Newton
polytope of f, then ¢, = log | a, | (see [PRI1-04] Proposition 2).

3. COMPLEX TROPICAL HYPERSURFACES

Let h be a strictly positive real number and Hj, be the self diffeomorphism of (C*)"
defined by :

Hy, : (C) — ()

(21, 0y 20) — (|21 [P 2

. hon)

|2n]

| 2

which defines a new complex structure on (C*)" denoted by J, = (dHy) o J o (dHy)™*

where J is the standard complex structure.

A Jp,-holomorphic hypersurface V}, is a hypersurface holomorphic with respect to the Jj,

complex structure on (C*)™. It is equivalent to say that Vj, = H, (V') where V C (C*)"

is an holomorphic hypersurface for the standard complex structure J on (C*)™.
Recall that the Hausdorff distance between two closed subsets A, B of a metric

space (E,d) is defined by:

dn(A, B) = max{supd(a, B),supd(A,b)}.

acA beB

Here we take F = R" x (S1)", with the distance defined as the product of the Euclidean
metric on R" and the flat metric on (S*)".

Definition 3.1. A complex tropical hypersurface V,, C (C*)" is the limit (with
respect to the Hausdorff metric on compact sets in (C*)™) of a sequence of a Jj-
holomorphic hypersurfaces V;, C (C*)" when h tends to zero.

The argument map is the map defined as follow:

Arg : (C)" — (9"
(z1,...,2n) +— (arg(z1),...,arg(z,)).
We use the following notations: if z = (z1,22,...,2,) € (C*)" and z; = p;e,
then Arg(z) = (arg(z1),arg(z2), ..., arg(z,)) = (e7,e72,...,e"") and Arg(z) =
(arg(z1), arg(z2), ..., arg(zn)) := (Y1, 72, - Tn)-
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If we denote by 7; the translation in R" by the vector 'L~ (arg(a,), ..., arg(a,)), then
we have the following commutative diagram:

Pr,a
|,
Argl l Arg
t Lotz
R"” — R™.

We have the same diagram if we replace Arg by the logarithmic map Log (or the
valuation map Val if we work in (K*)™). We complexify the valuation map as follows

w @ K — C*
a RN w(a) — eval(a)—i-iarg(f, val(a))

Let :A\r/g be the argument map K* — S! defined by: for any a € K with a = Z &t
jEA,
Arg(a) = e'*8-vi@) (this map extends the map Arg : C* — S' defined by pe? —
¢i).
Applying this map coordinate-wise we obtain a map :
W (Ko™ — (CH)”

Using Kapranov’s theorem [K-00] and degeneration of a complex structures, Mikhalkin
gives an algebraic definition of a complex tropical hypersurfaces (see [M2-04]) as fol-
lows:

Theorem 3.2 (Mikhalkin, (2002)). The set Voo C (C*)" is a complex tropical hy-
persurface if and only if there exists an algebraic hypersurface Vg C (K*)™ such that
W (Vk) = V.

Let Logg(z1,...,2,) = (val(z1),...,val(z,)), which means that K is equipped with
the norm defined by ||z[|lx = ™) for any z € K*. Then we have the following
commutative diagram:

(k) ——— ()"

LQ A

R’n

3.3. Complex tropical hypersurfaces with a simplex Newton polytope.
Let K be the field of the complex number C or the field of the generalized Puiseux

series K. Let a = (ay,...,a,) € (K*)" and P, C (K*)" be the hyperplane de-
fined by the polynomial fo(21,...,2,) = 1+ 37, a;2;, and P; the one defined by
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fi(z, 0 20) = 1+ 377 2, then it’s clear that if 7,-1 is the translation in the mul-
tiplicative group (K*)" by a~!, then we have P, = 7,-1(P;). Let L be an invertible
matrix with integer coefficients and positive determinant

@117 ... O

Ap1 ... Opp
and @, , be the homomorphism of the algebraic torus defined as follow.

Cro o (K" — (K"

(217,,,,,2”) — (CLIH] ) ]OélJ,_ anH] . ;"ng).

Let V; C (K*)" be the hypersurface defined by the polynomial

f(zla"'7zn) = 1+Za'kHZJQkJ
k=1 j=1

Let us denote by cog?(Vy) the set of arguments of Vy, and by the same coo?/ (V}) its
lifting in the universal covering R™ of the real torus (abuse of notation). Let Tayg(a)
be the translation by the vector (arg(aq),...,arg(a,)) in R™.

Lemma 3.4. Let V; be a hypersurface defined by a polynomial f with Newton polytope
a simplex A, and such that its support supp(f) is precisely the vertices of A. Then
we have:

(i) if K =C (resp K), then the amoeba <l of the hypersurface Vi is the image
under ! L=" OTL ('resp trt OTV () ) of the amoeba of the standard hyperplane
P In partzcular zt 18 solid.

(ii) if K = C or K, then the coamoeba cos?; of the hypersurface Vy is the image
under 'L1 OT/;rlg(a) of the coamoeba of the standard hyperplane Py. In particu-

lar, the number of its complement components in the real torus (S*)" is equal

to n!' Vol(A).
This means that we have the following:
'L ot (@p) =, and LT oty (codlp ) = coddy.

Proof First of all, we can see that the Newton polytope Ay of f is the image under the
linear map L of the standard simplex. The matrix L is invertible, so &y, ,(V}) = P;.
Indeed, if (z],...,2}) isin Pl, then there exists (u1, ..., u,) € (C*)" such that for any
1 < j <n, we have zj = aje"/. The matrix L is 1nvert1ble so its column vectors oy
are linearly 1ndependent Hence, there exists a vector (vq,...,v,) € (C*)" which is a
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solution of the following linear system:

oy + ...+ appr, = up
a1y + ... + Qopx, = U2
Qp1T1 + .. Tt QppTn = Up;

and then

Ppo(e™, . e) = (a[[;e%, . a, []; e*9%)

(are", ... aye')
= (21,...,2h).

But (e™,...,e") € Vy, because 1+ >, ay [[;(e)™ =1+ 3, apeXi V%% = 1 +
dopage™ =1+>" 2 =0. So, @1, ,(Vy) = P, and the Lemma is done after using the
properties of the logarithmic and the argument maps on one hand, and the properties
of the amoeba and the coamoeba of the standard hyperplane on the other hand, and
the fact that det(L) = n! Vol(A). Recall that the amoeba of the standard hyperplane
is solid because of the injectivity of the order map, and the fact that the standard
simplex contains no interior lattice point. u

We have the same properties for the complex tropical hypersurface W (V) i.e., ‘L™ o
Tgrlg(a)(coegfpl) = cody (v). Therefore, the set of arguments of any hypersurface de-
fined by a maximally sparse polynomial with Newton polytope a simplex can be easily
drawn.

Example 3.5. We draw in figure 1 the coamoeba of the complex curve defined
by the polynomial fi(z1,20) = 1+ 2225 + 232, where the matrix L;"' is equal to

% < _32 _31 ) and in figure 2 the coamoeba of the complex curve defined by the

polynomial fy(z1,2s) = 2222 + 21 + 2, where the matrix 'L, ' is equal to % ( _12 } )

4. CODUAL HYPERPLANES ARRANGEMENT AND NON-ARCHIMEDEAN
COAMOEBAS

Let A be a finite subset in Z", and 14, be a convex function on A. Let us denote
by A the convex hull of A. Moreover, assume that the extension of 14 to A defines a
convex triangulation 7 of A such that Vert(7) = A. Let v be the map defined on A
which take its values in C*, such function is called the generalized Passare-Rullgard
function:

v : A — C"2RxS!

a — (n(a),r(a)).

such that for any real positive number ¢, the number ¢t=1(®)p,(a) can be seen as the
complex number of argument 15(«) and of norm ¢, Let f be the polynomial in
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FIGURE 1. The coamoeba of the curve defined by the polynomial f;

2n

0 s 2n

FIGURE 2. The coamoeba of the curve defined by the polynomial f,

K[z, ..., z,] defined by:
f(2) =) ma(a)t@)ze,
acA
and V be the algebraic hypersurface over K with defining polynomial f. Let V,, =
W (V) be the complex tropical hypersurface associated to f. For any edge E,z in 7
with extremities v and 3, let us denote by H,g its codual hyperplane relatively to v i.e.,

the hyperplane of arguments of the holomorphic cylinder defined by the polynomial
v(a)2® 4+ v(B)2° = 0:

Hop = Arg{z € (C)" | v(a)2” +v(B)2" = 0};
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if we denote by z = (arg(z1),...,arg(z,)), then its equation is given by:
arg(re(a)) —arg(re(B))+ < o — B, >=m + 2kn
with k£ € Z.

