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Abstract

In this work, we describe a set of coordinates on the PU(2,1)-representation variety of
the fundamental group of an oriented punctured surface ¥ with negative Euler character-
istic. The main technical tool we use is a set of geometric invariants of a triple of flags in
the complex hyperpolic plane H%. We establish a bijection between a set of decorations
of an ideal triangulation of ¥ and a subset of the PU(2,1)-representation variety of m1(X).

1 Introduction

In their work [4], Fock and Goncharov have described a coordinate system on the repre-
sentation variety of the fundamental group of a punctured surface ¥ in a split semi-simple
real Lie group. The typical example is PSL(n,R). When n equals 2 (resp. 3), they identify
the Teichmiiller space of ¥ (resp. the moduli space of convex projective structures on X)
within the representation variety. The main goal of our work is to describe an analo-
gous coordinate system for representations in PU(2,1), which is the group of holomorphic
isometries of the complex hyperbolic plane H%. Note that PU(2,1) is not split and thus
does not belong to the family studied by Fock and Goncharov. The preprint [3] in which
the cases of PSL(2,R) and PSL(3,R) are dealt with separately has been our main source
of inspiration (see also [5]).

Throughout this article, we will use the following notation. Let ¥, , be a genus g
surface with p punctures x1,...,x,, assuming p > 0 and 2 — 2g — p < 0. We denote by
mg,p its fundamental group and use the following standard presentation where the c¢;’s are
homotopy classes of curves enclosing the x;’s:

g P
Tgp = (a1,b1,...aq,bg,c1,...,cp| | |lag, bg) ch>.
1 j=1

=

We will call flag a pair (C,p) where C is a complex line of HZ (see definition 2) and
p is a boundary point of C. Our goal is to parametrize the variety



Ry = {0, F} [PU(2,1)
where
e p is a representation of 7y, in PU(2,1)
o F'=(F1,...,F))is a p-tuple of flags such that p(c;) stabilizes F;.
e The group PU(2,1) acts on p by conjugation and on F' by isometries.

Remark 1. In [3, 4], the authors use an alternative description of R, ), which is equivalent
to the above one but appears to be more efficient for certain aspects. We recall it briefly
for later use. Let Eg p be the universal covering of X, ,. The surface Eg p may be seen
as a topological disk with an action of 7y, and an invariant family X of boundary points
projecting onto the z;’s. The space Ry, is in bijection with the space of couples (p, F') up
to conjugation, where p is a representation of 7, , in PU(2,1) and F is an equivariant map
from X to the space of flags, that is, for all g in w4, and « in X one has F(g.z) = p(g).F(x).
Let us give some rough indications about the equivalence of the two definitions. The
curve ¢; determines a prefered lift of z; in X which we denote by Z;. Given an equivariant
map F, we just set F; = F(z;). Reciprocally, if we have a p-tuple (F1,..., F},) of flags, we
construct a map F' by setting F'(z;) = F; and extend it by the equivariance property.

To build the coordinate system, we start from an ideal triangulation T of ¥, (see
definition 15). Each triangle A of T lifts to ig,p as a triangle whose vertices are denoted
by x,y,z € X. Given a pair (p, F'), the triple of flags (F'(x), F(y), F(z)) is well defined up
to isometry. In definition 10, we introduce a notion of genericity for a triple of flags. We
will say that a couple (p, F') is generic with respect to T if the triple of flags associated to
any triangle of T' is generic. We will denote by D‘igp the subset of Ry, containing those
class of pairs (p, F') that are generic with respect to T

Next, we associate to A a family of invariants which parametrizes generic triples of
flags up to isometry. The definition and study of these invariants is a crucial point of
the article. To represent a geometric configuration, the invariants associated to adjacent
triangles must satisfy compatibility relations. We will call decoration of a triangulation T’
the following data: a family of invariants for each triangle of T" such that the compatibility
conditions are satisfied (see definition 14).

The main result of the article is the following

Theorem 1. Let T' be an ideal triangulation of X, ,. There is a bijection between ER;‘;p
and X (T), the set of decorations of T.

Note that some isometries of H(QC do not preserve any flag. These isometries are
unipotent parabolic and are conjugate in PU(2,1) to non-vertical Heisenberg translations
(see chap. 4 in [7]). As a consequence, R, , do not contain all representations of 7, ), in
PU(2,1).

To any ideal triangulation, Fock and Goncharov associate a coordinate system on the
representation variety. The transition from a triangulation to another may be done by
a succession of elementary moves, the so-called flips, which allow them to forget about
the initial choice of a triangulation. In the cases treated by Fock and Goncharov, the
introduction of coordinate systems gives rise to a special class of representations called
positive. By computing the coordinate changes associated to the flips, they show first
that the positivity of a representation is independent of the choice of triangulation and



second that the positive representations are discrete and faithful. These coordinates
appear a posteriori to be a quick and elegant way to study Teichmiiller spaces and their
generalizations. Such a treatment of discreteness in the case of PU(2,1) seems to be still
out of reach.

The study of representations of surface groups in PU(2,1) began in the eighties with
Goldman and Toledo among others (see [6, 13]). However, many natural questions still
do not have received a complete answer. Apart from a few general results about rigidity
and flexibility (see [6, 10, 13]) most of the results are dealing with examples or families of
examples (see [1, 8, 16]).

Up to this day, no example of a PU(2,1)-moduli space of discrete and faithful represen-
tations of a given surface group has been described. The only infinite group of finite type
for which all the discrete and faithful representations in PU(2,1) are known is the modular
group PSL(2,Z) (see [2]). In the case of closed surfaces, Parker and Platis have described
in [9] coordinates analogous to Fenchel-Nielsen coordinates in the setting of PU(2,1).

In this article, we have chosen to introduce all the notions of complex hyperbolic
geometry we are using. Some of the invariants we are dealing with are very classical.
As an example, the invariant ¢ of a pair of complex lines (see 2.3.1) is treated in [7]
and the classification of triples of complex lines (see 2.3.2) appears in [11]. We decided to
include the definitions and proofs about these invariants for the convenience of the reader.
Nevertheless, the invariants m and 0 (see definitions 8 and 9) are specially adapted to
pairs of flags and do not appear elsewhere to our knowledge.

