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Abstract
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The notion of the canonical dimension of an algebraic structure was introduced by
Berhuy and Reichstein ifil]. The canonical dimension measures the size of generic
splitting fields of the structure. The formal definition is given in 82. Here we present
two basic examples:

e Let X be a scheme over a fielfl. A field extensionL/F is called asplitting field of
X, if X has a point ovel.. A splitting field L is calledgeneric if for any splitting
field K of X there exists arf-place L — K. The canonical dimension ofX is the
minimum of the transcendence degree (o¥grof all generic splitting fields ofX.

e Let G be an algebraic group over. The canonical dimension ot is the maxi-
mum of the canonical dimensions of all principal homogeneous varigiigsrsors),
defined over field extensions d@f.

When dealing with a given algebraic structure, we usually have finitely many “signif-
icant” prime integers involved. For example, such primes associated with an algebraic
group G are thetorsion prime integers ofG (see Remark6.7). In order to locate
contribution of a prime integep to the canonical dimension, we defir@anonical
p-dimensionin a similar fashion.

It turns out that canonical dimension apddimension of an arbitrary regular com-
plete varietyX is closely related to the algebraic cycles &n(see Corollaries 4.7 and
4.12). We express canonicatdimension of a generically cellular variety in terms of
its Chow group (see Theorem 5.8).

The main result of the paper is Theorem 6.9, giving a recipe to compute canonical
p-dimension of an arbitrary split semisimple algebraic group over an arbitrary field (of
arbitrary characteristic). The values of the canonjealimension are given for all split
simple groups of classical type (see 8§8).
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1. Notational conventions and preliminaries
1.1. Varieties

We refer asschemedo separated schemes of finite type over a field (there is no
restrictions on the field, its characteristic is arbitrary).vAriety in the paper is an
integral scheme.

For a schemeX, the integerd (X) is defined as the g.c.d. of the degrees of all closed
points onX; for a prime integerp, d,(X) is the p-primary part ofd(X).

1.2. Chow groups

Let X be a scheme over a fieldl. We write CH X) for the integral Chow group of
X (see[5]). Fixing a prime p, we write CRX) for the modulop Chow group:

Ch(X) = CH(X)/p - CH(X).

Furthermore, we write QiX) (resp. CHX)) for the colimit of Ch(X) (resp. CHX}))
with L running over all field extensions/F, and we writeCh(X) (resp.CH(X)) for
the image of the restriction homomorphism re§€h(X) — Ch(X) (resp. CHX) —
CH(X)). The groupCH(X) is called thereducedChow group ofX; the groupCh(X)
is called themodulo p reducedChow group ofX. Note that

Ch(X) = CH(X)/(CH(X) N pCH(X))
is not the same a€H(X)/pCH(X).

1.3. Places

Let K be a field. Avaluation ring R of K is a subringR C K, satisfying K =
RU(R\ {0)~L. Any valuation ring is local;R = K is a trivial example of a valuation
ring.

Given two fieldsk andL, aplace K — L is a local ring homomorphism: R — L
of a valuation ringR c K (an embedding of fields is a trivial example of a place).

If K and L are extensions of a field, an F-place (or a place overF) is a place
K — L with = defined and identical o

Places are composable: &f — L is a place, given by a ring homomorphism and
L — E a place to a third fieldZ, given by a homomorphism of a ring S C L, then
the composition is the plac€ — E, given the homomorphism o 7 : 7~ 1(S) — E,
defined on the valuation ring=1(S). In particular, any placé. — E can be restricted
to any subfieldk C L.

In this paper, anF-place K — L is said to begeometri¢ if it can be represented
as a composition of'-places with valuation rings being discrete valuation rings.

1.4. Places and points

Let X be anF-variety and letL be a field extension of. If X is complete, then
for any valuation ringR of the field F(X) there exists anF-morphism Spe® — X
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[7, Chapter Il, Theorem 4.7]; therefore dnplace F(X) — L produces anL-point
of X.

Vice versa, ifX has anL-point and is regular, then there existg@ometricF-place
F(X) — L. Indeed, sinceX is regular at the image € X of SpecL, there exists a
system of local parameters aroungdwhich produces a geometric plaggX) — F(x);
composing with the embedding(x) — L, we get the required placE(X) — L.

2. Canonical dimension of determination functions

Let F be a field,Fieldsr the category of all field extensions d@. Let 2° be the
category of the subsets of a 1-elemental set Gefermination functionD over F is
a continuous functoFieldsy — 20, where by continuity we mean tha commutes
with the filtered colimits. In other wordsp is a rule assigning to each € Fieldsy
a valueD(E) € {#, 0} such that

e if D(E) = 0 for someE, then D(E") = 0 for any E’ admitting an F-embedding
E — E;

e (continuity property) if D(E) = 0 for some fieldE covered by a (possibly infinite)
filtered family of subfieldsE;, then D(E;) = 0 for someE;.

A field E € Fieldsy is called asplitting field of a determination functionD, if
D(E) = 0. A splitting field E of D is called generic if for any splitting field L
there exists arF-place E — L. If D has at least one generic splitting fietthnonical
dimensioncd(D) of D is defined as the minimum of the transcendence degrees (over
F) of all generic splitting fields ofD; if D does not admit a generic splitting field,
we set cdD) = oc.

Lemma 2.1. For a given determination function,Cany splitting field of D which is a
subfield of a generic splitting fields also genericBesidesany splitting field contains
a finitely generated splitting field andd(D) = oo only if D does not admit generic
splitting.

Proof. If E is a generic splitting field andz’ a splitting field contained inE, then
for any splitting field L, restricting a placeE — L to E’, we get a placeE’ — L;
thereforeE’ is also generic.

Any splitting field contains a finitely generated splitting field by the continuity of
the determination function.

If D has a generic splitting field, then, taking a finitely generated splitting subfield,
we get a finitely generated generic splitting field, showing thatodis finite. [

A determination functionD over F is split, if D(F) = 0. In this caseF is a generic
splitting field of D and cd D) = 0.
Our basic example of a determination function is the determination function associ-
ated with a schemé& over F:
g if X(L)=¢;
L { 0 otherwise.
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The canonical dimensiord(X) of an F-schemeX is defined as the canonical dimen-
sion of the associated determination function (as explained in Retha8 canonical
dimension of complete regular-varieties is a birational invariant).

Example 2.2 (Karpenko and Merkurjey11, Theorem 4.3} Let F be a field of char-
acteristic£ 2. Let X be an anisotropic smooth projective quadric o¥efThen cdX) =
dim X —11(X) + 1, wherei1(X) is the first Witt index ofX.

Let PointedSetsbe the category of the pointed sets andddbe a field. A functor
F : Fields; — PointedSets

is calledcontinuous if it commutes with filtered colimits. IfF is a continuous functor,
then for anyF € Fields, and o € F(F), we get a determination functiob, over F
by setting

D,(L) = 0 ifogis the distinguished point of the SE(L);
T 1y otherwise.

