Growth of Selmer groups of Hilbert modular forms over ring class fields

Jan Nekovar

0. Introduction

0.1. Fix an algebraic closure Q of Q, a prime number p and embeddings in, : Q — C and i, : Q — Qp.

Let F be a totally real number field and g € Si(n,1) a cuspidal Hilbert modular newform over F of
parallel weight k, trivial character (which implies that k is even) and (exact) level n.

Let K be a totally imaginary quadratic extension of F' and x : A} /K*A} — C* a (continuous)
character of finite order. Fix a number field L C Q such that i, (L) contains all Hecke eigenvalues A\ (v) of
g and all values of x; denote by p the prime of L above p induced by ;.

Let V(g) = V,(g) be the two-dimensional representation of Gp = Gal(Q/F) with coefficients in L,

attached to g: if v { oopn is a prime of F, then V(g) is unramified at v and

det (1 — Fr(v)geom X | V(9)) = 1 —ip( Ay (v)) X + (Nv)* 1 X2,
The Tate twist V' = V(g)(k/2) is self-dual in the sense that there exists a skew-symmetric isomorphism
V = V*(1) = Homy, (V, Ly)(1).

Denote by 7 = ng/p : AL/F* Nk pAj — {#1} the quadratic character corresponding to the exten-
sion K/F.

0.2. Normalising the reciprocity map recx : A% /K* — Gal(K®"/K) so that the local uniformisers
correspond to geometric Frobenius elements, we identify x with the coresponding Galois character x : G =

Gal(Q/K) — O} C Ly; put Ky = QKer(X) There are canonical isomorphisms

HY(K,V @ ) <5 (H} (K, V) @ )0 = JL (K, V)6,

where H}(—) are the Bloch-Kato Selmer groups and

M® ={me M |Vo € Gal(K,/K) o(m)=x(o)m},
for any Op[Gal(K,/K)]-module M. The action of the complex conjugation p € Gal(K, /F) on H}(KX, V)

interchanges the eigenspaces H} (Ky, V)(Xil), which implies that their dimensions

W (K, V @ x*) = dimg, H} (K,V @ x*')

are equal to each other: hi(K,V @ x) = h}(K,V @ x™).

0.3. Denote by m = m(g) the (irreducible, cuspidal) automorphic representation of GLs(A ) generated by

g, and by 6, the automorphic representation of GL2(A ) generated by the theta series of x. They are both

self-dual, as the central character of 7 (resp., of 6, ) is trivial (resp., is equal to n = ng,p, and 0, @1 = 0y).
The Rankin-Selberg L-function L(m x 6., s) has Euler factors

L, (7 % 6y, Hdet (1 — Fr(w) geom (Nw)/27% | (V @ x)T=) 71,
wlv

where v { cop is a prime of F and w a prime of K (cf. [N 1, 12.6.2.2]). We shall abuse the notation and
write L, (m x x, s) instead of L, (7 x 6, s). The complete L-function L(m x x,s) =[], L.(7 x X, s) is equal
to L(m x x~1,s), has holomorphic continuation to C and a functional equation of the form

L(m x x,8) =e(m x x,s) L(m x x,1 —s),
frx x8) = (mx OV e(mx v, ), elmx . b) € {1},

Put



Tan(K7gaX) = Ords:1/2 L(ﬂ' X Xvs) = Ords:1/2 H Lv(ﬂ- X X7S)

vfoo

(the T-factors L, (7 x X, s) for v | co take finite non-zero values at s = 1/2).
The conjectures of Bloch and Kato ([B-K], [F-PR]) predict that

(0.3.1) Fan (K, 9, X) = hi (K, V @ X).

The main result of the present article is the following theorem.

0.4. Theorem. Assume that g € Sg(n,1) is potentially p-ordinary, i.e., that there exists a finite solvable
extension of totally real number fields I’/ F such that the base change BCp:/p(n(g)) is equal to m(g"), where
g’ is a p-ordinary (cuspidal) Hilbert eigenform over F’' (equivalently, that there exists a character of finite
order ¢ : A} /F* — Q" such that the newform associated to g ® © is p-ordinary; see [N 1, 12.5.10]). If g
has complex multiplication by a totally imaginary quadratic extension K' of I, assume, in addition, that
p # 2 and that K’ ¢ K,. Then:

(1) If 247an(K,g,x), then 21 h}(K7 V ®x).

(2) If 2| ran(K,g,x) and if there exists a prime v | p of F which does not split in K/F and for which
m(g)e = St @ p, p 2 Fy — {£1}, xw = po Nk, /p,, where w is the unique prime of K above v (as g is
potentially ordinary, this can occur only if k = 2; see [N 1, 12.5.4]), then 2 | h}(K, Vex).

[The hypothesis in (2) can be interpreted as saying that the Euler factor at v of the p-adic counterpart of
L(m x x, s) has a trivial zero of odd order at the central point; cf. [N 1, 12.6.3.10] and [N 1, 12.6.4.3].]

0.5. Corollary. Let K[oc] C K be the union of all ring class fields of K in the sense of [A-N, 1.1] (the
Galois group Gal(K[oo]/K) is the quotient of Gal(K*/K) by reck (A%)). Let Ko/ K be a finite subextension
of K[oo]/K. Assume that g € Si(n,1) is potentially p-ordinary; if g has complex multiplication by a totally
imaginary quadratic extension K' of F, assume, in addition, that p # 2 and that K' ¢ K. Then

h}‘(K()?V) = dimLp H}(KOaV) > |X_(g,KQ)|,

where
X*(g, Ko) = {x : Gal(Ko/K) — C* | e(n(g) x x, 3) = £1}.

0.6. Example. Let E be an elliptic curve over F. It is expected that E is modular in the sense that
there exists g € Sa(n, 1) such that L,(E/F,s) = L,(n(g),s + 1/2), for all primes v of F. If this is the case,
assume that F has potentially ordinary reduction (= potentially good ordinary or potentially multiplicative
reduction) at all primes of F' above p. If E has complex multiplication by Q(v/—D), assume, in addition,
that p # 2 and F(v/—D) ¢ K,. Theorem 0.4 then implies the following:

(1) If 24ords_; L(E/K, X, s), then 21 (dimL(E(KX)@@L)(x*) + corko, , (I(E/Ky) ®0L,p)<x*>).
(2) If 2| ordse1 L(E/K,x,s) and if there exists a prime v | p of F which does not split in K/F and
a character p : Fy — {#£1} such that x, = po Nk, /p, and the quadratic twist £ ® u has split

multiplicative reduction at v, then 2 | (dimL(E(KX) ® L)X 4 corko, ,(II(E/K,) ® OL}p)(X71)>.