Definition 4.1. The coamoeba of complex tropical variety is called Non-Archimedean
coamoeba.

Remarks 4.2.

(1) The hyperplanes H,3 can be seen as a real (n — 1)-torus in (S')", or as the
image of a hyperplane of rational slope in R™ by the group of translations
(2wZ)".

(2) If E,p5 is an external edge in 7, i.e., an edge of the A, then H,p is called
an external codual hyperplane. In this case H,p is equipped with a frame for
any element A, of 7 containing E,3 as edge by the following: the edge E.g
is adjacent to n — 1 facets of A,, we take a primitive outward normal vector
for each one, this gives a frame of H,g after taking an order of those normal
vectors such that they give a direct base of H,g.

(3) We can associated to any codual hyperplane H,s a natural number different
than zero as follow: w(H,g) is the cardinality of edges in 7 such that their
codual hyperplane is H,3, this number is called the weight of H,gp.

Definition 4.3. Let v be a map as above. A weighted arrangement 7, of codual
hyperplanes relatively to v of a triangulation 7 defined by v; is the union of all
the codual hyperplanes H,s to the edges E,3 of 7 relatively to v equipped with
their weight. With the notation as above, we say that J7, is the codual hyperplanes
arrangement associated to V (or V).

Let 7 = {Ay,...,A;} and for i = 1,...,1, let L; be the linear part of a surjection
(affine linear) of R™ which sends the standard simplex Agy to A;, which we assume
of positive determinant.

Remarks 4.4.

(1) Let s, be the arrangement of the codual hyperplanes to the edges of the
standard simplex Agy (I mean the Newton polytope of the hyperplane in
(K*)™ or in (C*)" defined by the polynomial f(z) = 1+ 37, 2;). For any
A; € 7, the arrangement %A, of codual hyperplanes to the edges of A; is
equal to 'L ().

(2) Let E be a common edge to A; and A;. We denote by Eyy and EY,, the edges
of the standard simplex such that E' = L;(Eqq) = L;j(E.,,;). Then we have
"L (Hgq) = 'L; ' (H.,y), where Hyyg (resp. Hl,,) is the codual hyperplane to
Ega (vesp. EL,,).
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FIGURE 3. Arrangement of the codual lines to the edges of the Newton
polygon of the standard line; we draw here only four fundamental do-
main in the torus; the standard line in (C*)? is defined by the polynomial

fz,w)=z+w+1.

FIGURE 4. Two arrangements of the codual lines to the edges of the
triangulation of the Newton polygon in the right with two different
combinatorial types; we draw here only four fundamental domains in

the torus (S1)2.

Eriie o

(it
|
(il

FIGURE 5. Their associated complex coamoebas
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Definition 4.5. A perturbation of an arrangement .7 of codual hyperplanes is called
small if there is a point p equal to the intersection of k£ codual hyperplanes in .77 with
k > n, then the image of p under the perturbation is also the intersection of the image
of the k codual hyperplanes under this perturbation.

Definition 4.6. Let 7 be the convex subdivision of the convex hull A of a finite set
of lattice points A in Z". Assume that 7 is defined by a strictly convex function
vy : A — R. If vy and v} are two maps A — S', and /7, J,, are their associated
arrangement of codual hyperplanes of the edges of 7, we say that 77, and /7], are in
the same combinatorial type if one can obtain 7, by a continuous small perturbation
of A, in the set of codual hyperplanes

Proposition 4.7. With notations as above, the number of combinatorial type of ar-
rangement of codual hyperplanes to the edges of T is finite.

Proof it suffices to prove the finiteness of combinatorial types for the arrangements
with fixed values of vy on the vertices of A. n

Definition 4.8. Let V be a complex algebraic hypersurface defined by a polynomial
f with Newton polytope A. Let I' the spine of the amoeba of V', and 7 be its dual
convex subdivision of A. An edge E,s of ends o and [ is called effective if o and 3
are in the intersection of the support of f with the set of vertices of 7; otherwise it is
called wvirtual.

Definition 4.9. An arrangement ¢ of codual hyperplanes to the edges of 7 is called
effective (resp.virtual) if any hyperplane H in ¢ is codual to an effective (resp. vir-
tual) edge of 7.

Definition 4.10. Let a, be the coefficient of index « of a complex polynomial f.
Then the coefficient a, is said virtually zero (resp. wirtually non zero) if a, = 0 and

a € Im(ord) (resp. a, # 0 and a ¢ Im(ord)).

Definition 4.11. Let a, be the coefficient of index « of a complex polynomial f.

Then the coefficient a, is said effectively zero (resp. effectively non zero) if a, = 0
and o ¢ Im(ord) (resp. a, # 0 and « € Im(ord)).

If the polynomial is non-Archimedean Im(ord) is replaced by the set of a € Vert(r)
where 7 is the dual subdivision of the tropical hypersurface defined by the tropical
polynomial associated to f.

5. GEOMETRY OF COAMOEBAS AND THEIR COMBINATORIAL STRUCTURE

Let V' be a complex algebraic hypersurface defined by the polynomial f(z) =
ZQESupp(f) a,z%. Let 7 be the subdivision of A dual to the spine of the amoeba of V|
and ¢, = Re(®,(f)) is the constant of Passare-Rullgard defined in section 1 for any
a € Im(ordy). If A; € 7, then there exist (a,,, b,,) € R™ x R such that the hyperplane
in R™ x R containing the extended A, is given by the equation y =< z, a,, > +b,,.
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Definition 5.1. Let a be a lattice point in supp(f) \ Im(ord;). If there exists ¢ € S*
such that for any € > 0, the perturbation of the polynomial f given by replacing the
coefficient a, by eca, gives a polynomial f©) such that a € Im(ordy)), then we say
that « is of type I. Otherwise we say that « is of type I1.

The purpose of this section is to show that there exists a hyperplanes arrangement
in the universal covering of the real torus which completely determines the geometry
and the topology of the coamoeba of V. Moreover, we prove that this arrangement
has the same combinatorial type of a codual hyperplanes arrangement associated to a
complex tropical hypersurface whose image under the logarithmic map is the amoeba
spine of V.

Theorem 5.2. Let V' be complex hypersurface defined by a polynomial f with Newton
polytope A. Let A := Im(ordy) U {type I indices} be the union of the image of the
order map and the indices in A of type I. Then there exists a function v, g : A — S*
such that if Vi denotes the hypersurface over K defined by the polynomial:

fk(z) = Z bo 2%,

QEAf

with by (t) = t”PR(O‘)I/(g, p(a), then the coamoeba of the complex tropical hypersurface
Voo, § 1= W(Vk) is homeomorphic to the closure in the real torus of the coamoeba of

We can remark that the image under the logarithmic map of W (Vk) is the amoeba
spine of V.