Berhuy-Reichstein canonical dimensioha continuous functof [1, 810] is the supre-
mum of cdD,) for all F anda € F(F). If G is an algebraic group over the fiekd
canonical dimension of; is defined as canonical dimension of the (continuous) func-
tor Tors;, taking a field F to the set of isomorphism classes T9t§) of G-torsors
over F. We note that canonical dimension of an algebraic gréy is not the same
as canonical dimension of the underlying variety @f (which is always 0 because

G k) # 0).

3. Canonical p-dimension

Let us fix an arbitrary primep and refer to a splitting fieldE of a determination
function D as p-generic3 if for any splitting field L of D there exists a finite field
extensionL’/L of degree prime top admitting a placeE — L’. Replacing generic
splitting fields by thep-generic ones in the definitions of section 2, we get a modified
notion of canonical dimension which we catnonical p-dimensionand denote cgl

We refer to a finite field extension ascoprime if its degree is not divisible by.

The following two lemmas are useful when working with,cd

Lemma 3.1 (cf. [11, Lemma 3.3]. Let K be an arbitrary field p a prime K'/K a
p-coprime field extensigrand L/K an arbitrary field extensionThen there exists a
field L/, containing K’ and L, such that the extensioh’/L is also p-coprime

Proof. We argue as in the proof dfLl1, Lemma 3.3], where the case pf= 2 was
treated. We may assume thkt is generated ovek by one element; lelf (¢r) € F[t]
be its minimal polynomial. Since the degree ffis coprime with p, there exists an

30ur notion of p-generic splitting is based on the notion pfgeneric splitting varietiesof symbols
in a modulo p Milnor's K-group of a field, introduced irf14].
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irreducible divisorg € L[t] of f over L such that deg;) is coprime withp as well.
We setl’ = L[t]/(g). O

Replacing the field embedding — L by a place, one generalizes Lemi8d as
follows:

Lemma 3.2. Let K be a field extension of" of finite transcendence degree ovEr

let K — L be a geometricF-place and letK’ be a p-coprime field extension oK.

Then there exists @a-coprime field extensiod’/L such that the plac&k — L extends
to a placek’ — L.

Proof. By Lemma 3.1 it suffices to prove Lemma 3.2 in the case where the place
K — L is surjective and its valuation rin@ is a discrete valuation ring. Also it is
clear, that is suffices to consider only two cases: K1)K is purely inseparable and
(2) K'/K is separable.

In the first case, the degrdX’: K] is a power of a primg; # p. We take an
arbitrary valuation ringR’ of K’, lying over R, i.e., such thatR’ " K = R and the
embeddingR — R’ is local (suchR’ exists in the case of an arbitrary field extension
K’/K, [15, Chapter VI, Theorem’B. Let L’ be the residue field oR’ so that we
have a surjective plac&’ — L’. We show thatL’ is also purely inseparable ovédr
(and thereforgL’ : L], being a power of the samg, is coprime top). For this, we
take an element € L’ and show that?" e L for somen: let k € R’ be a preimage of
I; thenk?" € K for somen and consequently?” € L for the samen.

In the second case we consider all valuation riRgs. . ., R, of K’, lying over R (the
number of such valuation rings is finite by [15, Chapter VI, Theorem 12, Corollary 4]).
The residue field of eacR; is a finite extension of.. Moreover, '_; ein; = [K' : K]

[15, Chapter VI, Theorem 20, and p. 63] (the discrete valuation ring assumption and
the separability assumption are needed for this equality), wheis the degree over

L of the residue field ofR;, and ¢; is the reduced ramification indexof R; over

R, [15, Definition on pp. 52-53]. It follows that at least one mf is not divisible

by p. O

Let us make some first general observations op €learly, a generic splitting field
of a determination function is alsp-generic; therefore we always have xdd,.

Also it is clear, that cg is not interesting, if the determination function in question
has ap-coprime splitting field. More precisely, one has a simple

Lemma 3.3. Assume that a determination functi@nis split by ap-coprime extension
E/F. Thencd,(D) = 0.

Proof. It follows by Lemma3.1, that the splitting fieldE of D is p-generic. O
Example 3.4. The computation of cd() for an anisotropic smooth projective quadric

X (over a field of characteristiez 2), given in[11] (see Example 2.2), shows in fact
also that cd(X) = cd(X).
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Example 3.5. Let X be a Severi-Brauer variety. H(X) = d,(X) (that is,d(X) is a

power of the primep), then cdX) = cd,(X) = d,(X) — 1, [1, Theorem 11.4]. Now
if d(X) is not a power of a prime, the value of @) is not known, while cg(X) is

still d,(X) — 1 (see Example 5.10).

Example 3.6. The computation of ¢50,), given in[10], also shows that ¢dSO,) =
cd(SO,) (see also Example 5.11 as well as (8.2) and (8.4)).

Remark 3.7. Let F and F' be continuous functorfields, — PointedSetswith a
morphism f : F — F'. If the kernel of f is trivial, then for anyF € Fields; and any
o € F(F) the determination function of coincides with the determination function
of f(a) (cf. [1, Lemma 10.2(a)]); therefore ¢&)<cd(F’) (cf. [1, Lemma 10.2(b)])
and cd,(F)<cd,(F) (for any p). If moreover f is surjective (but not necessarily
injective), then cdF) = cd(F") (cf. [1, Lemma 10.2(c)]) and ¢dF) = cd,(F").

4. Canonical (p-)dimension of regular complete varieties

Lemma 4.1. The function field of a regular variet¥ is a generic splitting field of;
in particular, cd(X) < dim X for regular X.

Proof. The function fieldF (X) is a splitting field of X (even in the non-regular case).
If L is an arbitrary splitting field of regulak, then by §.4 there exists arF-place
F(X) — L; this shows that the splitting field'(X) is generic. O

Remark 4.2. The F-place F(X) — L we get in the proof of Lemm4.1 is geometric
(as defined in §1.3).

We have the following generalization of Lemma 4.1:

Lemma 4.3. If Y is a closed subvariety of a regular varief§, admitting a dominant
rational morphismX — Y, then the function field o¥ is a generic splitting field of
X. In particular, cd(X)< dim Y.

Proof. Clearly, F(Y) is a splitting field of X. A dominant rational morphisnX — Y

produces anF-embedding of F(Y) into the field F(X), which by Lemma4.1 is a
generic splitting field ofX. It follows by Lemma 2.1 thatF'(Y) is a generic splitting
field too. O

Lemma 4.4. Let Y be a scheme over a fielH, X a variety overF.