There is an obvious variant of this statement when E is replaced by an abelian variety Ay with O, —
Endg(Ag), where Ly is a totally real number field of degree [Lg : Q] = dim(Ap).
0.7. Example [D]. Let g # 2 be a prime number and Fj a totally real number field such that FoNQ(pge) =
Q. Let a € Op, — {0} be an element satisfying a & F; and, for each finite prime vy of Fyy not dividing g,
ordy,(a) < g. For each r > 1, put F, = FoQ(ug)", K, = Fo(ug); then Gal(K,/Fy) — (Z/q"Z)* and
Gal(K,(w/a)/K,) = Z/q"Z. Fix an injective character x, : Gal(K,( 4/a)/K,) — Q ; then x, (more
precisely, x, o recg, ) factors through A% /KIA7Z .

Let go € Sk(ng, 1) be a cuspidal Hilbert newform over Fy of parallel weight k, trivial character and level
ng; put V= Vi (go)(k/2). For r > 1, denote by g, the corresponding base change newform over F,. (i.e.,
BCp,/p(m(go)) = m(gr)). An easy exercise in group theory (see §3.1 below) shows that, for each r > 1,
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.
H{(Fy(W/a),V) = Hi(Fo,V) & @ Hj(K,V ® x).
s=1

0.8. Theorem. In the notation of 0.7, assume that (Yvg|q) 7(go)v, iS a principal series representation and
that (Vvgl|a) 7(go)w, is not supercuspidal. Put ngaq) =ng/(ng, (aq)*) and d = (—1)[F°:Q]N(néaq)) € Z—{0}.
Then:

(1) Foreachr>1, e(n(g:) X xr,3) = (g). [See [D, Thm. 6] for a special case.]

(2) Assume that go is potentially p-ordinary. If gy has complex multiplication by a totally imaginary
quadratic extension K|, of Fy, assume that p # 2 and that (¢ = 1 (mod4) or K|; # Fo(\/—q)) [the latter

condition is automatically satisfied if 2 t [Fo : Q]]. If (%) = —1, then

Vr>0  h(Fo(Va),V)—hi(F,V) >, hi(Fo( Va),V) —h(Fo,V) =r (mod2),
hy(Fo(ugr, Va),V) = hy(Fo,V) > q" — 1.

0.9. Corollary. In the notation of 0.7, assume that E is a modular elliptic curve over Fy such that for each
prime vg of Fy above q (resp., dividing a) there exists a quadratic twist of E with good reduction (resp.,
semistable reduction) at vy. If E has complex multiplication, assume that p # 2 and that (¢ = 1 (mod4) or
Fy @ Endg(E) # Fo(v/—q)) [the latter condition is automatically satistied if 2 { [Fy : Q]]. Assume, finally,

that (%) = —1, where d = (—1)IFo:*QIN(cond(E)(@9). Then, for each prime number p such that E has

potentially ordinary reduction at all primes of Fyy above p, the ranks
sp(E/—) :=rkz E(—) + corkz, III(E/—)[p™]
satisfy

V>0 s, (B/Fo( W)~ sp(E/Fo) 2 v, sy(B/Fo( W/a)) — s,(E/Fo) = r (mod2),
sp(B/Folpgr, /@) - s,(E/Fo) > ¢ — 1.

0.10. Remarks. (1) The proof of Theorem 0.4 does not use any explicit formula for the global root
number &(7(g) X x, 3) (in fact, such a formula is not available in general). Instead, the local root numbers
enter the picture indirectly, through their representation-theoretical characterisation ([T], [W, Thm. 2], [S])
that appears in a refinement of the method of Cornut and Vatsal ([A-NJ).

(2) A suitable strenghtening of the methods of [M-R] or [D-D2] would allow us to drop the assumption of
potentially ordinary reduction at p in Example 0.6 (if the order of x is a power of p, this can be done, in
many cases, by combining [M-R, Thm. 6.4], [D-D2, Thm. 4.3] and [N 4, Thm. 1]).

(3) In the special case p = ¢ there are more elementary approaches to Corollary 0.9 ([M-R, Thm. 7.1],
[D-D1, Prop. 4.13], [C-F-K-S, Thm. 4.2, 4.6]), which do not require E to be modular but instead assume
that s,(E/Fo(up)) = ords=1 L(E/Fo(up),s) (mod2), which under fairly general circumstances follows from
[N 4, Thm. 1].

(4) If x? = 1, then y = @wo Ng,p, where ¢ : AL /F* — {#£1}, and

Hi(K,V®x)=H{(F,V®p)®H(F, V&)
In many cases [N 1, Thm. 12.2.3] applies to g ® ¢ and g ® ¢ng,r, yielding

ran(K, 9,x) = h3(K,V © x) (mod2).

1. Proof of Theorem 0.4
In this section we prove Theorem 0.4., following closely the arguments in [N 1, §12.9]. The main difference
is that the non-vanishing results of [C-V, §4] are replaced by their strenghtening proved in [A-N]. We are
going to use the notation from [A-N] and [N 1, ch. 12].
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Assume that g € Si(n, 1) is potentially p-ordinary and, if ¢ has complex multiplication by a totally
imaginary quadratic extension K’ of F, that p # 2 and K’ ¢ K,. Put 7 = 7(g9), n = nk/p, €0 =

e(my X Xv,3) € {1} and e = e(7 x x, 1) =[], €». Note that &, does not depend on the choice of an additive
character, by the self-duality of V ® Indg,r(x) ([N 3, 2.2.1(1)]).