5.3. Definition and Geometric interpretation of the function v ).

Let V be a complex algebraic hypersurface with defining polynomial f as before,
and assume, for simplicity, that A N Z™ contains no point of type I. The goal of this
section is the construction of a function on Ay := supp(f)UIm(ordy) taking its values
in S!, and an algebraic hypersurface Vi over the field of Puiseux series K, such that
the coamoeba of its associated complex tropical hypersurface W (Vi) contains a codual
hyperplanes arrangement ., where v = (vpg, v, f)) : Ay — R x S'. Moreover, the
defining polynomial of Vi is given by:

fx(z) = Z ba2®,
€Ay

with be(t) = PRy ¢ (a) and the image under the logarithmic map of W (Vk) is
the amoeba spine of V. We denote by f; the following complex polynomial:

fi(z) = Z tVPR(a)V(Q’f)(OZ)Za.

aEAf
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Before beginning the construction of vy ) for any n, let us looking at the following
example in one variable:

Example 5.4. Let f be the complex polynomial in one variable defined by:
fR)=GE—r)(z—1) - (z—7rn)=2" +ay_ 12V + -+ ag,

and we denote by V; the zero locus of f. Assume that the roots of f are such that
0<|ri|<|re|<---<|rn| Let 0 <k < N, then up to a constant we have:

Arg(va, (k) = (1+ (=N + Z Arg(r;) (2).

j=k+1

Indeed, in this case we have fi(z) = Son_ t"75Flyy 5 (k)z* because all the lattice
points in the interval [0; N] are in the image of the order map. In particular we have
Hy 1 = Arg ({2 € C* | v, (k)W 2k 4y 4 (k — 1)trrrt=Dzk=1 = 0}) . So, if
we denote by # the argument of z we obtain Arg(v(, f)(k)) —Arg(l/(zf)(l{: )+z=m
mod (27). Let k = N, then we have:

Arg(v(e, 1) (N)) — Arg(vio, n(N — 1)) + o =7 mod (27).

But = Arg(ry) mod (27), because if we look to the amoeba, this means that
Log(Arg ' (z) N W(Vk)) = log(ry) = log | rx |. Hence Arg(vp pn(N — 1)) =
Arg(v(e, 5)(N)) + Arg(ry) + 7 mod (27). If k = N — 1, we obtain :

Arg(vie, (N — 1)) — Arg(v, /(N = 2)) + =7 mod (27),
and x = Arg(ry_1) mod (27) by the same reasoning as before. So
Arg(ve, ;)(N —2)) = Arg(ve, 5)(N)) + Arg(rn—1) + Arg(rn) + 7+ 7  mod (27),
Hence, for 0 < k < N we have the formula (2), up to multiplication by v, 5 (N).

First step: construction and definition of v, s for n = 1.

First of all, let us define vy, y) on the set of vertices of A, and on all the lattice points in
the intersection of the external edges of A with Im(ordy). Also, we give the geometric
reasons for which this definition is justified. If o € Vert(A) then we put v, (o).
The justification is the following: let E,3 be an external edge of A, and consider the
truncation of f to E,s as a polynomial [ in one variable. So, by multiplying [ by a
complex constant we can assume that

n

I(2) = HH(z — ey = 2N pay 12N 4 g
j=1s=1
with N = Z?:1 l;, and the r;’s are positive real numbers such that r; <7y <--- <r,.
The index 0 < k < n are the lattice points in E,3 N Im(ords), where « is replaced by
0 and 3 by n. We can remark that the amoeba of | has n points which are log(r;).
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Let us define vy gy on Eyz N Im(ordy), and take 0 < k < n, such that the following
equation holds:

Arg(v(o, (k) — Arg(ve, (K — 1)) + lyz = ™ mod (27), (3)

and if we replace z in (3) by the average of the arguments of all roots of module ry,
we obtain:

Z?:l eks

Arg(ve, p)(k)) — Arg(ve, iy (k — 1)) + l( ) =7 mod (27).

Lk
Recall that we can put v p)(n) = 1, so we have:
o n Ikt
Arg(ve, () = (1+ (1" D2+ 30 3 e
j=k+1 s=1

We can remark that in this case Arg(v(o, s)(«)) is equal to Arg(a,) for any o € Vert(A).
Indeed, if we don’t normalize the polynomial I then we obtain Arg(v (o)) =
Arg(ve, 1y(B)) +Arg(aq) — Arg(ag), which means that Arg(v, )(a)) — Arg(a,) is con-
stant and don’t depends on « if this index is in the set of vertices of A. Hence, by multi-
plying the original polynomial f by a constant if necessary, we obtain Arg(v(s, s)(a)) =
Arg(a) for any a € Vert(A).

Remarks 5.5.

(1)

(3)

It may be noted that for n = 1 , the codual hyperplanes arrangement defined
in section 4 coincide with the coamoeba of the complex tropical hypersurface
(all are point in this case). Moreover, it is an average of the coamoeba of the
complex variety defined by the polynomial f. Another thing, if A contains an
index k of type I, this means that the polynomial f has a multiple root.

In dimension n > 1, we have a similar geometric interpretation, i.e., the
coamoeba of the complex tropical hypersurface defined by the polynomial fx
is an average of the coamoeba of the complex hypersurface defined by the
polynomial f. Moreover, an index § € A is of type I, means that the codual
hyperplanes to the adjacent edges to 3 intersect at a point. We will prove
these affirmations in this section.

Recall, that if an index § € A is of type I, this means that the normal vectors
to the hyperplanes in R” x R containing the extended elements of 7 adjacent to
[ coincide. The coordinates of these normal vectors are those of the vertices in
the cycle of the non-Archimedean amoeba bounding the complement compo-
nent of order . It is the geometric interpretation in terms of non-Archimedean
amoebae.

Second step: definition of v, 4 for any n.

Now, we are able to define v, ) on the lattice points in the intersection of Im(ordy)
with any s-cells of 7 in the boundary of A for 0 < s <n. Let a € Im(ordy), and x be
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a point in the complement component E, of the V' amoeba 7 in R". Let ®,(f) be
the following expression (see [PRI-04]):

By (f) = — / log<f(2)) dz A Az
Log ™! () “

(2mi)" z 21 ... 2

The function log <%) has a globally holomorphic branch in the domain Log™'(E,),

hence, it defines a holomorphic function in the coefficients of f which takes its values
in C/2miZ. In particular, the integral defining ®,(f) is independent of the choice
of z in E,. It has been proved by Passare and Rullgard [PRI-04], that the tropical
coefficients of the tropical polynomial defining the spine of the amoeba are those given
by the real part of ®,(f). Moreover, we can remark in the last example, and generally
if n =1, the values of Arg(v(s, () is precisely the imaginary part of ®,(f) modulo
2.

Recall that we assume that A NZ" contains no point of type L. If Im(®,(f)) denotes
the imaginary part of ®,(f), then we define vy 5y as follow:

| exp(iIm(®,(f))) if a € Im(ordy)
Ve, pla) = { 1 otherwise g

Let A; € 7, and (a;,b;) € R® x R be the vector such that the hyperplane in R" x R
containing the extended A; is given by the equation y =< z,a; > +b;. Let {fu},e0.1
be the family of polynomials defined by:

fu(z) = Z U, py(a) 2

a€lm(ordy)

+ E u<a,ai>+bi+lza'
aEA; of type Il

Third step: Geometric and analytic interpretation of v, ;) for any n.

Let’s look more closely the function ®,(f) defined by Passare and Rullgard. Let
E., be a complement component of the complex amoeba &7 of order o, and = € E,,.
We can write f(z) as %a(z) for any z € Log™'(z). On one hand we have:

zf(2)

Za

log( ) =log | f(2) | +i Arg(f(2)),

on the other hand we have :
log(%ogz)) = log(z") + log(

f(Z))

ZOé

f(2)

= <, Log(z) > +i < a, Arg(z) > —|—log(z—a).
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So if we put Log(z) =z = (z1,...,z,), we obtain:

N5 (x) —l—i/ Arg(f(2)dn(z) =< a, © > —|—<I>a(f)—|—i/ < a, Arg(z) > dn(z),
Log~!(x) Log™!(x)

where dn(z) = W% and .#; the Ronkin function. Hence, if we denote by

m(x) the average of Arg(z) in Log™'(x) and by .#;(x) the average of Arg(f(z)) in
Log™'(z), we obtain:

Me(x) =< a, m(z) > +Im(D,(f)).