The article is organized as follows:

e The section 2 is devoted to the exposition of notions of complex hyperbolic geom-
etry. We describe totally geodesic subspaces of the complex hyperbolic plane and
introduce invariants of pairs and triples of complex lines.

e In section 3, we describe the main technical tools which are the invariants m and ¢.
The main result of this section is the theorem 2 which classifies triples of flags up to
isometry.

e In section 4, we define the standard configuration of a flag and a complex line. Using
the invariants described in the previous section, we provide two explicit matrices
that are the elementary pieces necessary to construct the representations from the
invariants. These matrices may be useful for numerical applications.

e The section 5 is devoted to the definition of the decoration space and to the proof
of theorem 1.

e We prove in section 6 that the compatibility equations involved in the decoration
space always have solutions. The main tool is the lemma 4: it shows that once the ®
and m invariants of a triple of flag are known, there exist generically 2 possible triples
of § invariants, which correspond to the fixed points of an antiholomorphic isometry
in the boundary of a disk. As a consequence of this lemma, we obtain in proposition
11 that D‘ig,p is a 2V cover of a simpler space denoted by /\/l;p, which is an auxilliary
decoration space of the triangulation T', given by the ® and m invariants.

e We give in section 7 some indications about how to control the isometry type of the
images of the boundary curves by the representation constructed from a decorated
triangulation of X, ,. We first deal with the case of an arbitrary punctured surface,
and move then to the case of the 1-punctured torus.



2 Complex hyperbolic geometry

2.1 Generalities

Consider the hermitian form of signature (2,1) in C3 given by the formula (v, w) = v* Jw
where J is the matrix given by

J =

_— o O
O = O
o O =

We define the following subsets of C3:

Vo = {v € C*\ {0}, (v,v) = 0}
Vo ={veC3\ {0}, (v,v) <0}
Vi ={ve C3\ {0}, (v,v) > 0}

Let P : C3\ {0} — CP? be the canonical projection onto the complex projective space.

Definition 1. The complex hyperbolic plane HZ is the set P(V_) equipped with the
Bergman metric.

The boundary of HZ is P (V). The distance function associated to the Bergman metric
is given in terms of Hermitian product by

o () _ () "

2 (m, m)(n,n)

where m and n are lifts of m and n to C3. It follows from (1) that U(2,1), the unitary
group associated to J, acts on H% by holomorphic isometries. The full isometry group
of H(QC is generated by PU(2,1) and the complex conjugation. The usual trichotomy of
isometries for PSL(2,R) holds here also: an isometry is elliptic if it has a fixed point inside
H(zc, parabolic if it has a unique fixed point on 8H(2C, and loxodromic if it has exactly two
fixed points on OH(QC, and this exhausts all possibilities.

2.2 Subspaces of H2.

There are two types of maximal totally geodesic subspaces of H(QC, which are both of (real)
dimension 2: complex lines and R-planes. We give now a few indications about these.
More details may be found in [7].

2.2.1 Complex lines

Definition 2. We call complex line in H(QC the intersection with H(QC of the projectivization
of a 2-dimensional subspace of C3 which intersects V_. Such a subspace is orthogonal to
a one-dimensional subspace contained in V,.: we call polar vector of the complex line any
generator of this subspace.

Note that a complex line is an isometric embedding of the complex hyperbolic line H(lc.
To any complex line C is associated a unique holomorphic involution fixing pointwise C,
which we shall refer to as the complex symmetry with respect to C. The group PU(2,1)
acts transitively on the set of complex lines of H%.
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Definition 3. We call flag a pair (C,p) where C' is a complex line and p is a point in
C NoHA.

Lemma 1. PU(2,1) acts transitively on the set of flags of HZ.

2.2.2 R-planes

Definition 4. An R-plane is the intersection with H(QC of the projection of a vectorial
Lagrangian subspace of C!.

Every R-plane P is fixed pointwise by a unique antiholomorphic isometric involution
Ip, which is the projectivization of the Langangian symmetry with respect to any lift of
P as a vectorial Lagrangian. We will refer to Ip as the Lagrangian reflection about P.
The standard example is the set of points of H% with real coordinates, which is fixed by
the complex conjugation. We will refer to this R-plane as H%& C H(QC. It is an embedding
of the real hyperbolic plane into H(QC.

As a consequence, we obtain

Proposition 1. Let Q be an R-plane. There exists a matrix Mg € SU(2,1) such that
MgMg =1, and Ig (m) = P (Mg - ™) for any m in HZ with lift m. (2)

Proof. Let Q be a vectorial lift of @, and choose R3 C C*! as a vectorial lift of H%&. Since
the group U(2,1) acts transitively on the Lagrangian Grassmanian of C%!, there exists a
matrix 4 € U(2,1) such that AR? = Q. The matrix Mg = AA belongs to SU(2,1) and
satisfies the condition (2). O

Remark 2. If 11 and Iy are two Lagrangian reflections with associated matrices M and
My, then their composition, which is a holomorphic isometry, admits the matrix MM,
as a lift to SU(2,1).

2.3 Classical invariants
2.3.1 Invariant of two complex lines

Definition 5. Let C; and C5 be two complex lines of H%, with polar vectors ¢ and cs.
We set )
(€1, c2)|

P01 Cr) = (c1,c1)(ca, ca)’

Clearly, ¢(C7,C2) does not depend on the choice of the lift in the pair of polar vectors,
and is PU(2,1)-invariant. We recall the geometric interpretation of ¢, and we refer to [7]
for details:

- p(Cy,C9) > 1if C and Cy are disjoint in H%. In this case, the distance d between
Cy and Cy is given by the formula p(Cy, Cy) = cosh?(d/2).

- ¢(C1,C9) = 1 if C; and Cy are either identical or asymptotic, by which we mean
that they meet in 0H%.

- p(Cy,C9) < 1 if C1 and Cs intersect. The angle 0 of their intersection is given by
the relation ¢(C1, C2) = cos?(6).



Note that two complex lines are orthogonal if and only if ¢(C1,C2) = 0. The g-invariant
classifies pairs of distinct complex lines up to isometries.

Proposition 2. Let C1,Cy, D1, Do be 4 complex lines such that Cy # Cy and Dy # Do.
There exists an isometry g € PU(2,1) such that D1 = gCy and Dy = gCy if and only if
¢(C1,C2) = ¢(Dy, D).

Proof. 1t is clear that if the two pairs are isometric, their invariant is the same. Recipro-
cally, choose polar vectors ¢, co,dy,ds with norm 1 and such that {cq,c2) and (dy,dz2)
are in Rx.

As C1 # (9, the vectors ¢; and co are independent and the same is true for d; and
do. With the assumption on the p-invariant, the Gram matrices of (ci,cz) and (dq,d2)
are identical. It means that one can find an isometry which maps ¢; on d; and c2 on ds.
This ends the proof. O

We will need the following lemma.

Lemma 2. Let C1 and Co be two non orthogonal distinct complex lines, and p1 a point
n 8H(2C N C1 which is not in Cy. FExcept for the identity, no isometry preserves C1 and
Cy and fizes py.