1.1. Reduction steps

1.1.1. Let £, (resp., ¥oo = {71,..., 74}, d = [F' : Q]) be the set of all primes of F' above p (resp., above
00). Put

Yy =2 (g) ={v € X, | v does not split in K/F, 7, =St @ p, p: Fy — {£1}, X = po Nk, /r,}

(where w is the unique prime of K above v). As g is potentially p-ordinary, 7, is not supercuspidal for any
v € ¥, which implies that

—1, v E Xy
(1.1.1.1) Yv € X, Nw(—1) e, =
1, v,

(see [N 1, 12.6.2.4]). At the archimedean primes,

(1.1.1.2) YWETe  m(-1)=-1, g =1

1.1.2. Reduction to the case k = 2. Assume that k£ > 2 and that Theorem 0.4 has been proved for k = 2.
Asin [N 1, 12.9.5.1], let ¢’ € Sa(n/, 1) be a weight 2 specialisation of the twisted Hida family containing a
twist of the p-stabilisation of a p-ordinary twist of g; put @’ = n(¢’), V' = V,(¢')(1). As k > 2, we have
Y, (g9) =0 ([N 1, Lemma 12.5.4]). According to [N 1, 12.7.14.5(v),(ii),(iii)] (combined with (2.2.3.1) below),

1.1.2.1. g has complex multiplication by K/ <= ¢’ has complex multiplication by K’;

1.1.2.2. 70 (K, 9,X) = Tan(K, 9, X) + |24 (9)] = ran(K, 9", X) + |24 (¢")| (mod2).
1.1.2.3. hy(K, V@ x) =hp(K,V@x)+ |3y (9)] = hi (K, V' @ x) + 2y (¢')] (mod?2).

As Theorem 0.4 holds for ¢’ by assumption, the statements 1.1.2.1-3 imply that it also holds for g (in fact,
one can always choose ¢’ satisfying ¥, (¢') = 0, by [N 1, 12.7.10]).

1.1.3. Further reduction in the case k =2 (cf. [N 1, 12.10.1]). From now on, until the end of §1,
k = 2. Assume that Theorem 0.4 has been proved for k& = 2 under the following additional assumption:

(1.1.3.1) IVCE, 240 (—DEEITl=c(rxy, l) =

There is precisely one case in which the assumptions of Theorem 0.4 (¢ = —1 or |X,| # 0) are satisfied, but
(1.1.3.1) is not:

Syl =15yl =1, e=-L
In this case fix a totally real cyclic extension Fy/F of odd order n > 1 in which the unique prime v € 3,
splits completely and put Ky = 1K, x1 = x o Nk,/k : Ak, /[KiAL — C° (thus (Ki1),, = 1K),
71 = BCp,p(7) = 7(91), A = Gal(F1/F) = Gal(K,/K), A = Hom(A, C*). As g is potentially p-ordinary,
so is the base change form g; over F;. Furthermore, if ¢ has complex multiplication by K’ ([K' : F] = 2),
then g; has complex multiplication by F}K’, and

(1.1.3.2) K' ¢ K, < FRK ¢ RK, = (K.
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We have

emxxn3)=[[e(rx(Oy®a),2),  hp(ELV@x1) =Y hi(KVexa).
0462 aez
As
erx(Oy@a '), =crx(Oy®a),i)!

by the functional equation, it follows that

(1.1.3.3) Tan(Ka 91, Xl) = Tan(Kag7 X) (mOd 2)'

Similarly,

hE(K,V @ xa) =hi (K, V(1) @x a™) =h}(K,Vox o)  ([N1,12,5.9.5(iv)])
= h}(K,V ® xah)
(the last equality follows from the fact that the action of the complex conjugation p € Gal(F1K,/F)

interchanges the ya- and x ~!a-eigenspaces for the action of Gal(F} K, /K) on H} (F1Ky,V)), which implies
that

(1.1.3.4) hi(K1,V®@x1) =hi(K,V®yx) (mod2).
Finally,
(1.1.3.5) Ty (g1) ={v1 v, ve (g}

Putting (1.1.3.2-5) together, we obtain that Theorem 0.4 holds for g iff it holds for g;. However, g1 satisfies
(1.1.3.1), as there are n > 1 primes above p in F;. This concludes the proof of the reduction step to the case
when (1.1.3.1) holds.

1.2. Passage to a Shimura curve

1.2.1. Thanks to 1.1, we can (and will) assume that k = 2 and that there exists a non-empty subset
Y ={P,...,P;} C X, for which (1.1.3.1) holds; fix such ¥ (in fact, we can always take s = 1 or s = 2).
Our goal is to show that ran(K,g,x) = h}(K,V @ x) (mod?2).

1.2.2. Choice of a quaternion algebra. As

e=Tle=TIn(-De =TT II TI w(-De = 0FA0E=0 [T n(-De,

VEX oo VEX VEXUN VEXUY

(by (1.1.1.1-2)), the condition (1.1.3.1) implies that

H Ne(—1)e, = (_1)[F:Q]_1.

VEEUY o

This means that there exists a (unique) quaternion algebra B over F' with local invariants
, veXU{n}
inv,(B) =4 —1, V€ Yoo — {71}

No(—1) €y, v XU
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1.2.3. Proposition. (1) There exists a (unique) irreducible (cuspidal) automorphic representation @' of
B such that m = JL(n') is associated to 7’ by the Jacquet-Langlands correspondence. The representation
7’ has trivial central character, m, = 1 if v € ¥ — {71}, and 7] is the weight 2 holomorphic discrete series.
(2) There exists an F-embedding t : K — B; fix such t.

(3) Vv € X UX. there exists a non-zero t, (K )-invariant linear form ¢, : 7, — C(x,1).

Proof. (1) At each finite prime v of F' at which 7, is a principal series representation we have n,(—1) &, =1
(IN 1, 12.6.2.4(i)]), hence B is unramified at v, by construction. This implies that 7 lies in the image of
the Jacquet-Langlands correspondence. The central characters of m and 7’ coincide and the archimedean
behaviour of 7’ follows from the coresponding local correspondence.

(2) At each finite prime v of F' which splits in K/F we have n,(—1)e, = 1 ([N 1, 12.6.2.4]); thus B is
ramified only at primes of F' that do not split in K/F, which implies the existence of ¢.

(3) By construction, inv, (B) = n,(—1) &, for each v € ¥ U X ; we apply the fundamental results of [T] and
[W, Thm. 2] (see also [S]) (note that, if inv,(B) = 1, then dim(n) = dim(rm,) = o).

1.2.4. Proposition (choice of an order). There exists an Op-order R C B such that

Vo & XUY  L,((7))) #0; Vv eX R, isan Eichler order of level o(r!)) = o(,) (hence dim(x/ )% = 1).

Proof. Fix any Op-order Ry C B. There exists a finite set Sy D Yo of primes of F' such that, for each
v &€ Sp, the following conditions hold: Ry, is a maximal Op,-order in B, = My(F,), ty ' (Row) = Ok v,
Xv is unramified and o(7}) = o(m,) = 0 ( <= m, is an unramified principal series representation). This
implies, by [G-P, 2.3], that £,((r/)f) # 0 for all v € Sp. On the other hand, for each v € Sy — (X U T,
there exists a vector x, € =, such that ¢,(z,) # 0. As the central character of 7] is trivial, there exists an
Op-order R(v) C B, such that z, € (7/)®(*)". For v € ¥, let R(v) C B, be any Eichler order of level
o(my). The Op-order R C B given by its localisations

Ry, v & Sy
R, =
R(v), v € Sy — Yo

has the required properties.