This expression is constant in £, and it depends only on a. Recall that Im(®,(f))
is precisely the argument of v s(a). This determines a collection of hyperplanes
H = Uaelm(ordf) Fo in R™ x R where the first factor (resp. the second factor) is the

universal covering of the real torus (S')" where the coamoeba sites (resp. the circle
St where the image of v, 5 sites). The hyperplanes F, are defined by the equations
u=<a,y>+Im(®,(f)) with @ € Im(ordy). Another interpretation of m(x) is the
following: consider for each j = 1,...,n aloop d; in the real torus Log™'(z) on which
all the coordinates are constant except the j* coordinate. Let D7 be a disc whose
boundary is the loop 9.

The j™ coordinate of of « is precisely the linking number of V with the boundary
of the disc D7, i.e., the number of intersection points of V' with D} counted with signs
given by the orientation of V. It is Mikhalkin’s topological interpretation of Forsberg,
Passare, and Tsikh’s Theorem 2.1.

Let z € V, x = Log(z), and v, , vy are points in R™ \ &7 such that:

(i) For i = 1,2, the point v; is contained in a complement component of order ay;
(ii) The intersection [vy;ve] N &7 is connected,;
(iii) 2z is contained in the cylinder Log '([vy;vs]) C (C*)" which we denote by
(S1)"™ x [vy; vo], whose image under the logarithmic map is precisely the interval
[v1; 5], and Log((SH)™) x {v;}) = v; for i = 1,2.

Assume that z = (em01 . e®+in) Tet v; = (v;1,...,vi), and 7, be the circle

in Log ™' (v;) parametrized by (ev1 %1 . evitili evintifn) with 0 < 6; < 27. Let
D; be a disc with boundary 7, containing the cylinder v;; X [v1;v5]. Let 0, be a circle
in the cylinder 74, X [v1; v2] homologous to zero in (v, X [v1; v2]) \ V, counterclockwise
oriented, and the intersection of its interior with V' is empty. Let 7" = §; x - - - x 9,, be
the n-torus in (S1)" x [v1; vg]. The cylinder (S)" x [vy; vo] is equipped with the product
measure of dn(z) on the torus (S')" with the Lebesgue measure on the interval [vy; vs];
and denote by dn’(z) the restriction of this product to 7".

Let € be a small positive real number, and let us denote by 0, . a family of circles in
the cylinder 7y, X [v1; v3] which converge to the union of V' N D, and the two circles 7y,
and ~,; when € tends to zero after concatenation. Let 7", be the torus d; . X -+ -4, ..
For any ¢, the torus 7”. is homologous to zero in (C*)" \ V. Hence, the integrals
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S Arg(f(2))dn/(2) and [, Arg(f(z))dn'(2) are equal. So, we have:

Arg(f(2))dn'(z) = lim | Arg(f(z))dn'(z).  (4)

T =0 Jpv

Definition 5.6. Let us denote by 7,,,, the set of n-torus 7" in ((S*)" X [v1; v3]) \ V ho-
mologous to zero and constructed as above. The set Av(vy,vs) = { [, Arg(z)dn/(z) €
R" | T" € D4, } is called the average of Arg(z) for z € ((S1)™ x [vy;0v9]) \ V.

We denote by T, := Log™'(v;) ULog ' (vy) U (V N ((SH™ x [v1;13])). We say
that the sequence {7} C 9., converge to T,,,, after concatenation when n tends
to infinity if for any € > 0 there exists Ny € N such that if n > Ny and 2z € T,,,, then

concat

inf ey d(2,y) < €, and we denote by {7} "— T,,,,. The set of sequences {7} C
Torvs such that there exists j and z € VN (7, X [v1; vg]) with limy, o inf e d(z,y) =0
is denoted by . (v, v2). We can see easily that the boundary of Av(vy,v9) is precisely
the set {lim,, fTT’L Arg(2)dn/(z) e R™ | {T)} € S (v1,v2)}.

Lemma 5.7. The boundary of Av(vy,vs) is the set

Bor,v) = {lim | Arg(2)dy/(2) €R" | {T} € Topoy and {T} 5" Ty}
Proof The inclusion of % (v, v,) in the boundary of Av(vy,vs) is obvious. Let a €
DAv(v1,v2), 50, @ = limy, oo [, Arg(z)dn(z) with {T,,} € .7 (v1, v2). Hence there exist
jand z € (VN (v X [vr; U2]))nWith lim,, o d(2, 7)) = 0. Hence, after concatenation,
the projection on the j* coordinate of the limit of 7/, when n tends to infinity is a loop
homologous to a loop 4} containing the point z. We denote by Tj, . the limit torus.
By hypothesis the integral of Arg(z) over T}, = exists, it’s equal to a. But there exists
a family {/;}!=} of homologous torus to T}, = such that, lo = T}, and lim; .1 l; = T},
So, a = lim; ., [, Arg(z)dn(2), and then a € #(v1,v,) because the family of the torus

concat

is such that {l;} "= T}, "

If {T)} is a sequence in (v, v;), then the limit of the integral [, Arg(z)dn'(2)
when n tends to infinity is denoted by y. By Lemma 5.7, those are the points in the
boundary of Av(vy,vy).

Lemma 5.8. With the above notations, the set of points in the boundary of Av(vy, vs)
s given by:

Arg(f(2))dn'(z) = < a1 —ag, y > +1Im(P,, (f)) — Im(Py, (f)) + 7 + 2k,
T/
where k = 37 (Ik(V,y) — Uk(V,725)), and Ik(V,~i;) denotes the linking number
between V' and ~;; fori =1, 2.
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Proof Indeed, the right side of (4) is precisely < a3 — ag, y > +Im(®P,,(f)) —
Im(®,,(f)) + 7. Indeed, when n tends to infinity, the loops 01 , tends by hypothesis
to the two circles 7;;, 72; union the intersection V' N D;, where the first circle vy, is
clockwise oriented (see Figure 6). So, the torus 7 converge, after concatenation, to
the union of the two boundary torus where the integration on the first torus, is given
using the inverse orientation of the loops on each coordinates, and on the second torus,
the integration is given using the right orientation of the loops on each coordinates. ®

Y2i

Yii

FIGURE 6.

In Lemma 5.8, the torus 7" is homologous to zero in ((S')" x [v1;vs]) \ V. Hence, the
average [, Arg(f(z))dn'(z) vanishes, and then, the limit y when n tends to infinity
satisfies the following equation:

<ap—ag, y > +1m(@y, (f) = Im(Py, (f)) +7 = 0 mod (27), ()

This gives the boundary of the average of Arg(z) for z in ((S')" X [v1;v5]) \ V'; which
is, in the same time, the boundary of the average of Arg(z) for z in VN ((S*)™ X [vy; va]).

Let o be an (n—1)-cell in of the spine I" of the amoeba &7, and z € . Let £, ) be
the set of all lines in R" parametrized by a subset ., of the projective space P*(R"™)
satisfying the following:

(1) Any l(s,2:p) € Zo,2) contains the point z, and i, ;) is not contained in the
hyperplane supporting o;

(ii) the intersection of any l, 4p) € Lo, With the complement components £,
and Ejg of the amoeba of order respectively o and 3 the ends of the edge E.z
of 7 dual to ¢ is nonempty.
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For any lis,2;p) € Lo.2) - let vy € E, and vg € Ej inside (4, 4,p), and [va;vg], be
the segment joining v, and vs passing through z. The cylinder Log™'([va;v5],) =
(SH)™ X [va;v5], is denoted by C’ylgimﬁ;x). Let Cylig) = UpEyUC’ylgimﬁ;z), and

Cylioy = UpeeCYl(:2), then we have the following:

Lemma 5.9. With the above notations, we have:
(i)
ce{(n—1)—cell of T'}

(ii) The hyperplane defined by the equation (x) is the same for any cylinder Cylgimﬁ;x)

with © € o and p € %, ; i.e., that hyperplane depends only on o. On other
words, it depends only on o and (3.