(1) If Y admits a dominant rational morphistk — Y, then the F(X)-schemeYr x)
has a closed rational point

(2) If the F(X)-schemeYr(x) has a closed rational pointhen there exists a closed
subvarietyY’ C Y, admitting a dominant rational morphisii — Y’.
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Proof. Existence of a rational morphistii — Y is equivalent to existence of a closed
rational point onYr(x). To prove the second statement, we takeYashe closure of
the image of the rational morphisii — Y. O

Proposition 4.5. Any regular complete varietX has a closed subvariety ¢ X of
dimensiondim Y = cd(X), admitting a dominant rational morphisiff — Y.

Proof. Let us take a generic splitting field of X, having the transcendence degree
cd(X) over F. SinceE is a splitting field ofX, there exists a morphism SpEc— X;

let T ¢ X be the closure of its image. Since the splitting fidldis generic, there
exists anF-place E — F(X); composing it with the embedding of the function field
F(T) into E, we get anF-place F(T) — F(X), producing by completeness af a
morphism Speé (X) — T; we defineY as the closure of its image. Clearly, admits

a dominant rational morphist¥ — Y and dimY < dim T <tr.degE = cd(X). On the
other hand, by Lemm4.3, dimY >cd(X). Therefore, dimY = cd(X). O

Combining Lemma 4.3 and Proposition 4.5, we get

Corollary 4.6. Canonical dimension of a regular complete varietyis the minimal
dimension of the closed subvarieti®sc X, admitting a dominant rational morphism
X —>Y.

Taking into account Lemmd.4, we get the following variant of Corollary 4.6:

Corollary 4.7. Canonical dimension of a regular complete varietyis the minimal
dimension of the closed subvarieti®sc X, satisfyingY (F (X)) # ¢.

Now we establish variants of Lemm&a3, Proposition 4.5, and Corollaries 4.6 and
4.7, related to the canonica-dimension.

We say that a closed subvariely of an F-variety X satisfies conditior(x), if the
function field F(Y) embeds (overF) into a p-coprime field extension of (X).

Lemma 4.8.If Y is a closed subvariety of a regular variety, satisfying condition
(%), then the function field of is a p-generic splitting field ofX. In particular,

cd,(X)< dim Y.

Proof. Clearly, F(Y) is a splitting field of X. Let K'/F(X) be a p-coprime field
extension with anF-embedding F(Y) < K’. For an arbitrary splitting fieldL of
X we can find a geometri@-place F(X) — L (see Lemma4.1 with Remark 4.2).
Applying Lemma 3.2 to this place and the field extensify F(X), we get a place
K’ — L' to some p-coprime field extensiorl.’/L. Restricting the latter place to the
subfield F(Y) c K/, we get a place(Y) — L’; therefore, the splitting field”(Y) is
p-generic. O
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Lemma 4.9. Let Y be a scheme over a fielH#, X a variety overF.

(1) If Y satisfies condition(x), then d,(Yrx)) = 1 (see Sectiorl.1 for definition
of dp).

(2) If d,(Yr(x)) = 1, then there exists a closed subvarigty C ¥ C X, satisfying
condition ().

Proposition 4.10. Any regular complete varietX has a closed subvariety ¢ X of
dimensiondim Y = cd,(X), satisfying condition(s).

Proof. Let us take ap-generic splitting fieldE of X, having the transcendence degree
cd, (X) over F. SinceE is a splitting field ofX, there exists a morphism Spgc— X;

let T c X be the closure of its image. Since the splitting figdldis p-generic, there
exists anF-place E — K’, whereK'/F(X) is a p-coprime field extension. Restricting
to F(T) C E, we get anF-place F(T) — K'. By completeness of, the place
F(T) — K’ produces a morphism Sp&¢ — T; we defineY as the closure of its
image. Clearly,Y satisfied condition(x) and dimY < dim 7 <tr.degf' = cd,(X). On
the other hand, by Lemm&.8, dimY >cd,(X). Therefore, dimf = cd,(X). O

Lemma 4.8 and Proposition 4.10 together produce

Corollary 4.11. The canonicalp-dimension of a regular complete variety is the
minimal dimension of the closed subvarietlés X, satisfying (x).

By Lemma4.9, the following variant of Corollary 4.11 also holds:

Corollary 4.12. The canonicalp-dimension of a regular complete variety is the
minimal dimension of the closed subvarieties” X with d,(Yr(x)) = 1.

Remark 4.13. We would like to notice that the canonical-jdimension of acomplete
regular F-variety X is a birational invariant ofX. Indeed, cdX) for such X can be
determined in terms oF (X) as the minimal transcendence degree of the field exten-
sions L/F possessingF-places to and from¥ (X); similarly, cd,(X) is the minimal
transcendence degree of the field extensidig possessing arF-place from F(X)

and anF-place to ap-coprime extension of"(X).

5. Generically p-split varieties

In this sectionX stands for a smooth complete absolutely irreducible variety over a
field F.

Lemma 5.1. The degree homomorphisteg: Chy(X) — [, is an isomorphism if and
only if dimg, Cho(X) = 1.

Proof. The degree homomorphism is non-zero and therefore surjective.
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Lemma 5.2. Assume thadim[Fp Cho(X) = 1. Let T be an arbitrary F-schemelet E;
and E» be field extensions af, and let f1 : SpecE; — X and f> : Sped, — X be
F-morphisms Then the diagram

CH(T x X)

(id7 x f1)* wx f2)*
Ch(T%,) /ﬂ(TEZ)

Ch(T)

is commutative

Proof. Let E be a field extension of’, containing E1 and E». Replacing7T and X

by T and X, we come to the following situationt = E1 = Eo = F and for some
closed rational points, x2 € X, f; is the embedding’ =T x {x;} =& T x X. We

want to show thatf; = f5 : Ch(T x X) — CR(T). Sincepr, o fi, =id for i = 1,2,

wherepr is the projectionT x X — T, it suffices to show that

fio fi = fao ff: CN(T x X) - CN(T x X) .

The compositionf;. o f;* coincides with the multiplication byT" x x;]. Since by the as-
sumption on dimap Cho(X) and Lemmab.1, the degree homomorphism de@h(X) —

[F,,i_san isomorphism, we hae1] = [x2] € Ch(X), and therefordT x x1] = [T x x2]
in Ch(T x X). The required assertion follows[]

Letin: Y < X be a closed subvariety of. The closed embedding
(dy,in) xidy: Y xX—>YxXxX
is regular, and we define a paring
Ch(Y) ® Ch(X x X) — Ch(Y x X)
by the formulac ® > ((idy, in) x idx)*(x x f).
Proposition 5.3. Let Y be a closed subvariety of. Assume thadim[Fp Cho(X) =1

and that for any fieldE > F(X) the restriction homomorphisi@h(X rx)) — Ch(Xg)
is an isomorphismThen the above paring is surjective