1.2.5. Shimura curve. Fix an Op-order R C B satisfying Proposition 1.2.4 and put H = R*. From
now on, we shall work with the Shimura curve Nj; (in the notation of [N 2, 1.4] and [A-N, 2.1.2]). By
construction,

1H ’ ! IR
=7 ® ) #E 0.
0 s ®U+OO (mi)'t £

1.3. CM points

1.3.1. Asin [A-N, 2.2], fix an isomorphism B, —— M(R) and denote by z € C, Im(z) > 0 the unique
point fixed by t(K*) C B* C Bi, — GLy(R). Let
C= {[Z,ble]H I b; € B}kgl} - CM(NH,K)
be the (P - - - Ps)-isogeny class of the CM point [z, 1]y on the curve Nj;.
Recall that the conductor of a CM point = [z,bly € CM(Ng, K) is the non-zero ideal ¢(z) C Op
satisfying
Vo € Tty (buRub, ') = Op, + c(2)Ok 0.
Similarly, the conductor of x is the smallest non-zero ideal ¢(x) C Op (w.r.t. divisibility) such that

Vo € Yo Xo((OFp +¢(X)Ok0)") = 1.
1.3.2. Lemma. Yv € X UX Vo € C ord,(c(x)) < ord,(c(z)) (the R.H.S. depends only on C, by [A-N,
(2.2.4.1)]).

Proof. There exists x, € (7/)% such that £,(x,) # 0. As
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Va € K; Cy(m (tu(a) ) = X, (@) Lo (),
it follows that x,(t;1(R})) = 1; but t,1(R,) = Op, + ¢(2)Ok 4, by definition.
1.3.3. Corollary-Definition. Put co = ¢(x)/(c(x), (P1--+ Ps)*) and ¢ = ¢(x)/(c(x), (Py - - - P5)*) (which
is independent of the choice of x € C). Then ¢g | ¢ and ¢(x) = coP;™" --- P (n; € N). Asco|c, x isa
character of G(©) = Gal(K[cP*®]/K), in the notation of [A-N, 1.2.2]; let xo : G,(JC) — C* be the restriction
of x to the torsion subgroup G(()C) = (G())ors of GO,

1.3.4. Lemma. For each m € N there exists a CM point x,, € C which is good in the sense of [A-N, 4.2.3]
and satisfies (P -+ Ps)™ | ¢(2m).

Proof. Let
S
X: HPW (T;) » C
i=1
be the [[;_; K} -equivariant surjection from [A-N, (4.2.2.3)]. For each i = 1,...,s choose a path ~; = (yo —
v = Ya;) € Po, (T;) such that Z;(yo) = m and Z(ya,;) = m+ a;; the CM point 2, = X (71, ...,7s) has the
required properties.

1.4. Quotient of the Jacobian of the Shimura curve

1.4.1. Asin [N 2, 1.16], denote by J(N;;) the Jacobian of the curve Nj;. As recalled in [A-N, 2.1.7] and
[N 2, 1.18], there exists an isogeny J(Nj;) — A% x Ay (defined over F'), where: Ap is an F-simple abelian
variety with Endp(Ag) = Or,, Lo is a totally real number field of degree [Lg : Q] = dim(Ay), there is a
unique embedding o¢ : Ly < R such that the L-function L(og Ag/F,s) = L(ogh'(Ap), s) (in the notation of
[N 3, 0.0]) is equal (Euler factor by Euler factor) to L(n’,s —1/2) = L(m,s—1/2), a = dim ®;J[Oo(ﬂ" Y > 1

and Homp(Ag, A1) = 0 (in the notation of [A-N, 2.1.7], 7’ = w(00)). As oo(Lo) is the field generated over
Q by the Hecke eigenvalues of g, there is a unique embedding i : Ly < L satisfying in|z © 1 = 0p.
For j =1,...,a, denote by pr; : Aj — Ag the projection on the j-th factor.

1.4.2. Put S={v|cdg/p,v# P1,...,Ps}. According to Proposition 1.2.4,

(1.4.2.1) YoeS  L((xl)F) #0.

Denote by
ts =@ty : @, — Clxs")
veS veS
the tensor product of the linear forms £, (v € S); above, xs = [[,cgXv : [[,eg Ky — C*.
1.4.3.  Asin [A-N, 2.4.3], put A = O ®o,, Ao. As explained in [A-N, 2.1.7], F(Avﬁ,lq/F) is a free
L ®q F-module of rank one and the projection J(Nj;) — A§ x Ay — A§ induces an isomorphism

~ / o *
LA Ol ) 0rn © 5 @) @), (T

o:L—C

In particular, there is a natural E*—equivariant projection on the term corresponding to ¢ = i |L:
) 1 ! R’
r:T(A,Q4 ) p)" ®pr, C— ®v+oo(7r;) .
The linear form /g induces a linear map

!

s 1. ! / ( /) —1
€5®1d.®v+oo7rv—> ®v€EOOUS7TU ® Xg
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and it follows from (1.4.2.1) that there exists j € {1,...,a} such that

(1.4.3.1) (s ®id) or o pr’ (F(A, Q2 r) ©r, c) £0.
In the notation of [A-N, 2.1.3], let « : Nj; — A be the morphism (defined over F)) given by

a: Nj 5 J(Nf) — A x Ap — A 25 A,

1.5. End of the proof

1.5.1. Using Lemma 1.3.4, choose a sequence of good CM points {z,,} C C satisfying (P --- Ps)™ | c(zm)
for all m € N. By (1.4.3.1), the main non-vanishing result from [A-N] (Theorem 4.3.1) applies to the
sequence of points {a(z,)} C Ag(K[cP*>]) and the character xo: if m € N is large enough, then there exists
a character y,, : G(© — Q* of finite order with the following properties:

1.5.1.1. the restriction of x,, to G(()C) is equal to xo;
1.5.1.2. c(xm)ep " = c(zm)ct (hence (Pr--- P)™ | c(xm));
1.5.1.3. eym(l ® Oé(.]?m)) 75 0eqQ ®OL0 Ao(K[CPOOD

The assumptions in Theorem 0.4 imply that g does not have complex multiplication by any totally
imaginary quadratic extension of F' contained in K, , which means that the main result of [N 2] (Thm 3.2)
applies to the non-torsion point ex, (1 ® a(zy,)), yielding

(1.5.1.4) hi(K,V@xu') =1

As m is large enough, we also have

(1.5.1.5) e(m X Xm, 3) = —1,
by [A-N, 2.4.12(3)], hence

Tan(K, 9, Xm) =1 = h(K,V @ xm) (mod2).