Proof. Pick ¢; and co two vectors polar to C'; and C5 of norm 1 and p; a lift of p;.
Writing (p1,c2) = a and (c1,ce) = b, the hermitian form has the following matrix in the
basis (p1,c1,c2)

H=

QO O
= O
— o Q

An isometry having the requested property has a diagonal lift to SU(2,1) in this basis.
The result is obtained by writing the isometry condition *AM/HM = H, and by using the
fact that b is non zero since C'; and Cy are not orthogonal. O

2.3.2 Invariants of three complex lines

Let C1,C5 and C5 be three complex lines in H(QC. We will say that they are in generic
position if their polar vectors form a basis of C3. There are three invariants of the triple
(C1,C4,Cs) given by the p-invariant of all pairs of complex lines. We will need a fourth
one (given in the following definition) to classify all triples up to isometry.

Definition 6. Let C1, C5, (3 be three complex lines in H(QC with respective polar vectors
C1,C2,c3. Then we set

(c1,¢2)(c2, €c3)(c3,€1)
(c1,c1)(ca, ca)(cs, €3)

®(C1,Cq,C3) =

The importance of this invariant should be clear from the following two propositions (see

[11]):

Proposition 3. Let C1,C5,C3 be three complex lines of H% in generic position. For
simplicity, we denote by p;; the p-invariant of C; and C; and by @), the ®-invariant of
C;,Cj, Cy. These invariants enjoy the following properties.



1. For all distinct 1,7,k € {1,2,3}, the following relations are satisfied.
©ij = Qji, Pijk = Pjri = Pixj and PyjpPir; = ©ij Ok Pki- (3)

2. The four invariants satisfy to the inequality

1 — @12 — a3 — w31 + P123 + P32 < 0. (4)

Proof. 1. These relations are straightforward from the definitions of the invariants ¢
and ®.

2. Let C1, 9, C3 be three complex lines in generic position. Let ¢1, co, c3 be three polar
vectors associated to these lines. Let G be the Gram matrix of the basis (c1, o, c3).
A direct computation shows that the left-hand side of relation (4) is equal to

det G

A(Cy,C,,C3) = (c1,c1){ca,co){cs, C3>'

This number is an invariant of the triple (C1, Cy, C3). As the Gram matrix represents
the hermitian form, it has signature (2,1) and its determinant is negative.
O

Proposition 4. Consider non negative real numbers ¢;; and complex numbers ®;;, sat-
isfying the relations of proposition 8. There exists a triple Cq1,Co,C3 in generic po-
sition, unique up to isometry, such that for all distinct i,j,k in {1,2,3} the relations
QO(CZ', C]) = Pij and (I)ijk: = QD(CZ', Cj, Ck) hold.

Proof. Consider real numbers ¢;; and complex numbers ®;;;, satisfying the relations (3)
and (4), and C? with its canonical basis (eq, ez, e3). We define a hermitian form h on it
by setting

h(ei,e;) = 1 for all 4, h(e1,e2) = /P12,

D03
\V/P12¥23

The matrix of h in the basis (e, e2, e3) has unit diagonal entries — thus positive trace—
and according to the relation (4), it has negative determinant. As a consequence, h has
signature (2,1). By the classification of hermitian forms, this model is conjugate to the
standard one, and the vectors e, es, €3 map to the polar vectors of the desired complex
lines. Moreover, the few choices we made disappear projectively, hence the triple of
complex lines is unique up to isometry. U

h(ez,e3) = /P23,  hl(es,e1) =

3 Invariants of flags

3.1 Invariant of two flags

Definition 7. Let (C1,p1) and (Ca,p2) be two flags in HZ. We will say that they are
in generic position if p; does not belong to Cy, py does not belong to C7 and C is not
orthogonal to Cj.



Remark 3. The condition of non-orthogonality of C7 and Cs will be needed to define the

elementary isometries associated to a triple of flags in a unique way (see propositions 7
and 8).

Definition 8. Let (C1,p;1) and (Ca,p2) be two flags in generic position. Let cj,co be
polar vectors of C7,Cy and p1, p2 be representatives of p1,ps. We set

{e1, e2)(P1, P2)

m[(C1,p1), (Ca, p2)] = (c1,p2)(P1,C2)

This invariant is a complex generalization of the @-invariant of two complex lines. Its
properties are summed up in the following proposition.

Proposition 5. Let (C1,p1) and (Ca,p2) be two flags in generic position, and miy their
invariant m[(C1,p1), (Ca,p2)].

1. The two invariants p(Cy,Cs) and mys are linked by the relation

©0(C1,Cy) = (5)

2
mi2
mig — 1

2. For any complex number myy € C\ {0, 1} there exists a pair of flags (C1,p1), (Ca2,p2)
in generic position such that m[(C1,p1),(Ca,p2)] = mia. This pair is unique up to
1sometry.

Proof. 1. Let (Ci,p1) and (Ca,p2) be two flags in generic position, c1,ce be polar
vectors of Cq,Cs and pi,p2 be representatives of pi,ps. The family of vectors
(c1,c2,p1, P2) is linearly dependent, hence the determinant of its Gram matrix van-
ishes. Computing this determinant and dividing by non vanishing factors, we obtain
the relation |mis — 1|2¢012 = |mi2|?. From that relation we see that m1s cannot be
equal to 1 since the two flags are in generic position and therefore 19 is non-zero.
This proves relation (5).

2. In order to prove the last part of the proposition, we make the following observation:
given two flags (C1, p1) and (Cs, p2) in generic position, there is a unique complex line
(5 joining p; and py. Following proposition 4, the triple (C,Co,C3) is determined
by its ¢-invariants, hence, we can classify couples of flags using -invariants.