Proof. We proceed by induction on dii. We have a commutative diagram

Py Ch(¥Y’) ® Ch(X x X) —— Ch(¥Y) ® Ch(X x X) —— Ch(X x X) ——— 0

l l l

@y Ch(Y’ x X) R Ch(Y x X) — Ch(Xpy)) —— 0
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where Y’ runs over closed subvarieties of codimension 1YinThe rows are exact.
Indeed, the upper row is the obvious exact sequ&pge Ch(Y’) — Ch(Y) — Z — 0,
tensored byCh(X x X) over F,. To see that the lower row is exact, one notices
that the row with Ch in place o€h is exact and that the restriction homomorphism
Ch(Xfr)) — Ch(X) is injective as the composite of the homomorphism Xhy)) —
Ch(Xr(ryx)),» Which is injective due to the specialization f§, §20.3], and the iso-
morphism CIiX ryy(x)) — Ch(X) (see the assumption on Chg(x))). Furthermore,

the left vertical map of the diagram is surjective by the induction hypothesis. The right
vertical map is surjective because the rhombus

h(X x X)

\g
/

ﬁ](XF(y)) h(XF(X))

/
\

Ch(X)

is commutative (as guaranteed by the assumption as(?Ohand Lemma 5.2 applied
to7T =X). O
Corollary 5.4. Under the assumptions of Propositi&n3, if the push-forward

(in x idx)s : Ch(Y x X) — Ch(X x X)

is non-zero_then the push-forward in: Ch(Y) — Ch(X) is also non-zero and, in
particular, Ch;(X) # 0 for at least onei < dim Y.

Proof. The square

Ch(Y) ® Ch(X x X) — Ch(Y x X)

J/in*®id l(inxid)*

Ch(X) ® Ch(X x X) — Ch(X x X)
is commutative. [
Definition 5.5. We say that a (complete smooth absolutely irreducible) vadetyver
F is p-balanced if the symmetric bilinear form
Ch(X) x Ch(X) — Fp, (o, ) > dego - p)

is non-degenerate (in the sense that its radical is trivial; note thqtpdhin(?) can be
infinite).
A variety X over F is calledcellular, if there is a filtration

W=XoCX1C---CX,.1CX, =X
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by closed subschemes such that for evesy 0, 1, ..., n — 1 the schemeX; 1\ X; is
isomorphic to an affine space oveér.

Remark 5.6. Let X be a geometrically cellular variety, that iz is cellular for some
field extensionE/F. We claim thatX is p-balanced (for anyp). Indeed, the Chow-
motive of the cellular varietyX decomposes into a finite direct sum of twists of
the motive of the point (see, e.q9, Theorem 6.5]). Therefore G z) = CH(X).
Moreover, the mutually inverse isomorphisms of the motiv&gfwith the above direct
sum are given by certain sequenegs. . ., ¢, andey, ..., e, of homogeneous elements
in CH(Xg), which are bases of CHXg) mutually dual with respect to th&-bilinear
form (o, p) — dega - B) (simply because they define mutually inverse isomorphisms
of motives).

Note that for anyp-balancedX and any intege¥, one has dim, Ch (X) = dimg,
Ch;(X), if at least one of these two dimensions is finite. Since [nglﬁho(Y):l, the
above equality withi = 0 implies that dinﬁip Cho(X) = 1 for a p-balancedX.

Definition 5.7. A p-balanced varietyX over F is called p-split, if for any field £ > F
the restriction homomorphism Cki) — Ch(Xg) is an isomorphism (in particular, one
has Ch(X) = Ch(X) for a p-split X).

A cellular variety is p-split.

We say that a varietyX has a propertygenerically if X over its own function field
has this property. This way we get a notion gegnerically p-split variety. According
to above remarks, generically cellularvariety is genericallyp-split.

We are ready to prove the main result of the first half of the paper, interpreting
the canonicalp-dimension of a generically-split variety in terms of its modulg
reduced Chow group:

Theorem 5.8.If X is a generically p-split variety (see Definitions.7 and 5.5), then
cd,(X) = min{i | Ch;(X) # 0}.

In particular, the formula holds for a generically cellulaX.

Proof. Two inequalities are proved separately.
< |Leti be an integer such that the gro@; (X) is non-zero. TherdY] # 0 for

a closedi-dimensional subvariety’ ¢ X. We are going to show that,(Yrx)) = 1
for suchY (this suffices for our purposes by Corollary 4.12).

Since the varietyX (x) is p-split, there exists a prime cyclé C Xrg ) such that
deq[Yrx)l - [Z]) # 0. Since the productYrx)] - [Z] can be represented by a cycle
on the intersectiorYr(xy N Z (see [5, §88.1]), the schenir(x) has a closeg-coprime
point, meaning thatl,(Yrx)) = 1.
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> |Letnowin: Y < X be a closed subvariety of, satisfying conditior(x), that

is, F(Y) = K for somep-coprime extensiork /F(X). We will show thatCh; (X) # 0
for somei < dim Y. The desired inequality will then follow by Propositigh10.

Let Z be the closure of the image of the morphism Skiee> Y x X. The cycle
(inxidx)«([Z]) € Ch(X?) is non-zero, because for the second projecfion X2 — X,
we have

pr,.(in x idy)«[Z] = [K : F(X)]-[X] # 0 € Ch(X).
It follows by Corollary 5.4 thaiCh;(X) # 0 for somei < dim Y. O

Remark 5.9. If we take Y with dim Y = cd,(X) in the beginning of the %)-part
of the proof of Theoremb.8, then, since we have already proved the)-part of
the theorem, we come to the conclusion that the (#ij¥dimensional component of
the homomorphisnin, : Ch(Y) — Ch(X) is non-zero. Since the (dirii)-dimensional
component of the image dh, is generated byY] € Ch(X), we see that in fact the
class inCh(X) of Y itself is non-zero.

Example 5.10.Let X be the Severi-Brauer variety of a central simglealgebraA.
Since by Theorent.8, cd,(X) = cd,(X,) for any p-coprime field extensiorL/F,
cd,(X) =cd,(Y), whereY is the Severi-Brauer variety of a division algebra, Brauer-
equivalent to thep-primary part ofA. FurthermoreCh(Y) = ﬂO(Y) by [8, Proposition
2.1.1]. Therefore, by Theorem 5.8, @) = dim Y, so that we get

cd,(X) =cd,(Y) =dimY =d,(X) — L

Example 5.11.In this examplep = 2. Let X/F be the orthogonal grassmannian of
n-dimensional totally isotropic subspaces of a (2 1)-dimensional non-degenerate
quadratic form. Ifdx(X) = 2", then Ch(X) = ﬁﬁo(X) by [10, Proposition 1.4] and
therefore

cto(X) = dim(X) = n(n + 1)/2.
Without any restriction onl2(X), canonical 2-dimension ok can be expressed as the
sum of alli such that theith special Schubert class € Ch (X) is non-rational i.e,
does not lie inCh(X): indeed, by [16, Main Theorem 5.7], the product of witional
e; is a non-zero element aEh(X) of the smallest possible dimension.