Finally, as the restrictions of y and x,, to the torsion subgroup of G(¢) coincide, we have

ran(K, 9,X) — B3 (K, V @ x) = ran(K, g, Xm) — B}(K,V @ xm) =0 (mod 2),

by Proposition 2.1.2(5) below (which was earlier proved in [N 1, 12.6.4.7(v)] in the special case when (¢, (p)) =
(1)). This finishes the proof of Theorem 0.4.

1.5.2. In fact, it is enough to appeal to a weaker non-vanishing result [A-N, Thm. 2.5.1], which does not
require the CM points ,, to be good and which yields, for m large enough, a character x,, : G(9) — 6*
satisfying 1.5.1.1 and 1.5.1.3, but not necessarily 1.5.1.2. The equality (1.5.1.5) in this case follows from
[A-N, Prop. 2.6.2(2)].

2. Iwasawa theory

Throughout this section we assume that g € Si(n(g), 1) is a potentially p-ordinary Hilbert modular newform
of level n(g); let 7 = m(g). We also fix K as in 0.1 and put n = 7x/p. Fix a non-empty subset ¥ =
{P1,...,P;} C ¥, and an ideal ¢ C Op relatively prime to P;---Ps. As in [A-N, 1.2.2], set K[cP*>] =
Uyoy K[eP™ -+ P™, G© = Gal(K[cP*]/K) and G = (G(©))

tors”
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2.1. e-factors
2.1.1. For a character y : G(°) — C* of finite order, let

gy = &(my X Xu, 3) € {£1}, Ey = E(Ty X Xu, 5) € {£1},

where

71a UGZX(Q)
Ep = €y X
17 ngx(g)

is the modified local e-factor defined in [N 1, 12.6.3.10] (if £ > 2, then ¥, (¢9) = 0 and &, = ¢, for all v). If
X' : G(© — C* is another character of finite order, denote the corresponding local e-factors by ¢, and &/,.

2.1.2. Proposition. Let x,x’ : G©) — C* be characters of finite order such that Xlge = X | g Ifvis
a prime of F', then: ’ ’

(1) Ifv| oo orifvtoo splits in K/F, then e, =¢, =€, =€, = 1.

(2) Ifv="P; (i=1,...,s), then &, =&, =n,(—1).

(3) Ifv|edg/p,v# Pr,...,Ps, thene, = ¢, and €, = &,.

(4) Ifvfoocdg,p, then e, = ¢, (more precisely, x, = x; = 1 if v does not split in K/F) and

1, if m, is not supercuspidal

v . . .
{ 1 (0)°07), if w, is supercuspidal.

(5) ran(K,9,x) = h3(K,V @ x) = ran(K, g,x') = h}3(K,V ® x’) (mod 2).

Proof. (1) [N 1, 12.6.2.2.1, 12.6.2.4]. (2) As v | p and g is potentially p-ordinary, m, is not supercuspidal;
apply [N 1, 12.6.2.4(i),(ii)]. (3) Let S = {v | cdg/p, v # Pi,...,Ps}. By [A-N, 1.2.7], G(()C) has a subgroup

~

ch) — U'(¢, Py Ps) = [l,eqU,, where each U] is isomorphic to a quotient of (Kj)°/F;, via the

reciprocity map recg. If v € S does not split in K/F, then (K})° = K, which means that y, depends only
on X|G§c>; thus x, = x/,, which implies that e, = ¢/ and &, = &/. If v € S splits in K/F, we conclude by (1).
(4) If 7, is not supercuspidal, then &, = &, = n,(—1) = 1 (recall that v is unramified in K/F, by assumption),
by [N 1, 12.6.2.4(i),(ii)]. If 7, is supercuspidal, then ¢, = &, = ¢/, = & = 7, (v)°™), by [N 1, 12.6.2.4(iii)).
If v is inert in K/F', then x, = x; = 1, as both x, and x;, are unramified and K = Oj, ,Fy. If v splits in
K/F, then ¢, = ¢}, by (1).

(5) As €:=[], &v is equal to & :=[], €,, by (1)-(4), we deduce from [N 1, 12.6.4.3] that

v SV

RHE,V @ x) = WY K,V @ x) + ran(K, 9, %) = BH(E,V @ X') = WK,V @ Y') + ran(K, g,¥') (mod2),

where ﬁ}(K ,V ® x) denotes the dimension of the “extended Selmer group” ﬁ} (K,V ® x) defined in [N 1,
12.5.9.2]. On the other hand, [N 1, Thm. 10.7.17] implies that

hi(K, V@ x)=hi(K,V®x') (mod2),
as explained in the proof of [N 1, 12.6.4.7(v)]. Combining the two congruences, we obtain the desired result.

2.1.3. Proposition-Definition. (1) eym(7 X x0,3) :==e(m X x, 3) [1:_, np. (1) ep, € {+1} depends only
on w and xo = X|G(<)c>.

(2) Ifk > 2, then em(m X X0, 3) = (7 x X, 3) for any x satisfying X\G[()c) = Xo-
(3) Ifn € N is large enough and (Py -+ P;)"™ | ¢(x), then e(m X X, 1) = e1m (7 X X0, 3).

Proof. (1) By Proposition 2.1.2, the individual terms in

9



6(71— X X, %) ]:[77137:(71) Ep = H ﬂv(*l) Ev
i=1

’U‘fPl'--Ps

are the same for y and x’.

(2) If & > 2, then each 7p, is a principal series representation [N 2, 12.5.4], hence np,(—1)ep, = 1 ([N 2,
12.6.2.4())).

(3) If n is large enough, then each term np,(—1)ep, is equal to 1, by [J-L, Prop. 3.8] and [J, Thm. 20.6].