Proof The first statement is obvious. The second statement of the Lemma comes
from the fact that the expression of Lemma 5.6 depends only on the order of the
complement components containing the ends of the segment [v,,; v4,] and not on the
segment itself. [

Definition 5.10. We denote by 5# the union of the hyperplanes defined by the
equations (x), and we call it the shell of the coamoeba of V' (or the average contour
of the coamoeba).

Remark 5.11. The hyperplanes defined in (x) are the codual hyperplanes to the set
of edges of 7.

Definition 5.12. Let H,g be a hyperplanes given by (x), if we know the position of
the average of Arg(z) for z € ((S')" X [va; vg]) \ V relatively to H,s, then we call the
points in the other side of H,s the average of the coamoeba of V.

For any vertex v of the spine I', we have a subset %, of 7, which is the union
of the hyperplanes given by (%) corresponding to the edges of 7 dual to the (n — 1)-
cells of I' adjacent to v. The side of the position of the average of Arg(z) for z €
((SH™ X [va; v5]) \ V, with E,5 an external edge, relatively to the hyperplane H,g, is
well defined by Lemma 5.13; and then the average of the coamoeba is also well defined
relatively to H,g.

Fourth step: Determination of the coamoeba average relatively to J7.

The purpose of this step is the determination of the position of the average of the
coamoeba of V relatively to its shell 7. First of all, we determine the position of
the average relatively to the external hyperplanes i.e., the hyperplanes codual to the
external edges of the Newton polytope. We denote by FE, the connected component
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of the complement of the amoeba of order a«. We can remark that the position of the
average of the coamoeba relatively to hyperplanes in 7 is then well defined by that of
its position relatively to the external codual hyperplanes. We have the the following
Lemma:

Lemma 5.13. Let K be a compact in R™ containing the vertices of the spine I' of <,
and C be an (n — 1)-cell of I dual to the edge E.g. Let U.(C) be an e-neighborhood
of  R*\ (KN))NC. Let Hyg be a hyperplane in the shell of the coamoeba and
codual to E,g. Then the position of the average of Arg(Log™ ' (U.(C)) N'V) denoted
by % (C,V), relatively to Huop cannot be situated in the two side of this hyperplane
in the following sense: there exists a subset S in H,g with vanishing measure such

that for any x € Hup \ S there exists an open set V(x) in R"™ containing x such that
V(z)N%(C,V) is in one side of H,g.

Proof The set of arguments of points in V' with infinite module, looks like the
arguments of infinite points in a complex tropical hypersurface. Indeed, if z € V
is such that |z| is so large and Log(z) € U.(C), then the dominating monomials
of the polynomial are those of indices o and . But in this case, we can apply
the tropical localization, which brings us back to the coamoeba of complex tropical
hypersurface; and the non-Archimedean coamoebas is obviously in one side of H,g for
z € Log 1 (U.(C)NV. u

Corollary 5.14. The average of the coamoeba of V is equal to the coamoeba of the
complex tropical hypersurface lim, .o H,(V7,).

Proof For any .7, with v dual to an element A; of 7 of maximal dimension and
having an external edge, the position of the average of the coamoeba of V' is well
defined by Lemma 5.13. So, it is well defined relatively to 7, for w a vertex of
I dual to an element of 7 with common facet with A,;. The triangulation is finite,
so the position of the average of the coamoeba of V' is well defined relatively to all
€. By construction of the complex tropical hypersurface lim, .o H,(V7,), the codual
hyperplanes arrangement are the same of that given by the equations (x), because
these hyperlanes are defined by the same equations modulo 27. Hence, the coamoeba
of that complex tropical hypersurface is equal to the average of the coamoeba of V
defined in 5.12. L

Corollary 5.14 is the analogous to Passare and Rulldard Proposition 1 [PRI=04] on
amoebas, of course if we see to the spine as an average of the amoeba.

Lemma 5.15. With the above notations, the closure in the real torus of the coamoeba
of V' is homeomorphic to the coamoeba of the complex tropical hypersurface Vi ¢ :=
hmt_)o Ht(Vft) .

Proof We have to prove that the cardinality of the connected components of the
complement of the coamoeba (S')" \ co is equal to that of the complement of its
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average. Let &° be a complement component of coZ, then it is clear that the average
coamoeba cannot cover all &£¢. On the contrary, this means that the codual hyper-
planes containing the subset of critical values of the argument map in the boundary
of &€, intersect in one point, and then &°¢ is empty. Contradiction, because if it is
nonempty, then its boundary must contains more than one point in the critical values
of the argument map and in the intersections of the codual hyperplanes. So the cardi-
nality of the connected components of the complement of the coamoeba (S*)" \ co.o”
cannot exceed that of the average coamoeba. Let &° be a complement component
of the average coamoeba, its boundary contains a subset of the boundary of some
complement component of the complex coamoeba (the points in the intersections of
the codual hyperplanes). Hence, the cardinality of the connected components of the
complement of the average coamoeba (S51)"\ co«7,, cannot exceed that of the complex
coamoeba. The Lemma is done, because the average of the complex coamoeba is

precisely the coamoeba of the complex tropical hypersurface Vo ; := lim, o H:(V},).
]

Geometric interpretation of indices of type I.

We give in this paragraph, the interpretation of type I indices in terms of normal
vectors to the facets of the extended Newton polytope A corresponding to the elements
of maximal dimension of the subdivision 7 of A adjacent that indices after a small
perturbation of the corresponding coefficient. This gives a geometric interpretation of
the valuation of those indices. On the other hand we give a geometric interpretation
of their argument part, in terms of the codual hyperplanes sub-arrangement to the
adjacent edges to these indices.

End of Theorem 5.2 proof. Let us define v, 5(8) for B of type I. We know that the
function @3 viewed as function on the coefficients of the polynomial, is holomorphic
function (see [PR1-04], and [R=01]). So, if we replace the coefficient ag of f by (1—¢)ag
such that the new polynomial f. has 3 in the image of its order map, then the limit of
®5(f.) when € tends to zero is well defined. Then, we put ®s(f) equal to that limit.
In this case, Lemma 5.15 is still valid, and Theorem 5.2 is an immediate consequence
of Lemma 5.15.

Recall that Passare and Rullgard [PRI-04] prove the analogous for the spine of the
amoeba; in this case, the image of a € Im(ord) by the corresponding function,
which is vpg is given by Re(®,(f)). Moreover, they prove that if a € Vert(A) then
Re(®a(f)) =log | aq |-

Definition 5.16. Let V' be a complex algebraic hypersurface defined by a polynomial
f. Let 7% be its associated codual hyperplanes arrangement, and Critv(Arg) be the
set of critical values of the argument map. Hence, the set coa; \ (Critv(Arg) U 5¢;) =
|_|§.:1 R;. The extra-pieces are the R;’s such that their boundary is not contained in
the arrangement J¢7.
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Remarks 5.17.

(1)

It is easy to see that for given polytope A, if the number of complement com-
ponents of the closure in the real torus (S')" of a complex tropical coamoeba
is maximal, then it can be realized by a maximally sparse polynomial such
that the spine of its amoeba has one vertex. In this case, the boundary of any
complement component of the coamoeba is contained in the codual hyperplane
arrangement 7 associated to the trivial subdivision of A, this means that 7’
is precisely the union of the codual hyperplanes to the edges of A.