6. Canonical p-dimension of algebraic groups

If P is an algebraic group over a fieltl, we write CH B P) for the P-equivariant
Chow ring CHp(SpecF) of the point Sped (see [4]).

Let G be a connected algebraic group ovErand let P be a subgroup ofG.
Consider the homomorphism

96 = ¢6.p : CH(BP) = CHp(SpecF) & CHp(G) = CH(G/P),
whereq : G — SpecF is the structure morphism.
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Remark 6.1. If G is a subgroup of a groug’, theno; = i*o ¢/, Wherei : G/P —
G’/ P is the morphism, induced by the embedding®finto G'.

Proposition 6.2. Let G = GL,. Then the mapp is surjective and the lefG-action
on G/P induces the trivial action ofCH(G/P).

Proof. The groupG is embedded into the affine space of EAtl) as aG-equivariant
open subset. The mag* factors as the composite

CHp(SpecF) — CHp(End(F")) — CHp(G),

where the first pull-back map is an isomorphisms by the homotopy invariance property
and the second restriction map is surjective by the localization. Hegces surjective.

For a rational poing of G, let 4, : G — G is the morphism of the left multiplication
by g. It follows from ¢ o 4, = ¢ that )L;i og* = g*. Sincegq* is surjective,}v; is the
identity, i.e.,G acts trivially on CHG/P). O

Recall that we write CidG/P) for the colimit of CHG/Pr) over all field exten-
sionsL/F. We define a homomorphis@; as the composite

res

P : CH(BP) 28 CH(G/P) S CH(G/P) .

Let E be a (right) G-torsor over a field extensiol” of F. SetK = F/(E). Let
Vg CH(E/P) — CH(Gk/Pk) be the pull-back map with respect to the morphism
Gk /Px — E/P, induces by the5-equivariant morphisnG ¢ — E, taking the identity
of G to the generic point of. We define a homomorphism as the composite

Vi : CH(E/P) Ve CH(Gk/Px) X CH(G/P) .

We identify G with a subgroup ofS = GL, for somen.

Lemma 6.3. Suppose that there is @-equivariant morphismE — S over F and let

h: E/P — S/P be the induced morphisnThenp; =y, o h* o ¢g.

Proof. The compositionGx — Ex — Sk of the morphisms induced b§x — E and
E — S, differs from the inclusionGg < Sk by a left multiplication by an element
of S(K). By Proposition6.2, the induced pull-back homomorphisms Gkl/Px) —
CH(Gk/Pk) coincide. Composing with the restriction homomorphism (SHP) —
CH(Sk/Pk), we getypoh™ =res,ro i*, wherei : G/P — §/P is the morphisms,
induced by the embedding — S. We have:

PG =Treso pg =res o resg/r o i*opg=res oypoh*opg=1goh*oq
(for the second equality, see Remark 6.1
Theorem 6.4. (1) For any G-torsor E (over any field extension df) we have
IM(@g) C IM@g).
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(2) There exists aG-torsor E (over a field extension of’) such thatim(p;) =
Im( g).

Proof. (1) We may assume thdt is a G-torsor overF. By the Hilbert theorem 90,
the S-torsor (E x S)/G is trivial (where (E x S)/G stands for the quotient of x S
by the action(e, s) - g = (eg, g~ 1s) of G; the action ofG on this quotient is defined
by the formula(e, s) - g = (e, sg), so that the embeddin§ = E x 1 — E x § induces
a G-equivariant morphisme — (E x §)/G). In particular, there is a-equivariant
morphismE — S. By Lemma6.3, Im(¢;) C Im®g).

(2) Let X = S§/G and K = F(X). Denote byE — SpecK the generic fiber of the
projectionS — X. Clearly, E is a G-torsor overK. Denote byh : E/Px — S/P the
morphism induced by the canonicél-equivariant morphisne — S. Since E/ Pk is
a localization ofS/P, the pull-back homomorphism* is surjective. By Proposition
6.2, g is also surjective. It follows from Lemma 6.3 that (@) = Im(EE). O

Let G be an algebraic group over a field and let Torg be the functorFieldsy —
PointedSets taking a fieldK to the set of isomorphism classes T¢¢X) of G-torsors
over K. For aG-torsor E/K, the determination function of € Tors;(K) coincides
with the determination function of th& -variety E.

Let P C G be a subgroup. We assume thiatis a special group, that is, the functor
Torsp is ftrivial.

Lemma 6.5. The determination functions of the varieti€sand E/P coincide

Proof. SupposeE/P has a point oveK. We need to show thak (K) # . The fiber
of the natural morphisnE — E/P over the point is aP-torsor. SinceP is special,
this torsor is trivial, i.e., the fiber has a point ovkr. O

Remark 6.6. Let G be a split semisimple algebraic group and Rtbe a parabolic
subgroup. The variety;/ P is cellular (see, e.g[2]), therefore CHG/P) = CH(G/ P).

Remark 6.7. Suppose further thaP is a Borel subgroup ofG. The image of the
composite

CHBP) %S cH(G/P) 27

is a subgroupsZ with a positive integerg known as theorsion index ofG (see[6]).

It follows from Theorem 6.4 and Lemma 6.5 thgt is the l.c.m. of the numberg(E)

over all G-torsors over all field extension. This statement is known as Grothendieck’s
theorem [6, Theorem 2]. The prime divisors of the torsion indgxare called the
torsion primes ofG.

Let G be a split semisimple group and [BtC G be a parabolic subgroup. Suppa’e
is a special group (for exampl@®, is a Borel subgroup of;). By Lemma 6.5, it follows
that the canonical dimension @ (resp. cg,(G)) is the supremum of the canonical
dimension of E/P (resp. cg(E/P)) over all G-torsors over all field extensions of
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F. Let E be aG-torsor. Note that the varietf/P is projective. In order to apply
Theorem5.8 to the varietyE /P, we need the following:

Corollary 6.8. The varietyE/P is generically cellular

Proof. By Lemmat.5, the torsolE is split over the function field. = F(E/P), hence
E; ~ G and therefora E/P); >~ (G/P).. The latter variety is cellular. O

Theorems 5.8 and 6.4 yield

Theorem 6.9. Let G be a split semisimple group and I€tC G be a special parabolic
subgroup(for examplea Borel subgroup Denote byCH(G/ P) the image of the graded
ring homomorphisnp; : CH(BP) — CH(G/P). Thencd,(G) for a prime p, is equal
to the smallest integer such thatCH;(G/P) is not contained inpCH,; (G/P).

Remark 6.10. The canonical dimension ¢dG) is positive if and only ifp is a torsion
prime of G (see Remarl6.7). Indeed, by Theorem 6.9, pd5) = O if and only if
CHo(G/P) is not divisible by p in CHo(G/P), where P is a Borel subgroup of;.
Since CH(G/P) is an infinite cyclic group generated by the class of a rational point,
the latter is equivalent to the condition thatdoes not divideg, i.e., p is not a torsion
prime of G.