More precisely, as C7 and C3 are asymptotic (they meet on p; € OH%), their ¢
invariant (13 equals 1. For the same reason, @93 = 1. As a consequence of relation
(3), we obtain the equality |®123|*> = p12. Plugging these values into the relation (4)
yields

Az = —1 — 1 + Byog + Brz = —|1 — Dy3)?. (6)

Suppose that we have ®193 # 1, then the complex lines Cq,C5,C3 are in generic
position. Let ¢, cg, c3 be polar vectors of these lines. They form a basis of C3 and the
linear forms (-, c1), (-, c2), (-, c3) form a linear basis of the dual of C3. One can find a
unique anti-dual basis d1, d2, d3 such that for all 4, j in {1, 2, 3} one has (d;, c;) = d;;.
A direct computation shows that the Gram matrix of the hermitian form in the basis
(d1,dg,d3) is the inverse of the Gram matrix of (ci,ca,c3). Moreover d; being



orthogonal to co and cg, it is a representative of po and ds is a representative of py.
Using these representatives we get (see remark 4 above)

{c1,¢2) ({e3, 1) (€2, €3) — (Ca,€1)(c3,€3)) _ P12 — 12
m = Ci,C d 7d = B
2 = {ene2)(dn,dy) (c1. 1) (cz,c2) (€5, c3) Az Az

D193 — |P123]? _ D03
—|1 — ®@193]2 Doz —1°

This proves that mi2 = 1 if and only if ®193 = 1 and that ms classifies couples of

flags as ®193 does.
O

Remark 4. Note that this anti-dual basis is usualy used in the literature under a slightly
different form, using the so-called hermitian cross-product. The vector ds is proportionnal
to the hermitian cross-product of ¢ and c3, denoted by ¢;Xcg. It is a simple computation
using hermitian cross-product to check that (d,ds) equals ({(cs,c1)(ce,c3) — (c2,c1){c3,C3))-
({1, c1)(ca, ca)(c3,€3)A193) L. See [7] for details.

3.2 Invariant of a flag and two complex lines

Definition 9. Let (C1,p1) be a flag and C5, C5 be two complex lines such that the three
complex lines C'1,Cy and Cj are in generic position and such that p; does not belong to
(5 nor (3. Take cq, cg, c3 three polar vectors of C1,Cy, C3 and p1 a representative of pq.
Then we set:

(c2,c3)(P1,€2) (7)

3[(Cr,p1), C2, Cs) = 0 = (c2,c2)(p1,¢c3)

This invariant may be viewed as a coordinate of p; knowing Cy, C5 and C35. Its main
properties are summed up in the following proposition.

Proposition 6. Let (C1,p1) be a flag and Co,C5 be two complex lines such that the three
complex lines C1,Cy and C3 are in generic position and such that p1 does not belong to
Cy nor Cs. The invariants 03, and 63, satisfy the following equations:

P23 = 0y303 (8)

0 = (1—13)|033)° + 2Re [(P132 — ¢23)d33] + 23(1 — ¢12) 9)

Reciprocally, take C1,Co, C3 three complex lines in generic position. Any non zero value
of 553 which satisfies the second equation corresponds to a unique point py in C1 which is
not on Cy nor on Cs.

Proof. The first equation is a direct consequence of the definition. For the second one,
let (cy,cz,c3) be a basis of C? formed by polar vectors for Cy, Cy, Cs. Let (dy, ds,d3) be
its anti-dual basis. We will use the latter basis to prove relation (9). We recall that the
matrix of the Hermitian form in the basis (d;,ds,d3) is the inverse of the Gram matrix
of (c1,c2,c3).



As py belongs to (1, its representative is a linear combination of do and ds, and we
may thus write p; = ads + bds. The coordinates a and b can be recovered by computing
the hermitian products (p1,ce) = a and (p1,c3) = b. In particular, this implies

(ca,c3)a

ag = 220
23 (CQ,C2>b

(10)

By expressing that p;p is in the isotropic cone of the Hermitian form, we obtain the
relation (9).

On the other hand, if we know 5%3, then according to relation (10), we know projective
coordinates for p;. If 6%3 satisfies (9), the vector p; must be on the cone of the quadratic
form. It proves that 81, determines the position of p; on C} as asserted. O

3.3 Summary : invariants of three flags

In the remaining part of the article, we will be interested in the space of configurations of
three flags. Let us sum up what are the relevant invariants for such configurations.

Definition 10. We will say that three flags (Ci’pi)i=1,273 are in generic position if they
are pairwise in generic position, and if the triple of complex lines (C1,Cs,C3) is also in
generic position, that is, if

e any two of the complex lines are disctinct and non-orthogonal,
e any triple of vectors polar to the C;’s is a basis of C3.

We classify now the triples of flags up to PU(2,1).

Theorem 2. Let (C1,p1), (Ca,p2) and (Cs,p3) be three flags in generic position. The
configuration of these flags modulo holomorphic isometry is classified by the invariants
©ij, Pijr and ‘5;%: for all distinct i,j,k in {1,2,3}. These invariants satisfy the following
equations for all i, 7, k:

(3)  wij = @ji =Pij >0, Py = Pjr; = Pipj and PijpPix; = Qi ik Pri-
(4)  Aijr =1—0ij — jr — @i + Pijr + Pirj <O0.
(8)  &40%; = Pij-
(9) (1= @)|05. 1 + 2Re |(Pirj — )0y | + k(1 = @iz) = 0.

The space of solutions is a manifold of dimension 7. Moreover, the invariants m;; attached
to pairs of flags are expressed in terms of the other invariants as follows :

mii NijkPikPi =  PikPik(Pijk — @ij) + Pir(Pij ik — ‘I’ijk)élicj
+0ik (@i ik — Piji)0L: + (1 — %j)%ﬁii (11)

Proof. The first part of the proof is nothing but a summary of the preceding sections. Let
us now compute mis. The two other m-invariants are obtained in the same way. Choose
c1,C2,cg polar vectors of C1,C5,Cs and let (di,d2,ds) be the anti-dual basis as usual.
Then, using the proof of proposition 6, one can find explicit coordinates for representatives
of p; and py in the basis (dy,ds,ds). Precisely, we can choose

p1 = (c3,c2)ds + (c3, €3)03,d3
p2 = (c3,¢1)d1 + (c3,¢3)03,d3.

10



To obtain a formula for mis, we just need to replace p; and po in the definition of
mq2 by the expressions above. We obtain the relation (11) after a computation. O

4 Elementary isometries associated to a triple of
flags

4.1 R-planes associated to a triple of flags and elementary
isometries

In this paragraph, we define the elementary isometries associated to a triple of flags. More
precisely, we prove the

Proposition 7. Let F; = (Cy,p;) for i = 1,2,3 be a triple of flags in generic position
such that any two complex lines are not asymptotic.

1. For any pair (i,7) with i # j, there exists a unique isometry E;; exchanging C; and
Cj, and mapping p; to p;. It is called the exchange isometry associated to the pair
of flags F; and Fj.

2. There exists a unique isometry T]?'k, fixing p; and preserving C; which maps Cy to a
complex line C}, satisfying Rey (pi) = Rc;(pi), where Rc is the complex symmetry

with respect to the complex line C. It is called the transfer isometry associated to
the ordered triple of flags (F;, F}, Fy,).

We will give a geometric proof of this proposition, showing that the exchange and
transfer isometry are obtained as products of Lagrangian reflections which are canonically
associated to a triple of flags satisfying the assumption of proposition 7.

