ERRATUM: On the parity of ranks of Selmer groups II1

Jan Nekovari

Remark 4.1.2(4) and the treatment of archimedean e-factors in 4.1.3 are incorrect. Contrary to what is
stated in 0.3, the individual archimedean e-factors €, (M) (u | 00) cannot be expressed, in general, in terms
of My, but their product can.

To motivate the corrections below, consider a motive M (pure of weight w) over F' with coefficients in
L. Set 8o = {7 : F — C}, gp:{J:F%Qp} and denote by re : Seo — Soo, 7p 1 S, — S, the
canonical surjections. Fix an embedding ¢ : L — C and an isomorphism A : Qp = C such that p is induced
by 1, = A"t or: L— Q,. To each v € S, then corresponds a subset

Soo(v) = {rec(Ao ) [ rp(0) = v} C Suc
such that
> [Luw:R]=[F,: Q.
WE S (V)
For each 7 € 500, the Betti realization Mp , is an L-vector space and there is a Hodge decomposition
Mg, @1, C =DM, )"
i€Z
The corresponding Hodge numbers
REY TN M) = WYY (uM,) = dimg (M)

depend only on u = ro(7) € Se. The de Rham realization Myp is a free L®q F-module; its Hodge filtration
is given by submodules F"Mygr (not necessarily free) which correspond, under the de Rham comparison
isomorphism

Myr ®LgqFuer C — Mp,r®r, C,

to

(F"Mar) ®Loqruor C — (M),
P>r

hence
dime ((grMar) @Leqruer C) = "7 (1M,).

The p-adic realization M, of M is isomorphic, as an Ly-vector space, to Mp r ®r, L, (for any 7 € §Oo) For
each v € S, Dar(M, ) is a free Ly ®q, F,-module equipped with a filtration satisfying

Dijp(My) — F"Mag @Lgqr (Ly ®q, Fy).
This implies that, for each i € Z, the dimension
dfj(Mp) i=dimg, (DQR(Mp,i))/DZEl(Mp,v))

is equal to

dimy, (9r%Mag) ®rLeqr (Ly ®q, F,) = dim@p (975 MyR) ® Lo Fu,@ind (Q, ®q, Fu) =

= Z dimap (g’f'}‘;deR) ®L®QF7LP®G‘ Qp = Z [Fu . R] hifwfi(LMu),
U:Fv=—>6p UESo0(v)



hence
dy (Mp):=> didi,(My) = Y [F,:Rld (M),  d (My):=Y ih"" " (LM,). (%)
i<0 UES o (V) i<0

Corrections to §4.1 and §5.1: firstly, 4.1.2(4) and 5.1.2(9) should be deleted. Secondly, §4.1.3 should be
reformulated as follows: we assume that V' satisfies 4.1.2(1)-(3). For each v € S, we define

d, (V)= idy(V),  dy(V)=dimg, (Djr(Va)/Di (V) (4.1.3.1)
<0
and
II =va)=E=n=™ I pdmesire (4.1.3.2)
UES oo (V) UES oo (v),Fy=C

(even though we are unable to define the individual e(V,,)). If V. = M,, where M — M*(1) is pure (of
weight —1), it follows from (%) and (2.3.1) that this definition gives the correct product of archimedean
e-factors.

The formula (4.1.3.6) should be replaced by

YoeS, &V, = (=% V)(det V;")(=1) = e(WD(V,)N %), (4.1.3.6")
which implies that

eve) I eV =(etvhy-1) [ (~ndime00/2

UE S (V) UE S (v),F,=C
hence
1 2V = (-1 dimes 72 T (det v )(-1), (4137
vESHUSws vESy

where ro(F') denotes the number of complex places of F.

Corrections to Theorem 5.3.1 and its proof: the statement should say that, under the assumptions
5.1.2(1)-(8), the quantity

(~1) V) fe(V) = (~)H N E(V) =

:(_1)ﬁ}<FvV>(_1)T2<F>dimx(VWH(detv;)(—n I =v)
vES, vZSpUSeo

depends only on V and V' (v € Sp).
In the proof, a reference to (4.1.3.7) should be replaced by that to (4.1.3.7”), which yields

)= II &) I =) = (o=@ e L@ v -1 [] =)

vESpUS vE€SpUSes vES) vE€SpUSeo
Corrections to §5.3.3: the first question should ask whether

(—1)% Me(WD(V,)N =) (ve Sy

depends only on V,?

Corrections to §5.3.4-5: it is often useful to use a slightly more general version of Example 5.3.4 with
' =To x A, where I'¢ is isomorphic to Z, and A is finite (abelian). Given a character a : A — Oy, set
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R=0,([lo]l, T =(T®0, O[ll"]) ®0,1a10 O, T," = (T,) ®0, Op[[['7]]) ®0, (a0 Op (v € Sy).

As in 5.3.4(2)-(3), 7 is an R[Gps|-module equipped with a skew-symmetric R-bilinear pairing ( , ) :
7T x T — R(1) inducing an isomorphism

7T ® Q — Hompg(7,R(1)) ® Q.
In 5.3.4(5) we have to replace 8 : I' — Ly () by 8 :T¢ — Ly(8); then

Tp/wpTp = ndg L% (V@ (B x o)),
In 5.3.5, we set, for any L,[I']-module M,

MB*D) = {z e M®p, Ly() |Vo €T o(z) = (8 x a)(z)};

then

H}(F, Tp/wpTr) = Hi(Fo, V® (B x a)) = (HHEFp, V) @ (8 x ) T = g, vy~ xe™
and

T Hp(F, V)P ) =5 Hi(Fs, V)%,

Applying Corollary 5.3.2, we obtain, for any pair of characters of finite order 3,3’ : Ty — f:, that

(—1)hsFoVEBx) f o(Fy V @ (B x a)) = (1) FVOE'*0) ) (B V @ (8 x a)). (5.3.5.1")