7. Remarks onCH G/ P)

Let P be an arbitrary subgroup of an algebraic graGp Let P — GL(V) be a
finite-dimensional representation. The groBpacts (on the right) on the productx V
by (g,v)-p=(g-p, p~t-v). The factor variety(G x V)/P is a vector bundle over
G/ P, we denote it by Bu@V).

We can viewV as a P-equivariant vector bundle over the point SgecFor any
n >0, thenth P-equivariant Chern class, (V) is an element of CH B P) (see [4]).

Let T be a split torus. There is a canonical isomorphism

S(T) 5> CH(BT),

(where? is the character group df, S stands for the symmetric algebra) defined by
the property that the image of a characjers the first Chern classi(y) wherey is
considered as a 1-dimensional representatiod ¢#, 3.2].

Let P be a special parabolic subgroup of a split semisimple algebraic giouget
T be a maximal split torus contained i and letWp be the Weyl group ofP. Since
P is special, the canonical homomorphism

CH(BP) — CH(BT)"r = S(T)"»

is an isomorphism [4, Proposition 6]. Identifying CBIP) with S(f)WP, we get a
homomorphism

og : S(TY"? — CH(G/P)
with the image the subrin@H(G/P).
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Lemma 7.1. Let g1, 2, -+ -\ fm € T be the charactergwith multiplicitieg of a repre-
sentation? — GL (V). Lets, € S”(T)WP be the elementary symmetric polynomials in
the charactersy;. Thenog(s,) = ¢, (Bun(V)).

Proof. By naturality of the Chern classes, we hayg (c,(V)) = ¢,(Bun(V)). On
the other hand¢, (V) is the nth elementary symmetric polynomial in the characters
of v. O

Remark 7.2. Let G be a split semisimple group over an arbitrary field (of an arbitrary
characteristic),B € G a Borel subgroupy C B a split maximal torusW the Weyl
group of G. The closuresX,, of the cells BwB/B of the cellular varietyG/B are
indexed by the elements € W and calledgeneralized Schubert varietiesf G/B;
moreover, dimX,, = l[(w), wherel: W — Z¢ is the length function. Taking the
unique maximal length elementg € W and settingX® = X,,,,, we get a different
(preferable for us) indexation of the same varieties, for which cadim= [(w). The
group CHG/B) is free and the class¢X "], calledgeneralized Schubert classderm
its basis.

The following formula for the product of a 1-codimension Schubert class with an
arbitrary Schubert class is given [8, 84.4 Corollary 2]:

(X7 (X" =) (Y, o) - [XV],
B

whereo is a simple rootw, its fundamental weights, € W the reflection with respect

to «; 8 runs over the set of positive roots such thab - sp) = I/(w) +1, andpY is the

dual tof root. Note that the coefficients of this formula depend only on the root system;
in particular, they do not depend on the base field and its characteristic. Moreover, this
formula completely determines the multiplication table of the bgxi¥], w € W,
because théd-algebra CHG/B) ® Q is generated by CHG/B) [3].

Remark 73. LletP =8B be a Borel subgAroup of;. We haveWg = 1 and therefore
the subringCH(G/B) is generated byp;(T). In the case of simply connected, for
the weightw, of a simple rootx, one has the formula

pc(wy) = —[X**], [3, 84 formula (7)]

which also determineg in the non simply connected case. This formula also shows
that if the groupG is simply connected, thelsz(T) = CHY(G/B), and therefore
CH(G/B) is the subring of CKG/B), generated by CHG/B).

Remark 7.4. From Theorem6.9 and Remark 7.3, we see that

(1) if G1 andG> are split semisimple groups, then&di1x G2) = cd,(G1)+cd,(G2);
(2) if G' — G is a central isogeny of split semisimple groups, thep(¢d) <cd,(G).

Remark 7.5. Let us consider pairg®, A), consisting of a root syste® and a sub-
group of the quotient of the weight lattice d@f by its root lattice. An isomorphism of
pairs (0, A) — (@', A’) is an isomorphism of the root systemis— @' such that the



18 N.A. Karpenko, A.S. Merkurjev/Advances in Mathematids i) 1i-in

induced isomorphism of the lattice quotients mapgo A’. To any split semisimple
algebraic groupG one attaches an isomorphism class of above pairs, to which we refer
asextended typef G. Theorem6.9 with Remarks 7.2 and 7.3 shows that, @) (for

any p) depends only on the extended type ®f It does not depend on the base field

F and, in particular, on the characteristic 6f (so that computing ¢c{G) one may
always assume tha¥ is defined ovelC).

8. Canonical p-dimension of split simple groups of classical types

In this section we compute canonicatdimension of all split simple groups of
classical types. We will need the following:

Lemma 8.1. Let R be a commutative ringr € R, and let A be the factor ring of

the polynomial ringR[x1, x2, ..., x,] modulo the ideal generated by the polynomial
X1+ x2+ -4+ x, —r. The symmetric groupy = S, acts onA by permuting thex;.
If R has trivial Z-torsion, then AW = R[s, s3, ..., s,], Wwheres; are the elementary

symmetric polynomials

Proof. Consider the naturaW-action on the ringR[x] = R[x1, x2, ..., x,]. We have

the exact sequence & R[x]—f> R[x] - A — 0, where the first map is the mul-
tiplication by f = x1 + x2 + --- + x, — r. Passing toW-invariants we get an exact
sequence

0— Rx]" 5 Rx1Y = AY = HY (W, Rlx).

The ring R[x]V coincides withR[s] = R[s1, 52, . . ., s,]. The monomials in the variables
x; form a permutation basis of th®-module R[x]. By the Faddeev-Shapiro lemma,
the groupHL(W, R[x]) is a direct sum of the groupg1(W’, R) = Hom(W’, R) for
certain subgroups¥’ c W. Since R has trivial Z-torsion, the latter group is trivial.
Therefore,

AY = R[s1/(f) = Rls2, 53, ...,s,]. O
8.1. TypeA,_1

A split simple group of typeA,_1 is isomorphic toG = SL(n)/u;, wherel is a
divisor of n. Let P C SL(n) be the stabilizer of the liné/ =[1:0:...:0] e P 1
with respect to the natural action &L(n) on P"~1. The semisimple part of is
SL(n — 1) and it intersectyy trivially. Hence the parabolic subgroupy = P/ of G
is special. We have&s /P, = P"~ L.

The intersectior?” of the group of diagonal matrice3(n) of GL (n) with SL(n) is
a maximal torus ofSL(n). The character grouff is identified with the factor group
of 7" = D/(n\) with the standard basisi, x2, ..., x, by the subgroup generated by
X1+ x2+ 4 Xy The character group of the maximal torés = 7/ of G is
the subgroup of7’ consisting of all sums)_a;x; such that) a; is divisible by I.
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Hence, T; is generated byx; and x; — x1 for all i = 2,....n with the relation
> is2(xi —x1) = —nx1.