Proposition 8. Let C; and Cy be two complex lines which are neither orthogonal nor
asymptotic.

1. Let p1 be a point in dC1. There exists a unique R-plane P such that Ip, the inversion
in P, preserves both C1 and Cs, and fixes p;.

2. Let pa be a point in OCo. There exists a unique R-plane Q) such that I, the inversion
n Q, swaps C1 and Cy and maps p1 to po.

3. Letm and n be two points in the boundary of HZ, not belonging to OC. There exists
a unique Lagrangian reflection preserving C1 and swapping m and n.

4. Let p1, pa and p3 be three points of 8H(2C, not contained in the boundary of a complex

line. There exists a unique Lagrangian reflection fixing p1 and swapping po and p3.

Proof. Let ci be a polar vector for C} normalized so that (cg,ci) = 1. Let p; be a lift
of p1. Rescaling if necessary, we may assume that both a = (p1,c2) and b = (cq, cq) are
real (in fact (cy,cq) is equal to \/©12).

1. The hermitian form admits in the basis (p1,c1, c2) the matrix

H =

L OO
= O
— o Q



The hermitian product b is non-zero since C; and Cy are non-orthogonal. In this
basis, any lift of a Lagrangian reflection fixing p; and preserving C; and C'y must be
diagonal. It follows after writing the isometry condition M*HM = H that there is
only one such reflection, given in this basis by m — m.

2. This time, we use the basis (cj,c2,d), where d a vector orthogonal to ¢; and cg
with norm b2 — 1 (indeed, we are setting d = ¢y K ¢z, see remark 4). The hermitian
form is given by the matrix

1 b 0

H=|b 1 0 (|b] = 1 iff C1 and Cy are asymptotic)
00 -1

We may choose the lifts of p; and po as follows :

—b 1
pi=|1 and pos = | —b| with 6; € R.
eiel 67:02

The fact that Ig exchanges C'y and U implies that any matrix for I has the form

0
g
0

o o Q
2 O O

Writing the isometry condition and the fact that Ig (p1) = p2, provides relations
determining «, § and 7. The result follows.

3. We may choose lifts m and n of m and n such that (m,n) = 1 and a unit vector
¢ polar to the complex line containing m and n. In the basis (m,c,n), where
the hermitian form has matrix .J, the complex line C is polar to some vector c; =
[a I5] ’y] T Ttis a direct computation to check that a Lagragian reflection swapping
m and n and preserving C' lifts to the matrix below. Hence, it exists and is unique.

0 0  a/y
0 B/8 0
v/a 0 0

4. In the proof of the previous item, we have not used the fact that c; was a positive
vector. Thus the same result as 8 remains true if we change C to a boundary point,
that is, ¢; to a null vector. If the three points are in a complex line, then we lose
the uniqueness. Note that this fourth part of the proposition is classical (see for
instance lemma 7.17 of [7])

O

Proof of proposition 7. 1. Let hy and ho be two isometries having the requested prop-
erties. Then hy Lo hy preserves both C; and C}, and fixes p;. According to the lemma
2, this implies that ho and h; are equal. This proves the uniqueness. To prove the
existence part, we apply the first two items of proposition 8.

e There exists a unique Lagrangian reflection Iz preserving C; and C; and fixing
p; (this follows from part 1 of proposition 8).

12



e There exists a unique Lagrangian reflection I; swapping C; and Cj, and ex-
changing p; and I»(p;). This is part 2 of proposition 8, which may be applied
since Iz(p;) belongs to C;.

The isometry E;; = I; o I3 has the requested properties.

2. The uniqueness is proved in the same way as for 1. To prove the existence, we apply
the third and fourth part of proposition 8.

e The two points R, (p1) and Re, (p1) do not belong to OC} since the three com-
plex lines are non-asymptotic. Thus, there exists a unique Lagrangian reflection
I3 preserving C; and swapping Rc,(p1) and Re,(p1) (this follows from part 3
of proposition 8). Note that I3 does dot fix p;.

e The three points p1, I3(p1) and Re,(p1) do not belong to a common complex
line, for else C7 and C would be asymptotic. Thus we may apply the fourth part
of proposition 8 to obtain a (unique) Lagrangian reflection I, fixing Re, (p1),
and swapping p; and I3(p1).

The isometry I o I3 has the requested properties (note that since I4 swaps p; and
I5(p1) which both belong to C1, it preserves Cy).
O

4.2 Standard position of a triple of flags and elementary
isometries
Definition 11. - Let (C1,p1) be a flag and Cy be a complex line. We will say that

they are in generic position if p; does not belong to Cs, and if C; and Cs are distinct
and non-orthogonal.

- We say that (C1,p1) and Cq are in standard position if p1, C; and Cy are respectively
represented by the following vectors:

1 0 a
p1= |0|,c1 = |1|,co= [V2]| forac (—1,+00).
0 0 1

The condition on Cj is equivalent to saying that Rc,(p1) is represented by the vector
[—1 V2 1]T. The motivation for this definition is the following proposition:
Proposition 9. Let (C1,p1) be a flag and Cy be a complex line in generic position.
- There exists a unique couple in standard position which is isometric to ((C1,p1),C2).
- The parameter a is given by p(C1,C3) = (1 +a)~!

Proof. Since PU(2,1) acts transitively on the set of flags of HZ, we can assume that p;
and c; are in standard position. The isometries g in PU(2,1) stabilizing the standard flag
admit lifts to SU(2,1) of the following form :

A0 dtA
g=10 A\ 0 | withAeC\{0}andtcR.
0 0 1/x

Note that A is well-defined up to multiplication by a cubic root of 1. Now, a generic polar
vector for (9 and its image by g are given by

13



a IN?(a + it)
co = |b| and gecy ~ X2b/)\ with |b]? + 2Re (a) > 0.
1 1

The assumption that c; and co are not orthogonal, implies that b # 0. This means
that there is only one isometry which stabilizes the standard flag and maps c2 in standard
position. Namely, we have to set t = —Im (a) and solve b = V2\. This equation has
three solutions in A which represent the same element in PU(2,1). The value of ¢(C1, Cs)
is given by a straightforward computation. O

Remark 5. Given three flags (C1,p1), (Ca,p2), (Cs,p3), we can decide to put (C1,p;) and
(5 in standard position. However, we could have chosen (C1,p1) and C5 or (Csq,p2) and
(. All these configurations can be obtained one from the other by applying elementary
isometries to the configuration.

As an example, assume that (Cq,p1) and Cy are in standard position, and apply
the exchange FEi9 isometry swapping C; and Co and mapping p2 to pi;. Their images
(E12 (C9), E12 (p2)) and Ej9 (C1) are in standard position.