If n = 2, then the area (counted with multiplicity) of complex algebraic plane
curve coamoebas with Newton polygon A, cannot exceed 272 Area(A). Indeed,
for the complex tropical plane curves it is clear. Let v be a vertex of the non-
Archimedian amoeba of that complex tropical curve V.. ; the deformation of
Arg(Log ' (v) N V) given in Theorem 5.2 gives rise to a deformation of the
codual hyperplanes arrangement .7, such that when ¢t = é the arrangement
A, 1 has the same combinatorial type of 7, (by construction). Hence, the set
of areguments limited by 7, is deformed to a set S limited by J7;, 1 maybe with

some extra-pieces. The area of S cannot exceed 27% Area(A,) (here A, is the
dual, of the vertex v, in the subdivision of the Newton polygon). Indeed, there
are two cases: (i) if there is no coefficients in A, other than of its vertices it’s
clear, (ii) if there are some coefficients in A, then we can see, by deformation,
that the area of S cannot exceed 2m* Area(A,). It suffice to consider the
deformation of a polynomial having those coefficients in the image of its order
map, and the deformation is given only on the module of the coefficients with
index not in Vert(A,) (the argument of the coefficients of such deformation
are those of the initial polynomial, such deformation exists, see [R2-00]). More
precisely, for any time t of the deformation, the set of arguments is limited by
the arrangement 777, and then its area cannot exceed that of the coamoeba of
the complex tropical hypersurface Vg ;.

Remark 5.18. Let V be a complex algebraic hypersurface, then by Theorem 5.2
there exists a complex tropical hypersurface V,, such that:

(a)

(b)
()

(d)

The spine I' of the amoeba of V' is the same as the non-Archimedean amoeba
I'o which the image under the logarithmic map of V;

The closure in the real torus of the amoebas of V' and V,, are homeomorphic;

The volume of the coamoeba of V., (counted with multiplicity) is greater or
equal to that of the coamoeba of V', and equality hold if and only if the set of
critical values of the argument map restricted to V' is discrete, which means
that its coamoeba contains no extra-piece;

If n > 1, then the codual hyperplanes arrangement associated to V., deter-
mines completely the topology of the coamoeba of V| but not its geometry
(because of the extra-pieces which can exist in the classical complex case).



GEOMETRIC AND COMBINATORIAL STRUCTURE OF HYPERSURFACE COAMOEBAS 27

Theorem 5.19. Let V be an algebraic hypersurface in (C*)" defined by a polynomial
f with Newton polytope A and coamoeba cos?. Then we have:

(a) The interior of any connected component of (S*)" \ cos/ is a convex set (if
nonempty);

(b) The number of connected components of (S')"\co is not greater than n! Vol(A)
where cosl is the closure of co in the flat torus (S')".

Proof Using the analysis tools, more precisely Bochner Theorem, M. Passare has
proved the convexity of the components of the coamoebas complement ([P1-07], pri-
vate communication).

The proof of the second statement of this Theorem use firstly the fact that the closure
of the complex coamoeba in the real torus is homeomorphic to that of a complex
tropical coamoeba, secondly we use the remark 5.5 (1), induction on the volume of
A, and the convexity of A. Firstly, if A is a simplex, then the number of connected
components of (S1)"\ cos/ is n! Vol(A). Let A = AU A, such that A;N Ay is a face
of dimension n — 1, and A; are with nonempty interior for j = 1, 2. Using induction
on the volume, the number of connected components of (S')™\ coeZ,, is not greater
than n! Vol(A;) for j = 1,2. We start by the following definition and Lemma:

Definition 5.20. A point p in the coamoeba of some complex tropical hypersurface
is called separating point if p is contained in the closure of two different complement
components of its coamoeba.

By remark (2) in 4.1 we know that the position of the coamoeba relatively to the
external codual hyperplanes is well determined by their canonical orientation given as
described in that remark.

Lemma 5.21. Let é"A(Cl’j) be two connected components of the complement of the

coamoeba with degree Ay , j = 1,2, and B; are the boundary of é"g’j) such that
By N By = {p} with p a separating point. Then at most one of the B;’s can intersect
the same two different complement components of the coamoeba of degree A,

Proof If there exist B; and B, satisfying the hypothesis of the Lemma, then there
exist at least two edges F4 of Ay and Es of A, such that the convex hull of 0F; U 0F;
is not contained in A; U A,. Indeed, using the natural orientation of the external
codual hyperplanes corresponding to B; and B, we obtain the position of the coamoeba
relatively to those hyperplanes. The fact that they intersect the same two different
complement components of the coamoeba of degree A,, imply that there is another
B’y and B’y which are the boundary of two connected components of the complement
of the coamoeba with degree A, which we denote by &’ X;J ), and satisfying the same
hypothesis of the Lemma (see Figure 7 and 8 for n = 2). This means that By, By,
By, and B’y are codual to some edges such that the convex hull of there union is

not contained in the union of A; and A,.
| ]
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FIGURE 7. The left picture represent the case when Ay U A, is convex,
on the middle the case when the union is convex and they have two
facets where each pair is contained in the same hyperplane, on the right
the case where the union is no-convex.
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FI1GURE 8. The position of the coamoeba in the three cases illustrated
in figure 6.

vy

FIGURE 9. In the right figure, only the right double triangles can occur
in the convex case (i.e., the union A;UA, is convex), and the left double
triangles can be in the non convex case.

End of the proof of statement (b) of Theorem 5.19. By Lemma 5.21, the number
of complement component of the coamoeba of degree A is at most the number of
complement component of the coamoeba of degree A; plus the number of complement
component of the coamoeba of degree A; . Indeed, By and B, satisfying the hypothesis
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of Lemma 5.21 cannot separate the complement components of the coamoeba of degree
A, to more than n! Vol(Ay) + 1. u

The first statement (a) of Theorem 5.19, results from the next Lemma 5.22. First
of all, we know that the convexity is a local property, so we have to prove the first
part of Theorem 5.19 only locally. Moreover, our main result deals with the two
dimensional case, but the argument used works in all dimension. This argument
is strongly inspired to Mikhalkin’s works in [M3-00], and more precisely Lemma 1
of that paper. Therefore, the first statement of our Theorem 5.19 is an immediate
consequence of the following Lemma:

Lemma 5.22. Let z € V} be a critical point of Arglvf the restriction of the argument

map to Vy, D be a disk in the torus (S*)* containing Arg(z), and B be a component
of (Arg‘vf)_l(D) containing z. Then D\ Arg(B) is convez.

Proof Assume on the contrary that there exists a component of the coamoeba com-
plement which is not convex. Hence there exists a closed interval I C D such that its
both endpoints are in the same component of D \ Arg(B) such that I has a rational
slope, and the intersection of Arg™'(I) with B is not empty (see figure 7). The fact
that D is contractible imply that the intersection B N Arg™'(I) contains no cycle in
B, this means that it has a topology of a segment. On the other hand, the slope of
is rational, so we can choose a non vanishing complex numbers a and b such that the
holomorphic annulus 2 = {z € (C*)? | az® + bz” = 0} contains Arg~'(I), project
properly to I and intersect B (o and [ are integer numbers well determined by the
slope of I). Hence we have a contradiction because B N Arg™'(I) contains no cycle
in (C*)?, which means that B N Arg '(I) is empty. Because B and Arg '(I) are
holomorphic and then their intersection (if nonempty) contains a cycle. L

FIGURE 10.
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Remark 5.23. Using the fact that the sets of critical points of the logarithmic map
and the argument map are the same, and combining it with the proof of Lemma 1 in
[M3-00], we obtain the result.

6. CHARACTERIZATION OF THE VIRTUAL VANISHING COEFFICIENTS

Let f be a polynomial as in (1), and denote by A := supp(f) U Im(ords), and by
7 the subdivision of the Newton polytope A (which we assume a triangulation) of
f dual to the spine of the amoeba &/ of the complex hypersurface V' with defining
polynomial f. Also we denote by v(s, ) the function defining the codual hyperplanes
arrangement ¢ associated to the coamoeba coe? of V. Let v: A — R x S* be the
function defined as follow:

(i) if o € Im(ordy), then v(a) = (—ca, V2, 5)(@r))

(ii) Let A; be an element of 7 with maximal dimension, and y =< z,a; > +b; be
the equation of the hyperplane in R” x R containing the points of coordinates
(o, —co) € R" X R for a € Vert(4,;), a; = (a1,4,...,0,,;) € R* and b; € R.
If o € A; \ Im(ordy), and for any small perturbation of the coefficient a, the
amoeba of the new polynomial remains without complement component of
order a, then we set v(a) = (< a,a; > +b; + 1, 1), this means « is of type IL
Otherwise we set v(a) = (< «,a; > +b;, v, ( )). We denote by v the first
coordinate of v

In this section f; is the family of polynomials defined by:

fi(z) = Z AtV (@ et (@) o (5)
agsupp(f)

and we denote by a(q, ) the coefficient of f; with index a.