The Weyl groupW = Wp, is the symmetric groupS,—1, permutingxo, ..., x,.
Applying Lemma8.1 to the ringR = Z[Ix1], the elementr = —nxj, the variables
x; —x1 and the groupWw, we getS(ﬁ)W = 7Z[lx1, 52, 53, ..., s,_1], where thes; are
the elementary symmetric polynomials in the— x1, i > 2.

The groupP acts naturally on the spadé = F”". The characters of this representation
are x1, x2, ..., x,. The corresponding vector bundle Buf) over pr-1= SL(n)/P =
G/ P, is the trivial vector bundle of rank. The lineU can be viewed as a 1-dimensional
representation ofP given by the charactex;. We have BuU) = LY, where L is
the canonical line bundle of"~! (with the sheaf of section§)(1)). Consider the
representation = (V/U) ® UY of the group P with the characters; — x1 for all
i = 2,...,n. Note that the groupy is contained in the kernel of the representation,
henceM is a representation of;.

By Lemma 7.1, we havep;(Ix1) = lc1(LY) = —lh, whereh € CHy(P™ 1) is
the class of a hyperplane, and algg;(s;) = c;(Bun(M)) for all i. Hence the sub-
ring, CH(P"~1) of CH(P""Y) = Z[h]/(h") is generated byh and the Chern classes
¢;i(Bun(M)). Since

Bun(M) = (Bun(V)/Bun(lU)) ® Bun(U") = (Bun(V)/L"Y) ® L,
the classBun(M)] is equal ton[L]—1 in Ko(P"™1). Hence,c.(Bun(M)) = co(L)" =
(1+ h)". Thus the subrin@(P"‘l) is generated bys and (7 ) hfori=2 ...,

n—1.
Let p a be prime integer and lgi* be the largest power g dividing n. Note that

the binomial coefficien(?) is divisible by p unlessi is divisible by p*. The largest

value ofi < n such that(?) is not divisible by p is n — p*. By Theorem 6.9,

k . - .
| p* =1 if pdividesi,
cdp (SLOn/m) = { 0 otherwise.

Denote by CSA,(K) the set of isomorphism classes of central simflelgebras
of degreen and exponent dividing. The exact sequence & w — SL(n) —
SL(n)/wm — 1 yields a surjective map Tai), (K) — CSA, (K) with trivial
kernel. By Remark 3.7,

—1 if p divides/,

Kk
_Jp
cd,(CSA.1) = { 0 otherwise.

8.2. TypeB,

The only torsion prime ip = 2.
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Taking a (2+1)-dimensional vector space, endowed with a completely split quadratic
form, let a vectorg together with vectore;, f;, i =1,2,...,n form a basis such that
{ei, fi} are pairwise orthogonal hyperbolic pairs, whigeis orthogonal to alle;, f;.

Let G = SO(2n + 1) be the corresponding special orthogonal group. The inclusion
of D(n) into SO(2n + 1) given by (e;) = tie;, t(fi) = tl-_lf,- andr(g) = g, where

t = diag1y, ..., t,), identifiesD(n) with a maximal torus’ of SO(2rn+1). In particular,

the group? is identified with 7" = S(n\) We write x1, xo, ..., x, for the standard
basis of7".

Let V be the totally isotropic subspace of dimensiengenerated by all the;.
Denote byP the stabilizer ofV in G, so thatX = G/P is the variety of all dimension
n totally isotropic subspaces. The characters of the natural represenkatiorGL (V)
arexi, x2, ..., X,. The vector bundle BuiV) over X is the tautological vector bundle.

The groupW = Wp is the symmetric grou$, permuting thex;. The semisimple
part of P is SL(n), so thatP is special.

We haveS(f)W = Z[s1,52, ..., 5q], whereskNare the elementary symmetric poly-
nomials in thex;. By Lemma7.1, the subringCH(X) of CH(X) is generated by the
Chern classes of Bul). These Chern classes are divisible by 2 in(@h[13, Chapter

lll, Theorem 6.11]. ThusCh/ (X) = 0 if j > 0. We conclude by Theorem 6.9 that
nn+1)

chSO2n + 1) =

(see also Examples 3.6 and 5.11). The set ggps+1)(K) is identified with the set
of similarity classes ,11(K) of non-degenerate quadratic forms of dimensiant2L
over K. Thus,

nn+1)

CthQo41 = >

Let G = Spin(2n + 1) be the spinor group. There is an exact sequence
l>pwp—->T —->T—1,

where 7’ is a maximal torus ofSpin(2n + 1). We haveT’ = T + Zy = 7" + Zy,
wherey = (x1+---+x,)/2. By Lemma 8.1 applied to the rin§ = Z[y], the element
r =2y and the groupW, the ringS(T)" is the polynomial ringZ[y, s2, 53, . . ., 5,1.

By Lemma 7.1,p5(s1) = c1(Bun(V)). The latter class coincides withe 2vheree is
a generator of CHX) [13, Chapter Ill, Theorem 6.11]. Sincg = 2y and CH(X)
is torsion free, we have;(y) = e.

As noted above, the images of thein CH(X) are divisible by 2. Hence the image
of CH(X) in Ch(X) = CH(X)/2 is the subring generated lymod 2. Letm be the
smallest integer such that'2- n. Thene?" = 0 ande?”~1 £ 0 in Ch(X) [13, Chapter
lll, Theorem 6.11]. Thus,

nn+1
2

cthSpin(2n + 1) = - 2" 4+ 1.

Let Q,,,1(K) be the subset of ,1(K) consisting of all classes of forms with triv-
ial even Clifford invariant. The exact sequence>1u, — Spin(2n+1) — SO(2n + 1)
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— 1 yields a surjective map Tdginzq+1)(K) — Qz,41(K) with trivial kernel.
In particular,
nn+1)

2"+ 1
5 +

chQpy41 =

8.3. TypeC,

The groupSp(2n) is special, so that ¢bp(2n) = 0 for all p.

Let G = PGSp(2n) be the projective symplectic group. The numher= 2 is
the only torsion prime ofG. Instead of applying the general method, we proceed as
follows.

The set Torsgspzn) (K) is identified with the set of isomorphism classes A$K)
of central simplek -algebrasA of degree 2 with a symplectic involutio12, §29.22].
The forgetful functor ASJ, — CSAy, 2 has trivial kernel and is surjective. Therefore,
by Remark 3.7 and (8.1),

cdhPGSp(2n) = cthASlp, = cdrCSAg, 2 = 2F — 1,

where 2 is the largest power of 2 dividingn2

8.4. TypeD,

Let {e;, fi}, i =1,2,...,n be pairwise orthogonal hyperbolic pairs of a hyperbolic
quadratic form of dimensions2 The inclusion ofD(r) into SO(2r) given byt (e;) =
tie; and t(f;) = tlflf,-, wheret = diag{t, ..., 1), identifies D(n) with a maximal

torus T’ of SO(2n). In particular, the grouf” is identified withZ" = D/(n\) We write
X1, X2, ..., x, for the standard basis of”.