In the same way, applying the transfer isometry T4; to the triple (Cy,p1), (Co,p2)
and (Cs,p3) with (Cq,p1) and Cs in standard position makes (C1,p1) and C5 in standard
position.

Proposition 10. Let (C1,p1), (Co,p2), (Cs,p3) be a triple of flags in generic position
and © : C — C be the map defined by ©(pe'®) = pe'/? for p € [0,+00) and 0 € (-, 7).
Assume that (Cq,p1) and Cy are in standard position.

1. The transfer isometry Ty is given by its lift to SU(2,1):

po 0 itn 5 5L, (093 — ®
Tis= |0 7/u 0 | where u= @(?—W) and t =Im < 2 (P2 132))
0 0 1/m 123 $12423
2. The exchange isometry E1o is given by its lift to SU(2,1):
(Az—z— |22 V22A(z—Z—|2]?) P A M-z 22)2 ]
4)2(z = 1) 4z2(z = > V2(z—1) 1—z  A(z-1)
B, — i _)\ M|z2 -2 —2)
TE_D G- 1) AE— 1))
1 V2Z —|22+2-%
L A A A

where z = 1/Miz and A = 20(z(z — 1)).

Proof. 1. Suppose that the triple of flags (C1,p1), (Ca,p2) and (Cs, ps3) is in generic po-
sition as it is specified in the proposition, and suppose moreover that (C1,p;) and Cy
are in standard position. We can choose polar vectors c1, ¢y, c3 and representatives
P1, P2, P3 such that

1 0 1/(,012—1
pi1= |0],c1=|1|,ca= V2
0 0 1



The matrix we are interested in stabilizes C1 and p; and sends C3 to a standard
complex line with polar vector

1/p13 -1
ch = V2
1

Call g the inverse of the expected matrix, and compute the image of c§ by g:

A0 ith A1/ p13 — 1 +it)
g=10 AXA 0 | and c3=gcs = AV2/A
0 0 1/x /X

Computing explicit expressions for 35, po3 and @123 yields equations for A and ¢t. A
direct computation gives the formulas of the proposition.

2. The second matrix is obtained in three steps: let (C1,p1) and (Cs,p2) be two flags
in generic position such that (Cq,p1) and Cy are in standard position. We look
for a transformation which sends (C2,p2) and C; to a standard position. We find
explicitely a first transformation which sends ps to p;. Then we compose it with a
Heisenberg translation (see remark 6 below) which sends the image of Cy by the first
transformation to C'7. It remains to find a matrix as in the first part which stabilize
the standard flag (C1,p1) and sends the image of Cy by the two first transfomations
to a standard complex line. The composition of these matrices gives the formula of
the proposition.

O

Remark 6. A Heisenberg translation is a unipotent parabolic isometry, given by the matrix

I —wov2 —|w]?+ir

0 1 w2 with w € C and 7 € R.

0 0 1
It is an element of the maximal unipotent subgroup of PU(2,1) fixing the vector [1 0 0] T
which is a copy of the Heisenberg group of dimension 3.

)

Remark 7. If (C1,p1) and po are in standard position, then the R-plane provided by the
first part of proposition 8 is H%&. The inversion in that plane is associated to the identity
matrix. As a consequence of proposition 7, the associated exchange isometry admits a lift
of the form M o Id = M, where M is the matrix of a Lagrangian reflection. This shows
that E12E—12 =1.

5 Decorated triangulations and representations
of 7,

In this section, we will prove the theorem 1 that is stated in the introduction.

We denote by m,, be the fundamental group of X, ,, a surface of genus g with p
punctures z1,...Tp, assuming p > 0. Recall that X, , is the universal covering of X ,,.
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Provided that the inequality 2 — 2g — p < 0 is satisfied, the surface ig,p is homeomorphic
to a topological disk and the punctures lift to a 7, ,-invariant subset X of the boundary
of flg,p.

Definition 12. We set

SRQJ’ = {(pv F)} /PU(27 1)7
where p is a morphism from 7, ), to PU(2,1) and F is a map from X to the set of flags
in H2 such that for any 2 € X and g € 7, one has F(g.x) = p(g).F(z). The group
PU(2,1) acts on F by isometry on the target and acts on p by conjugation: this action
corresponds to changing the base point in 7y ,,.

For convenience, let us recall what will be called a triangulation of 3, which is some-
times referred to as an ideal triangulation. A triangulation of X is an oriented finite
2-dimensional quasi-simplicial complex T" with an homeomorphism A from the topological
realization |T'| of T' to ¥ which maps vertices to punctures. By quasi-simplicial, we mean
that two distinct triangles of T' can share the same vertices. By a slight abuse of notation,
we will nevertheless refer to a 2-simplex by its vertices.

Given a triangulation T of ., we can lift it to a triangulation of flg,p. We thus obtain a
triangulation of a disk with vertices on the boundary. Such a triangulation is isomorphic
to the Farey triangulation which is a very nice and visual object (see [3]). We may think
that any triangulated surface is a quotient of the Farey triangulation. Given a pair (p, F')
and a triangle A of T', we can pick a lift of A which has three vertices x,y and z in X.

Definition 13. We will say that the pair (p, F') is generic with respect to T if for any lifts
of triangles of T' with vertices x,y and z, the triple of flags (F'(z), F(y), F(z)) is generic
in the sense of definition 10. We denote by D‘ig,p the subset of Ry, made of pairs which
are generic with respect to T'.

Definition 14. Let T be a triangulation of ¥. We denote by X (7T) the set of triples
(p, ®,0) where :

e is an R p-valued function defined on the set of unoriented edges of T,
e ® and § are C-valued functions defined on the set of ordered faces of T'.

From these data, we define auxiliary invariants in the following way. For any ordered face
(4,4, k) of T, we set:

Ak = 1 =i — @ik — @ik + Piji + Pij (12)
1
k
ij Arondie [901 @ik (Pijr — ij)

Cin(0ij 0 — Pijk)Ok; + Cin(@ijein — Pir)dh; + Pije(1 — ¢i3)01;00,] (13)
The maps ¢, ® and § must satisfy the following relations for all ordered face (4,7, k) in T":

Pijel> = pijpineri (14)
Qi = Pjp = Pug; (15)
Aijk < 0 (16)

0 = |67 (1= @ix) + 2Re [% (Pij — 0si)] + @i (1 — @ir) (17)

Moreover, for any edge (i,j) belonging to the faces (i,7,k) and (,7,1), we impose the
relation
mk. = mk.. (18)



Figure 1: A hexagon associated to the triangle (z,v, z), and elementary ma-
trices associated to its sides.