2.2. Ranks

2.2.1. Fix a character xo : ch) — O3, where L is a number field such that i.,(L) contains all Hecke
eigenvalues of g. Let p | p be as in 0.1; put O = Or, ,, and A = O[[G9)]]. For any O[G(()c)]-module M, define

M(Xo) =M ®O O;

[G(()C)] » X0

then

Ay —= OGO /GY 5 O[X1,... X)), r= [Fp : Q).

i=1

2.2.2. We say that a prime v of F is exceptional if v | p, v{ P, --- P and 7, = St ® u (u? = 1). Denote
by M(g, K;c, Py, ..., Ps;xo) the set of all exceptional primes of F' that do not split in K/F and satisfy

(X0)w =mo Nk, /p,, ifv|cdg/p
ord,(n(g)) = 1, if vtedg/p

(where w is the unique prime of K above v). If k > 2, then there are no exceptional primes.

2.2.3. Let x : G{© — O’ be a character of finite order, where O’ is the ring of integers in a finite extension
of L,. The extended Selmer group of V ® x ([N 1, 12.5.9.2]) sits in an exact sequence

0— @ HO(K’W’VU_ ®Xw) - ﬁ}(K,V@X) - H}(K5V®X) - 07

wlv|p
where v (resp., w) is a prime of F (resp., of K) and
0—VH—V-—V" —0

is an exact sequence of Ly[Gal(F,/F,)]-modules arising from the potential p-ordinarity of g. Denote by h°,
h} and h} the dimensions of the respective cohomology groups over the fraction field of O’; then

(2.2.3.1) ALK,V @ x) = WK,V @ x) = 3 B0(Ku, Vi @ X)),

wlvlp
where

1, m=St®up?=1), xw=poNk,/r,
W (K, V@ Xuw) =
0, otherwise
(IN 1, 12.5.8)). In particular, h%(K,,V,” @ xw) = 0 and hL (K, V @ x) = hi(K,V @ x) if k > 2.
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2.2.4. Proposition. Asume that k = 2. Let x : G{9 — O'* be a character of finite order satisfying
Xl = xo and such that (Py--- Ps)" | ¢(x), for large enough n € N. Then:
0

(1) hY(E,V @x) - hh(K,V @x) = [M(g,Kic,Pr,..., P xo)| (mod2).
(2) If there exists an exceptional prime of F' that splits in K/F, assume, in addition, that there is i €
{1,...,s} such that Fp, = Q,. Then

RHE,V @ x) — hHE,V®x) = |M(g, K;c, P, ..., P xo)l-

Proof. If w is a prime of K dividing P; - - - Ps, then x2 # 1 if n is large enough, which means that w does
not contribute to the R.H.S. of (2.2.3.1).

Let v be an exceptional prime of F. If v does not split in K/F and v | cdg,p, then xu = (X0)w (note
that the decomposition group of v in G(¢) is finite, as v does not split in K/F) and

17 ’UEM(97K;C7P1,"')P5;XO)
hO(KanJ ® Xw) = hO(Kw,VJ ® (Xo)w) =
Oa ’UgM(g7K;C7P1,"'aP5;XO)-

If v does not split in K/F and v { cdk/p, then v is inert in K/F (vOx = w) and X, is unramified; thus
Xw = 1 and (using [N 1, (12.3.9.1)])

1, @ is unramified <= ord,(n(g)) =1 1, veE Mg, K;e,Pr,...,Ps;x0)
hO(Kanu_®Xw) = =

0, otherwise 0, v M(g,K;c, P, ..., Ps;xo)-
If v splits in K/F (vOg = ww'), then the h%-terms in (2.2.3.1) for w and w’ are the same; this proves (1).
Under the assumptions of (2), there is ¢ such that Gal(K[Pf°]/K) is isomorphic to a product of Z, by a
finite abelian group. As the decomposition groups of w and w’ in Gal(K[P?°]/K) are infinite, it follows that
X2, x2, # 1 if n is large enough; thus w and w’ do not contribute to the R.H.S. of (2.2.3.1).

2.2.5. Proposition. Fix a Gp-stable O-lattice T C V. Let w|v|p be as in 2.2.3. Define

where and K, /K runs through all finite subextensions of K[cPy® -+ P>®]/K and (V/T), is the image of
V,  in V/T. Then

v

corka @ (Zw) (xo) =

wlv

1, veM(g,K;c,Py,...,Ps;x0)
0, vgM(g,K;c,Pr,...,Psx0)

Proof. 1f the decomposition group of w in K[cP®--- P>®]/K is infinite, then the L.H.S. is equal to zero
(IN 1, 12.6.4.10]). We can assume, therefore, that v is exceptional and does not split in K/F. Choose

an isomorphism G(©) G(()C) X (G(C)/G,SC)); then xo becomes a character of G(® and D <(Zw>(><o)> =
D (HY(K,,(V/T); ® (Xgl)w)) ®0 A(yy), Where D(—) denotes the Pontrjagin dual (cf. [N 1, 9.6.5]); thus

1, veEM(g,K;c, Py,...,Psx0)

corka,  (Zw) vy = WO (Kuw, V7 @ (Xg Dw) =
oo (o) 07 UgM(gaK;C7P17"~7Ps;X0)7

by the proof of Proposition 2.2.4.

2.2.6. Fix a finite set S of primes of F containing ¥, U X, and all primes dividing n(g), and a subset

¥ CS—-(¥,UXy). Asin [N 1, 12.5.9.1], consider the corresponding Greenberg’s local conditions for T'

and V/T. In order to simplify the notation, put K, = K[cPy® -+ P>].

S
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2.2.7. Proposition. (1) The (co)-ranks
Vi=12  rka, Hp (Keo/K, T) 2ty = corka,, H)(Ks/Kw,V/T) i =7(9)

(where I??IW(KOO/K, T) is the A-module defined in [N 1, 8.8.5]) are equal to the same integer r(g) and do
not depend on S and ¥'.
(2) Assume that ejm(m™ X X0, %) = —1. If g has CM by a totally imaginary quadratic extension K' of F,

assume that p # 2 and K’ ¢ KX Thep r(g) =1+ |M(g,K;c, Py, ..., Ps;x0)| (mod2).

Proof. (1) See the proof of [N 1, 12.6.4.12].