Let V be the totally isotropic subspace of dimensiorgenerated by all the; and
let U be the lineFe;. Denote byP the stabilizer of the flag/ c V in G = Spin(2n)
and setX = G/P. The semisimple part of is isomorphic toSL(rn — 1) and intersects
trivially the center ofG. Hence the image of in any simple group of type, (under
a central isogeny ot;) is a special group.

Let Y be the connected component of the scheme of maximdirfensional) totally
isotropic subspaces such thitis a point of Y. The natural morphisny : X — Y is
the projective bundle associated with the tautological vector buBdtver Y of rank
n. In particular,
nn—1

2
Note that Y is isomorphic to the projective homogeneous variety of the group
Spin(2n — 1) considered in the typeB,_1. The Chern classes aof in CH(Y) are
divisible by 2 (see the typa,), hence ClX) = Ch(Y)[h]/(h"), whereh = c¢1(L) for
the canonical line bundlé. over X.

Similar to the caseB,, the character group of the maximal torfisof Spin(2n) is
equal toZ" +Zy, wherey = (xy+x2+---+x,)/2. Setx] = x; —xy fori =2,...,n, so

dm X =dmY+®n-1) =

+((n-1.
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thatx, +---+x,, = 2y —nx1. The symmetric groupy = Wp permutes the:! and acts
trivially on y andx;. Applying Lemmas.1 to the variables!, the ring R = Z[y, x1]
and the element = 2y — nx; we see thaS(f)W =7y, x1, 82, ..., S,—1], where the
s; are the elementary symmetric polynomials in tje

Consider the homomorphism (reduced modulo 2)

0 ZIy, x1,52, ..., sp—1] = Ch(X) = Ch(Y)[h]/(h").

As in the caseA,_1, we have BuU) = LY and thereforep;(x1) = c1(LY) = —h.
Similar to the caseB,, the classe = ¢s(y) is a generator of CY). Recall that
e?"~1 £ 0 ande?” = 0 wherem is the smallest integer such that 2n.

Similar to the cased,,_1, we observe by Lemma 7.1 that the images of thén
Ch(X) are the Chern classes of the vector bungfé(E)/LY) ® L. The class of this
bundle inKo(X) is equal to[ f*(E)® L]—1. Since the Chern classes Bfare divisible
by 2, we can replacé by the trivial bundle of rank: and replace f*(E) ® L] by

n[L]. As in the caseA,_1, we see thatp;(s;) = (7 ) K.
The subringﬁ](X) =Im(g;) is generated by ande. The largest degree nontrivial
monomial ink ande is h"~1¢2"~1. By Theorem 6.9,

n(n—l)_zm_'_1

cdr Spin2n) =dmX - n-1) - 2" -1 =

Let Q,,(K) be the subset of the sebQK) of isomorphism classes of non-degenerate
quadratic forms of dimensionn2consisting of all classes of forms with trivial discrim-
inant and Clifford invariant. The exact sequence>lu, — Spin(2n) — SO(2n) — 1
yields a surjective map Togginzq) (K) — Q,,(K) with trivial kernel. In particular,

_ ~1
cchQ,, = ”(”2 ) _om4q,

Now let G = SO(2n). Recall that the character gro@ of the maximal torusl”’ of
G is the subgroup of generated by all the;. Thus we hav§(T") = Z[x1, x2. . .., x4]
and thereforeS(T/)W = 7Z[x1, 51, ..., s,—1]. The subringCh(X) is then generated by
h. The largest degree nontrivial monomial inis 2"~1. By Theorem 6.9,

nn—1)

cdhSO2n) =dmX —(n—1) = 5

Let Q,,(K) be the subset of the setxyJK) consisting of all classes of forms with
trivial discriminant. There is a canonical bijection Tegg,) (K) = Q,, (K). Therefore,

cth Q) = n(nz— 1).

Let G = PGO™(2n) be the projective orthogonal group. L&t be the image of the
maximal torus7 under the canonical isoger§pin(2n) — G. The character_group

T is the subgroup ofl generated by all the simple roots. Thus we h&(@) =
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Z[2x1, xb, ..., x,] and thereforeS(%)W = Z[2x1, 51, . . ., sa—1]. The subringCh(X) is
then generated b)<:’>h". Let 2 be the largest power of 2 dividing. Note that

the binomial coefficient(?) is even unless is divisible by Z. The largest value of

i <n such that(?) is odd isn — 2€. The largest degree nontrivial monomial Anis

(: o ) h"=2 . By Theorems.9,
nn-—1) Py

ch PGOT(2n) =dim X — (n — 25) = 5

-1

Let AQP;, (K) be the set of isomorphism classes of central simple algebras of degree
2n with a quadratic pair with trivial discriminant [12, §29.F]. The exact sequenee 1
PGO"(2n) — PGO(2n) — 7Z/2Z — 1 vyields a surjective map Tasgot (2n) (K) —
AQP,, (K) with trivial kernel. In particular,

_1
cdh AQP,, = ”(”—2) y2 -1

Suppose now that is even. There are two isomorphic semispinor groups. We set
Spin~(2n) = Spin(2n)/H, where H is the intersection of Keg) with the center of
Spin(2n). Let T” be the image of the maximal torug under _the canonical isogeny
Spin(2n) — G. The character group df” is the subgroup of" generated by all the
simple roots andy. Thus we haves(T") = Z[y, 2x1, x5, ..., x;,].

Applying Lemma 8.1 to the elements, the ring R = Z[y, 2x1], and the element
r =2y —nx1, We see thaS(f”)W = 7[y, 2x1, 52, . .. Sp_1].

The subringffh(X) is then generated by and (? > h. The largest degree nontrivial

monomial ink ande is (n 2k>h”—2ke2m—1. By Theorem 6.9,

cth Spin~(2n) = dim X — (n — 26) — (2" — 1) = ”(”2_ Do

Let AQP,,(K) be the set of isomorphism classes of central simple algebras of degree
2n with a quadratic pair with trivial discriminant and trivial component of the Clifford
algebra. The exact sequence—% u, — Spin~(2n) — PGO'(2n) — 1 yields a
surjective map Tokin~ 2, (K) — AQP, (K) with trivial kernel. In particular,

—1
cdh AQP,, = ”(”2 ) 4ok _om,
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Appendix. Type G2

The only torsion prime is 2. Since Tars> Qg for a split simpleG of type G2, we
have cd(G) = cdx(Qg) = 3 (see §8.4).
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