Before starting the proof of theorem 1, let us give some useful constructions:

Definition 15. Let T be a triangulation of ¥, ,. By definition, T" is a quasi-simplicial
2-complex and there is a homeomorphism A from |T'| to 3,,. We consider the following
sub-complex of |T'|:
e vertices are combinations V,, = %ac + %y where  and y belong to the same edge in
T,
e there are two types of simplicial edges: one from Vy, to V,, for any edge (x,y), and
one from V,, to V. for any two adjacent edges (z,y) and (z, 2).

e In each face of T, the edges constructed above draw an hexagon: we add to the
sub-complex the corresponding 2-cell.

We denote by HT and call hexagonation of T' the sub-complex we have obtained. It
has the structure of a 2-dimensional CW-complex homeomorphic to ¥ .

Let T be a decorated triangulation of ¥, ,,. We will define from these data a 1-cocycle
Ain ZY(HT,PU(2,1)). Let s be an oriented edge of HT. Associate to s an elementary
matrix Ay as follows:

o If s = (Vyy, Vi) for some adjacent vertices of T', we set A, = E12 where we replaced
mi2 by mgy.

o If s = (Viy, Vzz), then we set A, = T); where we replaced all invariants by the
decorations corresponding to the bijection 1 — z,2 — y,3 — 2.

Lemma 3. Let T be a decorated triangulation of ¥,,. The mapping s — A, is a
1-cocycle of HT with values in PU(2,1).

Proof. If (x,y, z) is a face of T" and if s - - - s¢ are the sides of the associated hexagon, the
product H?:l As, corresponds to an isometry of H(QC stabilizing a flag and a complex line.
Hence, it is the identity map of H(QC (see lemma 2). O

We now go to the proof of theorem 1.
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Proof of theorem 1. We can finally prove the theorem by describing two mappings inverse
one of each other. For this purpose, fix a triangulation T of ¥ ,,.

First, we associate to a decoration of T" a representation of 7, in PU(2,1) and an
equivariant map F. Assume that T is equipped with a decoration (¢, ®,d) and choose a
vertex v =V, of HT' as base point for the fundamental group of X .

Any loop [ of 71 (¥4, v) is homotopic to a sequence s = s1, ... s, of oriented edges of
HT'. One can associate to [ the element of PU(2,1) corresponding to the product

Ay - Ay

Sk

Because of the cocycle condition given in lemme 3 above, this isometry does not depend
on the choice of the simplicial path homotopic to [. This gives rise to a representation p
of m(Xg,p,v) into PU(2,1). Let us now construct the map F. The choice of base point
v = V3 gives naturally a preferred lift of a and b in ig,p that we denote by @ and b

respectively. We choose F'(a) and F' (3) such that they are in standard position. Next, any
element x of X is parametrized by a path from v to a vertex of HT. We can suppose that

this path v is simplicial. In that way, we set F(z) = A; L Fy where Fj is the standard

flag given by the vectors ¢; = [0 1 O]T,pl = [1 0 O]T. One checks easily that this
map F' is equivariant and generic with respect to T and hence, the couple (p, F') gives an
element of D‘i;p.
Conversely, given a couple (p, F') generic with respect to T, we obtain an element
of X(T) by the following construction. For all edges [z,y] which lift to [Z,y] we set
Yoy = P(F(Z),F(y)) and for all triangles [z,y, 2] which lift to [Z,7, 2] we define the ®
and ¢ invariants of x,y,z as being equal to the corresponding invariants of the triple
(F(x),F(y), F(Z)). These data fit by construction as an element of X' (7). The two maps
we have constructed are inverse one of the other. This ends the proof.
O

6 Solving the equations

The aim of this part is to show how to construct solutions of the equations involved in
X(T) in a systematic way. The key lemma is the following:

Lemma 4. Let mia, ma3, m31 be three complex number different from 0 and 1. From
these numbers, define p; j = |my;/(mi; — 1)|* for all i,j. For any family (Piji); jx Of
complex numbers satisfying the conditions

Pijr = Pjri = Piky
ikl = /@i PkPrj
Aij = 1—9ij — @jk — Pri + Pijr + Pijr <0

the following set of equations

5§k5iij = Pjk
1
k
1] Aijk@ik@jk( kY] ( %] Z])

Qi (i i — Pijk)Ok; + Lik(ij ik — D)0 4+ Bip(1 — @ij)élijdii)
0 = [65[*(1 — @ir) + 2Re [6%4(Pir; — o5x)] + (1 — pir)
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have two distinct solutions in the variables 53’1@ provided that ¢;; # 1 for all i and j in
{1,2,3}.

Proof. Geometrically, the lemma has the following interpretation: let C', Cy, C3 be three
complex lines in generic position. Their position is parametrized by the invariants ¢;; and
®;;,. The hypothesis on these invariants means that any two complex lines are neither
orthogonal nor asymptotic.

The invariant m;; specifies a Lagrangian reflexion I;; swapping C; and C; in the
following way: let p; and po be two points in 9C7 and 0Cs respectively such that
m[(C1,p1), (C2,p2)] = miz. Then the second part of lemma 8 tells us that there is a
unique lagrangian involution swapping C7 and C5 and sending p; on pg. This involution
depends on p; and po only through the data of mis. In some sense, the involution Ii5 is
the geometric realization of the invariant mqs.

A solution of the equations is equivalent to a triple of points p1, p2, p3 lying respectively
in 9C1,0C and 9C3 such that for all ¢,j, I;;p; = p;. Fixing a reference complex line,
say (1, we see that a solution of the equations is given by a fixed point of the product
I31153112. This product is an anti-holomorphic isometry of C'; preserving the boundary,
hence it has two distinct fixed points on this circle. This proves the lemma.

If some of the ¢;; are equal to one, then the corresponding complex lines are asymp-
totic. The same argument as above applies but the points p; may lie at the intersection
of two complex lines which is not allowed in our settings. Hence, there are less than 2

admissible solutions but there are still some degenerate ones.
O

One can apply the preceding lemma for each triangle of a triangulation at the same
time. This is described in the following part.

Let T be an ideal triangulation of ﬁ)g,p. We define a decoration space of T" which is
related to X(T") but which is somewhat simpler: let M(T") be the set of triple (¢, ®,m)
where:

e © and m are functions defined on the set of oriented edges to C satisfying the

following relations:
2

mij __
J and mj; = my;.