Let { fu}uE]O, 17 be the family of polynomial defined by:
fulz) = Z e @y 1@ (eua, + (1 — ew)v, p(a))2”. (6)

acA
By Theorem 5.2, the coamoeba of the hypersurface defined by f and the coamoeba of
the complex tropical hypersurface Vi, y := lim, .o H,(V},) are homeomorphic. More
generally, let A; = supp(f)U Im(ordy,), and l/it (resp. V(2 1,) ) be the function defining
the spine of the amoeba 7 of f; (resp. the arrangement of hyperplanes in the average
of the coamoeba of ft) Consider the family of polynomials fét) defined by :

WO (a), 0
fO(z Z e @yt (@) (euar 1 + (1 — ew)vg, 1y(a)) 2. (7)
aEAL

Then for any ¢ the coamoeba of the hypersurface defined by the polynomial f;, satisfies
the same conclusion as the coamoeba of f, that it is homeomorphic to the coamoeba
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of the complex tropical hypersurface Vi f, := lim,_o Hu(Vf@). We denote by ¢} the
shell of the coamoeba of V.

If 8 is a lattice point in Im(ords) \ supp(f), then we denote by 3 sy the sub-
arrangement of .7; consisting of the hyperplanes codual to the edges of 7 adjacent to
(. The following theorem gives a combinatorial characterization which must satisfies
the set Im(ordy) N supp(f) for the existence of such F. As an application of this
result, we prove that the amoeba of maximally sparse polynomial is solid (we can see
the first proof in [NI=06]). Moreover, it gives a geometric properties satisfied by the
coamoeba of hypersurface defined by polynomial f such that Im(ords) \ supp(f) is
nonempty. In particular, if n = 2, we give a characterization on the number of the
coefficients of real polynomials defining a Harnack curves.

Theorem 6.1. Let 5 € Im(ordy) \ supp(f). Then we have the following:

(i) There exists an effective sub-arrangement F' of ¢; with the same combi-
natorial type of 74 such that any hyperplane H € ' is of weight at least
two.

(ii) The coamoeba cod? of the hypersurface V with defining polynomial f contains
some extra-pieces. In particular, if n = 2, this imply that the real part RV of
V' is not a Harnack curve.

Proof Let us prove the first statement of the Theorem. We denote by 7 the
subdivision (which we assume a triangulation) of A dual to the tropical hypersurface

Il f, = Log(V, 1,), and by A2 the arrangement of codual hyperplanes to the edge

of 78 associates to V@, f,)- Let 75, be the subdivision of A dual to the spine of the
amoeba @7, of Vj,. Let {4, 3y be the real number in [0; %] defined as follow:
1
t(maz, ) := max{0, max{s €|0; =] | Hg, s,) is ef fective}}.
e

This means that any hyperplane H in g, Feman. ) is codual to an effective edge E

Of Ty(10e > a0d E is not adjacent to 3, because in our case 3 ¢ supp(f). For any
timaz, 3y < t < 1, there exists a virtual sub-arrangement (s 5, of the arrangement

;, codual to the edges of 7, adjacent to 3. Indeed, if we fix ¢, in the deformation

of V}, given by the family ﬁS”, the spines (resp. the codual hyperplanes arrange-
ment) of the amoebas of Vi (resp. coamoebas) for u sufficiently close to zero and

u sufficiently close to %, they have the same combinatorial type, because the function
z/ft) (resp. V(g ,)) defining the spine (resp. the codual hyperplanes arrangement) are
the same for u sufficiently close to zero and u sufficiently close to % by construction.
Moreover, the sub-arrangement of hyperplanes codual to the edges adjacent to § are
effective for u # é and virtual for u = é by construction. The compactness of the
real torus, and the fact that J7{3 y,) is invariant under the translation group (272)",

imply the convergence of the 73 s, to some effective sub-arrangement 73, Fo )

mazx, 3)
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when ¢ tends to ¢(;40, 8), by definition of (40, 3. Geometrically, this means that the
complement components of the amoebas of Vy, of order 3 disappear when ¢ = #(,,00, 8),
moreover, the codual hyperplanes sub-arrangement .73, 5,y converge to some effective
sub-arrangement ¢, Frman. 5))° Hence, any hyperplane H € J(3, Frman. 5)) is codual to
an effective edge £ of 7, ., such that E is not adjacent to 3, because 8 ¢ supp(f).
So, the hyperplane H is counted at least twice, and then its multiplicity is at least

equal two. Let & be the dual of g, Frman. ) 1 the set of effective edges of 73, .. . By

duality, if we denote by C' the convex hull of the set of vertices of &, then C'\ Vert(C)
contains at least an element of the support of f. This means that if f is maximally
sparse, then Im(ordy) \ supp(f) is empty.

The second statement of Theorem 6.1 result from the fact that with our hypothesis,
there exists a collection of effective edges & in 7y dual to g ) such that: there exist
two elements A; and A, in 7; of maximal dimension, and H € J# y) satisfying :

(1) A; has 8 as vertex, and with H codual to some edge of Ay;

(2) Ay has an effective edge in & dual to H;

(3) The set Arg(Vao, fNLog ™' (v1)) NArg(Va, sNLog ™' (7)) has nonempty interior,
and the boundary of this intersection contains a subset of H with nonempty
interior (here we mean the interior of the hyperplane H), see Figure 11 on the
right for n = 2.

Hence, in the complex hypersurface V', the set of critical values of the argument map
is not contained in the union of hyperplanes, and then the extra-pieces exist.

Hi

F1GURE 11. The left picture is an illustration of the coamoeba in the
case of Harnack curves, and on the right the coamoeba when we must
have some extra-pieces.
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e ——

A H

B

F1GURE 12. Example of the deformation of the codual hyperplanes ar-
rangement when § € F with F a facet of A; with change of combina-
torial type.

Theorem 6.2 (Nisse [NI-060]). The amoeba of a complex algebraic hypersurface defined
by mazimally sparse polynomial is solid.

Proof Indeed, if the polynomial f is maximally sparse, then the first statement of
Theorem 6.1 implies that the set Im(ordy) \ supp(f) is empty. L

Theorem 6.3. Let V' be a complex algebraic plane curve defined by a polynomial f
with Newton polytope A, such that its real part RV is a Harnack curve. Then f is
dense i.e., supp(f) = A NZ2.

Proof Theorem 6.3 is a consequence of the second statement of Theorem 6.1, and the
fact that the logarithmic map critical points coincide with the argument map critical
points (Passare [P2-06|, see the proof in [NI1-08|), and also, the critical values of the

logarithmic map coincide with the boundary of the amoeba for Harnack curves (see
Mikhalkin [M3-00]). ]

A description and combinatorial characterization of the indices in Im(ord ;) U{type I}

linked to the combinatorial structure of Newton polytope is given in a join work with
Petter Johansson [IN-09].

7. EXAMPLES OF COMPLEX ALGEBRAIC PLANE CURVES

In this section, we give some examples of coamoebas of complex algebraic plane
curves, and their codual hyperplanes arrangements.
Example .1- Let V}, be the curve in (C*)? defined by the following polynomial:
filz,w) = w* — A + 22w — 2w + 1.

Let fy 1(z,w) = w* — w + 2zw — 2*w, so V}, | is just the parabola of example 1. Let
fr2(z,w) = =Aw + 22w — 22w + 1, hence Vy, , is the set of points (z,w) € (C*)? such
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that :
1
w=——-—".
22 —=2z+ A
This means that arg(wy) = — arg(w;) modulo 27.

FIGURE 13. Newton Polygon of example 1.

Hence the coamoeba of the curve defined by f, is as in figure 14 in the left.