(2) Let x : G) — O’* be a character of finite order such that Xl = xo0 and (Py - Ps)" | c(x), for large
0

enough n € N. We have

r(g) = h}(K,V ®x) (mod2) [N1,10.7.17]
=hp(K,V®X)+|M(g.K;c, P1,...,Ps;xo)| (mod2) Proposition 2.2.4(1)
=14+ |M(g,K;¢,Pr,...,Ps;x0)| (mod?2) Theorem 0.4(1)

(Theorem 0.4(1) applies, as e(7 X X, 1) = €1m (7 X X0, 3) = —1, by Proposition-Definition 2.1.3(3)).
2.2.8. Proposition. Assume that k = 2 and em(m X X0, %) = —1. If g has CM by a totally imaginary

quadratic extension K' of F, assume that p # 2 and K' ¢ Kiicr(’“’). If there exists an exceptional prime of
F that splits in K/F, assume, in addition, that there isi € {Py,..., Ps} such that Fp, = Q. Then:

(1) The (co)-ranks in Proposition 2.2.7(1) are equal to r(g) =1+ |MI(g, K;¢, P1,..., Ps;Xo0)|-

(2) corky, S‘S};T(Koo)(xoil) =1, where i) (Koo) C HY(K,V/T) is Greenberg’s strict Selmer group [N
1, 9.6.5].

(3) If K C K., C K is an intermediate field such that x factors through xq : Gal(K. /K )tors — O,
then the (co)-ranks

Vi=1,2 rkAéxé) Hip (KL /K, T) (tty = corkAzx()) Hi(Ks/KL,,V/T) Gty =1(9)
(where A’ = O[[Gal(K . /K)]]) are all equal, do not depend on S and ¥', and satisfy

(g) =1(9),  1(9)=7(9) (mod2).
Proof (cf. [N 1, 12.6.4.12, 12.9.8]). (1),(2) Denote the coranks in (2) by si(g). The exact sequence

H* (Koo, V/T) (1) — & (Zw) ity — Hi(Ks /Koo, V/T) 1) — S¥jz(Koo) 21y — 0

wlv|p

(IN 1, (9.6.5.1)]) combined with Proposition 2.2.5 and 2.2.7 implies that

r(g9) = s+(9) + Mg, K;c, P1, ..., Psixo)l.
For m € N large enough, let x,, be as in 1.5.1; then

WEV @xm)=1, WK,V &xm)=1+|M(g,K;c,Pr,..., Psxo)l,
by (1.5.1.4) and Proposition 2.2.4(2). Finally,

El(K, V& xm) > 1(9), EI(K, V& xm)=r(g) (mod?2)
by [N 1, 10.7.17], which implies that

st(g)=1, r(g)=1+|M(g,K;c, P1,...,Ps;x0)l
(3) This follows from [N 1, 8.10.11(ii)] and [N 1, 10.7.17(iii)].
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2.2.9. Proposition. Let R be the quotient of the ordinary Hecke algebra defined in [N 1, 12.7.7] (Spec(R)
is the branch of the cyclotomic Hida family of parallel weight passing through the p-stabilisation f° of a
p-ordinary twist of g). Let R = R[[G?]] and § = R - Ker(xp : O[G(()C)] — O) (q is a minimal prime of
R). Let T be the big Galois representation defined in [N 1, 12.7.15.3] (then Tp /PTp —~ V, where P is the
arithmetic point of R corresponding to f°). Assume that epm (T X X0, %) = —1. If g has CM by a totally

imaginary quadratic extension K' of I, assume that p # 2 and K' ¢ KXo ppep:
(1) The ranks

Vi=12 kg H) Ko/ K T)g = rkg_ (fI},IW(Koo/K, T)L)q _ 1

(2) For all but finitely many arithmetic points P’ of R, r(gp:) = 1, where gp € S (n',1) satisfies
Vigp)(K'/2) — Tp: /P"Tpr.

Proof (¢f. [N 1, 12.9.8, 12.9.11]). The four ranks in (1) are equal, by [N 1, 12.7.15.7(i), 12.7.16.8(i)]; denote
their common value by h. Let ¢’ = gps be as in (2). According to [N 1, 12.7.15.8(iii)],

h<r(g), h=7r(g") (mod?2).
Choose P’ such that k' = 2 and 7(g’), is a principal series representation for all v | p (cf. [N 1, 12.7.10]); then

M(g,K;c,P1,...,Ps;x0) = 0. Applying (a slight variant of) Proposition 2.2.8(1) to g’, we obtain 7(¢’) = 1,
hence h = 1. The statement (2) follows from the fact that h = r(¢’) for almost all P’.

3. Proof of Theorem 0.8
3.1. Kummer theory

3.1.1. Asin 0.7, let ¢ # 2 be a prime number and Fj a totally real number field such that FoNQ(uq~) = Q.
Let a € Op, — {0} be an element satisfying a ¢ F,? and, for each finite prime vy of Fy not dividing g,
ord,,(a) < g. For r > 1, put F, = FoQ(ue )", K = Fo(pgr).

3.1.2. Letr>1. As FyNQ(ug=) =Q,

Gal(K,/Fy) — Gal(Q(pq-)/Q) — (Z/q"Z)*.
The map
Fy @ Z/q'Z = H'(Fo, pg) “> H (K, ) = K © Z/q'Z
is injective, as
[Ker(ves)| = [H' (K, /Fo. 1)

= |H°(K/Fo, ugr)| < |H(Fo, pgr)

=1;
thus a € K9, which yields, by Kummer theory, an isomorphism
Gal (K ( W/a)/K,) 5 pyr. g o /@) Wa.

A choice of a compatible system of roots 4/a € Q such that ( 4/a)? = < y/a determines a compatible
system of isomorphisms

Gal (K, ( “/a)/Fy) — pqr x (Z/q"Z)",
under which Gal (K..( 4/a)/Fo( %/a)) corresponds to (Z/q"Z)*.
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3.1.3. Proposition. Let H be a finite group acting on a finite abelian group A; let G = A x H. Let L
be a field of characteristic zero containing all roots of unity of order equal to the exponent of A. Then the
L[G]-module L|G/H] decomposes into simple L|G]-modules as follows:

LG/H]= @ MWdiig (xol),
[x:A—L*]

where x runs through a set of representatives of H\Hom(A, L*) and H, C H is the stabiliser of x.

Proof. Easy exercise.