Pij =

mij —
Note that the ¢ invariant is redundant as it is a function of m but we keep it for the

coherence of the notation.

e ¢ is a C valued function defined on ordered faces of T satisfying the following
equations for all ordered faces (i, j, k):

q)ijk = (I)jkz' = q)z'kj and Az’jk <0

We denote by X™4(T) (resp. M"(T)) the non-degenerate part of X(T) (resp. M(T))
by which we mean the open set of triples (¢, ®,d) such that ¢;; # 1 for all 4 and j (resp.
the triples (, ®,m) such that ¢;; # 1 for all 4, j).

The following proposition is a direct consequence of the preceding lemma.

Proposition 11. The natural map X" T) — M"(T) sending (p, ®,6) to (o, ®,m) is
a covering of order 2N where N is equal to the number of triangles in T.
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This proposition explains than we can solve the equations in a simple way: we fix
arbitrarily the ¢ and m invariants, and then we solve (with a computer) the remaining
equations in §. The important point given by the proposition is that we are sure to obtain
2N solutions in the non-degenerate case. The simple structure of the map from X "4(T)
to M"d(T) should allow us to describe precisely the representation space but it still does
not seem to be an easy task and we do not have done it yet.

7 Controlling the holonomy of the cusps

7.1 The general case
Consider a pair (p, F') € Ry, and denote as usual by ¢; the curve in X, enclosing ;.
Since p(c;) stabilizes a flag F; = (Cy, p;), it might be either

e loxodromic, in which case its second fixed point belongs to C,

e parabolic, in which case p; is its unique fixed point,

e a complex reflection, in which case its restriction to C; is the identity.

We wish to determine the type of p(c¢;) in terms of the invariants ¢, ® and §. The
loop ¢; encloses the vertex point ;. It may be written ¢; = yvy~!, where v is a path
connecting the base point to one of the vertices of the hexagonation which is adjacent
to the point x;, and v is a loop around x; which is composed of a succession of edges of
the the hexagonation connecting two edges of the triangulation. As a consequence p(c;),
may be written M, NMJ 1 where N is a product of elementary matrices which are all of
transfer type (see proposition 10). Write

N=Ty...T;...Ty,
where T is a matrix of transfer type:
mio 0 itjpy
Tj= |0 pmi/wg 0 |,
00 1/m

and the p;’s and t;’s are written in terms of the invariants ¢, ® and ¢ as in proposition
10. Computing the product, we obtain

where =[] pj, and

We obtain thus that

e N is loxodromic if and only if |u] # 1,
e N is parabolic if and only if || =1 and K # 0,
e N is a complex reflection if and only if |u| =1 and K = 0.
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7.2 Type preserving representations of the 1-punctured torus

In this section, we focus on the special case of X1, the 1-punctured torus. We first
summarize the existing results about this case. We denote the fundamental group of ¥4 ;
by

1,1 = {(a,b,c|[a,b] -c=1).

Recall that a representation of 7 is said to be type preserving if and only if p(c) is a
parabolic isometry. Note that there are two main types of parabolic isometries (see [7, 14]
for more details):

1. screw parabolic isometries. These parabolic elements preserve a complex, and thus
a flag.

2. horizontal parabolic isometries, which preserves an R-plane containing their fixed
point. These isometries are also called non-vertical Heisenberg translations. No
such parabolic isometry appears within the frame of the present work.

As a consequence, we can separate the type-preserving representations of 71,1 into two
types, according to whether p(c) is screw parabolic or horizontal parabolic.

1. If p(c) preserves a complex line, then it is in the frame of this work. In this case,
all the examples known of a discrete, faithful and type preserving representation are
obtained by passing to an index 6 subgroup in a discrete, faithful and type preserving
representation of the modular group PSL(2,Z). The latter representations have all
been described by Falbel and Parker in [2]. This family of examples consists up to
PU(2,1) of 6 topological components, 4 of which are points, and the two other are
segments.

2. If p(c) does not preserve a complex line, then it is a consequence of [15] that there
exists a unique triple of Lagrangian reflections (I, I3, I3) such that p(a) = I 15 and
p(b) = I315. In[14, 16], all these type preserving representations of 71 ; are described,
and, among them, a 3-dimensional family of discrete and faithful representations is
identified.

We will now give necessary and sufficient conditions for p(c) to be parabolic, in the case
it preserves a flag.

A triangulation of a 1-punctured torus is made of two triangles, which we call  and § as
on figure 2. We label the vertices as on figure 2. The decoration of this triangulation is
given by :

e Triangle o (p1,p2,p3): P12, a3, P31, P123, 033, 63, and 53,

e Triangle 8 (p1,p2,p4) : P12, P24, a1, P124, 634, 03 and 67,

Note that because of the identification of the opposite sides of the square, the following
relations hold:

P23 = P14 and Q13 = P24.

We choose as a basepoint the vertex of the hexagonation which marked by B on figure
2. Let us call V;-k the oriented edge of the hexagonation turning around the vertex p; from

the edge p;p; edge to the edge p;pi. As an example, va, is the oriented segment starting
from the point B (see figure 2) and connecting the diagonal to the vertical side p1ps. The
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P3 D1

b2 P4

Figure 2: Ideal triangulation and hexagonation of a 1-punctured torus. The
opposite sides of the square are identified.

homotopy class ¢ is represented by the following sequence of edges, vi;vyva v visvis,
to which correspond the product of transfer type matrices T = T1,T3,T2,T3, T3, Ti,.
Denote by ,u;- . and t;. i the two parameters in the matrix T;- i given by proposition 10. The
matrix T is upper triangular, and according to proposition 10, its top left coefficient is

L= O <5%39013 631P14 631 P12 634p24 3o P32 5&2@12) ' (19)

Dio3 Pyo1 Pozr Pois P32 Pigo

We simplify this relation using the relations between the invariants (¢;; = @js, [P k| =
©ijPjkPri, and 5§k5zii = ;j). This yields:
o B
163208401
We obtain as a direct consequence the following

Proposition 12. Let (¢, ®,d) be a decorated triangulation of the punctured torus. The
holonomy of a loop around the puncture is parabolic or a complex reflexion if and only if

105303163 | = 1042674015 ] (20)

Moreover, the representation associated to the decoration is type preserving if and only if
the relation (20) is satisfied and the following relation holds

1,3 ,2 2 4 1,3 2 2
1.3 2 2 4 1 4,1 Mo H1a 1431 H21 44 Uaolio 14131 2
0 #  pyolTopials Mot o3 tag + 1 lo1 + 1 1 31
Has Ho1Ha3
1,3 2 1,3 1
HaoH1oH14 2 Hgo 12 3 Hyo 1
114 + 42 (21)

2 4 1 2 2 4 1 ‘12 3 2 2 4 1
H31 91 a3 H14H31 Mot o3 Hio 1431 o1 Hog

The relation (21) is just an explicit version of K # 0, with K as in the previous section.
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