PN b Al

9 ee
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(2m-m) (@n-m ©-m (r-m) (2m-m) (3m-m)

(02m

©om

FI1GURE 14. Coamoeba of example 1.

Example .2- Let V}, be the curve in (C*)? defined by the following polynomial:
fzw) =20 + 2w + 2 + w + Azw.

Let fa1(z,w) = zw® 4+ z 4+ w + Azw. Hence V}, | is just a reparametrization of the
parabola of example 1. We can see that z = —m.

Let fx2(z,w) = zw® + 2w + 2z + Azw = z(1 + zw + w* + Aw), hence V}, , is the set
of points (z,w) € (C*)? such that :

14+ w? + \w
r=——
w
This means that arg(z;) = — arg(z;) modulo 27, where z; (resp. z2) denotes the first

coordinate of a point in Vj, | (resp. in Vy, ,) . As in example 1, we have the picture
in figures 15.
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FI1GURE 15. Coamoeba of example 2.

Example .3- In this example we illustrate the coamoebas of curves defining by
maximally sparse polynomials with Newton polygon A of vertices (0;0), (2;1), (1;2),
and (0;1) (see figures 16, 17, and 18).

FIGURE 16. Coamoeba of a del Pezzo surface and corresponding trian-
gulation of the Newton polygon dual to its amoeba.

7

FIGURE 17. Coamoeba of a del Pezzo surface and corresponding sub-
division of the Newton polygon dual to its amoeba.

Example .4- We give in this section an example of a polygon A such that, there
is no real curve defined by a polynomial with Newton polygon A and with maximal
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F1GURE 18. Coamoeba of a del Pezzo surface and corresponding trian-
gulation of the Newton polygon dual to its amoeba.

F1GURE 19. Coamoeba of a cubic with solid amoeba on the left and a
cubic such the spine of its amoeba is of genus one on the right.

number of coamoeba complement components, but this maximal number is realized
by a complex curve. Let A be the polygon with vertices (1;0), (0;1), (1;2), and (3;1)
(see figure 20 for the polygon and its subdivision dual to the spine of the amoeba).
In this case we prove that no real polynomial can realize the maximal number of
coamoeba complement components (the maximal number in the real case is five, and
the coamoeba is given in figure 21 on the right for some real coefficients ), but the
complex curve defined by the complex polynomial f(z,w) = e “w+ z + zw? + 23w with
0 < a < 7, has a coamoeba with maximal number of complement components (i.e.
six components, see figure 21 on the left; the picture of four fundamenta domains).

Example .5- We drow in this example the coamoeba of a complex and real
parabolas in four fundamental domains (see Figure 22 and 23).
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F1GURE 20. The subdivision of the Newton polygon and its dual.

(0;4m) (4rcan)

«ﬂiﬂm"“'\l\\(\[y
Ul 2 "" 'lll'”

(0;0) (410)

F1GURE 21. Coamoebas of examples 4.

/
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=

FIGURE 22. The coamoeba of Harnack parabola on the left, and a real
parabola with solid amoeba on the right.
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FIGURE 23. Coamoeba of real parabola defined by maximally sparse
polynomial on the left, and complex parabola on the right.

[GKZ-94]

[HV-07]
[IMS-07]

[TN-09]

[K-00]
[M1-02]

[M2-04]
[M3-00]
[N1-06]
[N1-07]
[N2-07]
[N1-08]
[NS1-09]

[P1-07]
[P2-06]

[PST-05]
[PR1-04]

[PR2-01]

[PS-04]

I. M. GELFAND, M. M. KAPRANOV AND A. V. ZELEVINSKI, Discriminants, resultants
and multidimensional determinants, Birkhduser Boston 1994.

A. HANANY AND D. VEGH, Quivers, tilings, branes and rhombi, JHEP 10, (2007) 029.
I. ITENBERG, G. MIKHALKIN AND E. SHUSTIN, Tropical Algebraic Geometry, Oberwol-
fach Seminars, Volume 35, Birkh&user Basel-Boston-Berlin 2007.

P. JoHANSSON AND M. Nisse, Combinatorial characterization of the amoeba comple-
ments of a complex hypersurface, in preparation 2009.

M. M. KAPRANOV, Amoebas over non-Archimedean fields, Preprint 2000.

G. MIKHALKIN, Decomposition into pairs-of-pants for complex algebraic hypersur-
faces, Topology 43, (2004), 1035-1065.

G. MIKHALKIN, Enumerative Tropical Algebraic Geometry In R?, J. Amer. Math. Soc.
18, (2005), 313-377.

G. MIKHALKIN , Real algebraic curves, moment map and amoebas, Ann.of Math. 151
(2000), 309-326.

M. Nissg, Maximally sparse polynomials have solid amoebas, Preprint 2006,
http://fr.arxiv.org/pdf/0704.2216.

M. Nissg, Coamoebas of complex algebraic hypersurfaces, Preprint, (2007).

M. NIsSE, Amoebas and Coamoebas Relationships and Similarities, Preprint, (2007).
M. Nissg, Coamoebas of complex algebraic plane curves and the logarithmic Gauss map,
Preprint, http//fr.arxiv.org/pdf/0805.2872, (2008).

M. Nisse AND F. SOTTILE, Combinatorial structure of Non-Archimedean coAmoebas,
in preparation, (2009).

M. PASSARE, private communication.

M. PASSARE, Basic Amoeba Theory, Ecole d’été en Géométrie Tropicale, Institut de
Mathématiques de Jussieu, (2006).

M. PASSARE, T. SADYKOV AND A. TSIHK, Singularities of hypergeometric functions in
several variables, Compos. Math. 141, (2005), 787-810.

M. PASSARE AND H. RULLGARD, Amoebas, Monge-Ampére measures, and triangulations
of the Newton polytope, Duke Math. J. 121, (2004), 481-507.

M. PASSARE AND H. RULLGARD, Multiple Laurent series and polynomial amoe-
bas, pp.123-130 in: Actes des rencontres d’analyse complexe, Atlantique, Editions de
I’actualité scientifique, Poitou-Charentes 2001.

L. PACHTER AND B. STURMFELS, Algebraic Statistics for Computational Biology, Cam-
bridge University Press, 2004.



GEOMETRIC AND COMBINATORIAL STRUCTURE OF HYPERSURFACE COAMOEBAS 39

[RST-05]

[R-01]
[R2-00]
[SS-04]
[S-02]

[V-90]

J. RICHTER-GEBERT, B. STURMFELS ET T. THEOBALD , First steps in tropical geome-
try, Idempotent mathematics and mathematical physics, Contemp. Math., 377, (2005),
289-317 , Amer. Math. Soc., Providence, RI, 2005.

H. RULLGARD, Polynomial amoebas and convezity, Research Reports In Mathematics
Number 8,2001, Department Of Mathematics Stockholm University.

H. RULLGARD, Stratification des espaces de polyndémes de Laurent et structure de leurs
amibes, C. R. Acad. Sci. (2000), 355-358.

D. SPEYER, B. STURMFELS, The tropical Grassmannian, Advances in Geometry, Vol 4,
No. 3, (2004), 389-411.

B. STURMFELS, Solving systems of polynomial equations, CBMS Regional Conference
series in Math., 97, American Mathematical Society, 2002.

O. VIRO, Patchworking real algebraic varieties, preprint: http://www.math.uu.se/ oleg;
Arxiv: AG/0611382

UNIVERSITE PIERRE ET MARIE CURIE - PARIS 6, IMJ (UMR 7586), LABO: ANALYSE AL-
GEBRIQUE, OFFICE: 7C14, 175, RUE DU CHEVALERET,, 75013 PARIS, FRANCE
E-mail address: nisse@math.jussieu.fr



	1. Introduction
	2. Preliminaries
	3. Complex tropical hypersurfaces
	4. Codual hyperplanes arrangement and Non-Archimedean Coamoebas
	5. Geometry of coamoebas and their combinatorial structure
	6. Characterization of the virtual vanishing coefficients
	7. Examples of complex algebraic plane curves
	References