3.1.4. For a subfield k C Q, put Gy = Gal(Q/k). If k’/k is a finite subextension of Q/k, denote by
Resk//k : (G}c — MOd) — (Gk/ — MOd), Indk//k : (Gk' — MOd) — (Gk; — MOd)

the corresponding restriction and induction functors, respectively.
In the situation of 3.1.2, apply Proposition 3.1.3 to

A = Gal (K. (Va)/K,) = pgr, H = Gal (K, ( “a)/Fo( Va)) — (Z/q"Z)*%;
we obtain, for any field L D Q(uqr),

(3.1.4.1) Ind g, /) g, (Z) ® L= L[A x H/H] = @ps, ps = Indg, /r, (Xs),

where y; : Gal (K4( 4/a)/K,) < L* is an injective character (of order ¢®) and ps is an absolutely irreducible
representation of G of dimension cp(qs). If s > 1, denote by p the non-trivial element of Gal(K,/Fs) —
Gal (Q(pg)/Q(1gs)T); then Pys = x;'. As the order of y, is odd, it follows that xs (more precisely,
Xs o reck, ) factors through Ay /KIA7Z .
If M is an L|Gp,]- module ‘the projection formula
Indk//g€ (X X Resk//k(Y)) = Indk//k(X) QLY

together with (3.1.4.1) imply that

(3.1.4.2) Ind ;s ara /i © Resp vy m (M) = @D Indk, s, (Resie, /(M) ® xs) -
s=0

3.2. e-factors

3.2.1. In the situation of 3.1.1, let gg € Sk(ng, 1) be a cuspidal Hilbert modular newform over F of parallel
weight k, trivial central character and level ng; put V- = V,(g0)(k/2). For r > 1, denote by g, the base
change of gg over F,. (i.e., 7(g,) = BCp, /p(7(g0)))-

3.2.2. It follows from (3.1.4.2) and Shapiro’s Lemma that

(3.2.2.1) Vr>1  Hi(F(WVa),V)=H}(F,V)e @ H}H K,V &x.)

s=1

(taking L D Q(ugr) in 0.1), hence

(3:222) V1 RH(E( /), V) — By (F(Va), V) = BV @ ).
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3.2.3. Proposition. Assume that (Vvgla) 7(go)w, IS not supercuspidal and that (Yvglq) 7(go)v, 1S &
principal series representation. Then:

d : a
Vr>1 e(m(gr) X Xr, %) = (q> , d= (71)[F0~Q]N(né q))7

where a(®) = a/(a,b>) is the prime-to-b part of a, for any non-zero ideals a,b in the ring of integers of a
given number field.

Proof. Fix r > 1. Let v be a finite prime of F,.. Our assumptions imply that

v ramifies in K, /F, <= v|q

3.2.3.1
( ) vl|a,vtq =v|c(x,) = v|aq.

It follows that the condition H(K,,x,) from [N 1, 12.6.3.5] is satisfied. Applying [N 1, 12.6.3.9], we obtain

: On{wte(xr “N{vl|e(xr
e(m(gr) X Xrs %) — (fl)[Fr.Q] nKT/FT(n(gr)(q)) (,I)IR(l) N{vte(xr)} (,1)IR(1) Mol

where n(g,) C OF, is the level of g, and R(1)° (resp., R(1)™) contains those elements of ¥ (g,.) which are
ramified (resp., inert) in K,./F, (see [N 1, 12.6.3.2]). By (3.2.3.1), we have R(1)° = () and

R(1)" n{v | e(xr)} = {v | a; vis inert in K,./F, n(g,) = St @ p, p : F,, — {£1} is unramified}
={v|a;visinert in K,/F,, n(g;) =St @ p, p: F, — {£1}, o(7(g,)s) = 1}
={v|a;visinert in K,/Fy, 7(g;) =St @ p, p: F},, — {£1}, 24 o(7(g,)0)}

(as 7(gr)v is not supercuspidal), hence

e(m(gr) X Xrs %) = (_1)[FT:Q] T]KT/FT(n(gT)(a‘I))_
As F,./F is unramified outside ¢, it follows that

n(g:) @ =00, n(g:) " = Op,.
Let F' = Q(ugr)", K = Q(uqr). If Iy C Op, is an ideal prime to ¢, let I, = (O, ; then

nx, k(L) = iy (N, e (1) = N(I) (mod ¢") = N(Ip)?9/2 = N (1)@~ Y/? (mod g),
hence

nr.,/F. (1oOF,) = (N(IO)> . (0P g (100, = (

<1>[F°=Q]N<ro>>
q .

q

Taking Iy = n(()aQ), we obtain the desired result.

3.2.4. The proof of Proposition 3.2.3 shows that the formula for (7 (g,) X xr, %) still holds if we replace the
assumption “(Vog|q) m(go)w, 1S a principal series representation” by “(Vugl|q) 7(go)w, i not supercuspidal,
and the extension K,.( 4/a)/K, is ramified at all primes above ¢”, as R(1)° N {v { c(x,)} = 0 in this case.

3.3. End of the proof

3.3.1. The statement of Theorem 0.8(1) follows from Proposition 3.2.3.

3.3.2. By (3.2.2.2), the first line in the statement of Theorem 0.8(2) will follow from Theorem 0.4(1)
applied to each gs and x5 (1 < s <r). As go is potentially p-ordinary, so is gs. By 3.3.1, 24 ran (K5, gs, Xs),
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so it remains to check that if g, has CM by a totally imaginary quadratic extension K’ of F,, then K’
is not contained in K(4/a). If K’ C K;(%/a), then K/ = K, and go has CM by a totally imaginary
quadratic extension K|, of Fy such that F.K(, = K,. However, the only quadratic extension of Fj contained
in K, is Fo(v/q%), where ¢* = (—1)(9=1/2¢; thus ¢ = 3 (mod 4) and K, = Fy(,/—q), which contradicts the
assumptions.

It remains to show is that, in the case when 2 { [Fy : Q], go cannot have CM by K| = Fy(v/—q),
g = 3 (mod4). If that were the case, then each finite prime vy of Fy ramified in K{j/Fy would divide ¢, hence
7(g0)v, would not be supercuspidal; thus m(go)v, = (ki ), where 0 = nyes /g, ([N 1, 12.6.1.2.3]). As the
central character of g is trivial, 7, = =2, hence 7;, (—1) = 1. This would imply that 1 = [T, 7, (1) =
(—1)[F:Ql which contradicts our assumption.

3.3.3. Let us now prove the second line in the statement of Theorem 0.8(2). For each s = 0,...,r,
ps = Indg, /p, (xs) is an absolutely irreducible L[G fg,]-module of dimension ¢(¢®). If 1 < s < 7, then
ps ®r Ly occurs in H} (K, (%/a),V) with odd multiplicity, by Shapiro’s Lemma combined with Theorem
0.4(1) applied to each gs; and xs. As the trivial representation pg occurs with multiplicity h}(FO,V), it
follows that

h}”(Kr( q%)7v) - h}f(Fmv) Z Zdlm(ps) = Z‘P(qg) = qr -1
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