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Abstract. For a given sequence of integers(ni)
∞
i=1 we consider all the central simple algebrasA

(over all fields) satisfying the condition indA⊗i = ni and find among them an algebra having
the biggest torsion in the second Chow group CH2 of the corresponding Severi–Brauer variety
(‘biggest’ means that it can be mapped epimorphically onto each other). We give a description of
this biggest torsion in the general case (via the gamma filtration) and find out when (i.e. for which
sequences(ni)

∞
i=1) it is nontrivial. We also make an explicit computation in some special situations,

e.g. in the situation of algebras of a square-free exponente the biggest torsion turns out to be (cyclic)
of ordere. As an application we prove indecomposability for certain algebras of a prime exponent.
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0. Introduction

We consider finite-dimensional central simple algebras over fields. LetA be such
an algebra andX = SB(A), the corresponding Severi–Brauer variety ([3, §1]).
We are interested to describe the torsion in the second Chow group CH2(X) of 2-
codimensional cycles onX modulo rational equivalence (the question seems more
natural if one takes in account that the groups CH0(X) and CH1(X) never have a
torsion). Here are some preliminary observations. The group Tors CH2(X) is finite
and annihilated by indA. Further, ifA′ is another algebra Brauer equivalent toA

andX′ = SB(A′) then by [21, lemma (1.12)] or [15, cor. 1.3.2]

Tors CH2(X) ' Tors CH2(X′) .

Finally, if A = ⊗pAp is the decomposition of an algebraA into the tensor product
of its primary components andXp = SB(Ap) for each primep, then

Tors CH2(X) '
⊕
p

Tors CH2(Xp)

or, in other words, thep-primary part of the group Tors CH2(X) is isomorphic to
Tors CH2(Xp) (Proposition 1.3).

Summarizing, we see that the problem to compute Tors CH2(X) for all algebras
reduces itself to the case of primary division algebras.
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Now consider the Grothendieck groupK(X) = K0(X) together with the gamma
filtration (Definition 2.6):

K(X) = 00K(X) ⊃ 01K(X) ⊃ . . . .

One has a canonical epimorphism (see the proof of Corollary 2.15)

02/3K(X) →→ CH2(X)

of the quotient

02/3K(X) = 02K(X)/03K(X) .

We consider the group02/3K(X) as an upper bound for CH2(X) and will show that
in the primary case this upper bound is in certain sense the least one.

To formulate it precisely, let us call the sequence(ind A⊗i )∞i=1 thebehaviour of
A. A sequence of integers(ni)

∞
i=1 will be called a(p-primary) behaviour if it is

the behaviour of a(p-primary) algebra.
Suppose thatA is a division algebra. The Grothendieck groupK(X) depends only

on the behaviour ofA (Theorem 3.1). Moreover,K(X) together with the gamma
filtration (and the group02/3K(X) in particular) depend only on the behaviour in
Corollary 3.2 and our main observation is Theorem 3.13:

For any primary behaviour (and any given field) there exists a division algebra
Ã (over an extension of the field) of the given behaviour for which the canonical
epimorphism02/3K(X̃) →→ CH2(X̃) with X̃ = SB(Ã) is bijective.

The construction of the algebrãA is rather simple (Definition 3.12). We take a
division algebra (over a suitable extension of the field) of the index as in the given
behaviour and of the exponent coinciding with the index. After that we pass to the
function field of a product of certain generalized Severi–Brauer varieties in order to
change the behaviour in the way prescribed.

Since the groups02/3K(X) and CH2(X) have the same rank (Proposition 2.14)
(rank 1 if X is a Severi–Brauer variety of dimension at least 2), we also have an
epimorphism of the torsion subgroups

Tors02/3K(X) →→ Tors CH2(X)

which is moreover bijective iff02/3K(X) →→ CH2(X) is (Corollary 2.15). So,
formulating the main observation we may replace (and we do replace) both the
groups02/3K(X) and CH2(X) by their torsion subgroups.

The gamma filtration for a Severi–Brauer varietyX and the group Tors02/3K(X)

in particular are from the so to say ‘algebro-geometrical’ point of view very easy
to compute (Propositions 4.1, 4.6 and 4.10):K(X) is a subring ofK(P) whereP

is a dimX-dimensional projective space and the Chern classes onX with values in
K (Definition 2.1 and Remark 2.2) needed to determine the gamma filtration are
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simply the restrictions of the Chern classes onK(P). However to get the answer in
a final form (say, to find the canonical decomposition of the finite Abelian group
Tors02/3K(X) for any primary behaviour) further calculations are required which
can be done, e.g. by computer in every particular situation (i.e. for every particular
behaviour) but seem to be not easy in the general case. Our main efforts in this
direction are made in Propositions 4.7, 4.9, 4.13 and 4.14 where we firstly find out
when this group is nontrivial (Propositions 4.7 and 4.9) and after that describe a wide
class of situations when this group is cyclic and compute its order (Propositions 4.13,
4.14, see also Example 4.15).

To the structure of the article.
In Section 1 we reduce the problem of computation of Tors CH2(SB(A)) for an

arbitrary central simple algebraA to the case when indA is a power of a prime.
In Section 2 we recall and partially prove certain general facts on the Chern class-
es (with various values) and on the gamma-filtration. In Section 3 we make the
main observation. In Section 4 we investigate the group02/3K for various primary
behaviours.

In Section 5 we consider algebras of prime exponent. We show that the group
Tors CH2(X), whereX = SB(A) for an algebraA of a prime exponentp, is (cyclic)
of orderp or trivial (Proposition 5.1). Moreover, ifA decomposes(into a tensor
product of two smaller algebras), then Tors CH2(X) = 0 (Proposition 5.3). However,
the torsion group is non-trivial ifA is a ‘generic’ division algebra of indexpn and
exponentp (see Example 4.12 for the definition) withn > 2 for an oddp andn > 3
for p = 2 (Proposition 5.1). Thus we obtain a wide family of indecomposable
algebras (Corollary 5.4) which can be constructed over an extension of any given
field (without any restriction on the characteristic in particular). Here is a list of
some articles where the question of indecomposability for central simple algebras
was considered previously [2, 26, 29, 9, 13]. The method of [13] is close to but
different from the one presented here; it does not cover the casep = 2.

Some additional notations concerning filtrations onK(X) are introduced in Sec-
tion 2.

The 57 items of suggestions and remarks made by the referee essentially improved
the final version of the article.

1. Reduction to the Primary Case

In this Section,A is a central simple algebra over a fieldF , Ap (for every prime
numberp) stays for thep-primary component ofA, finally

X = SB(A) and Xp = SB(Ap).

For an Abelian groupC, we denote byCp its p-primary part.
Let E/F be a finite field extension. Consider the homomorphisms

resE/F : CH2(X) → CH2(XE) and NE/F : CH2(XE) → CH2(X).
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The projection formula shows that the compositionNE/F ◦ resE/F coincides with
the multiplication by [E : F ].

LEMMA 1.1. The compositionresE/F ◦ NE/F coincides with the multiplication by
[E: F ] as well.

Proof. Consider the homomorphisms resE/F and NE/F on the Grothendieck
groupsK(X) andK(XE). Since these groups are torsion-free and have the same
rank (Theorem 3.1), and since the compositionNE/F ◦ resE/F is the multiplication
by [E : F ], the composition taken in the other order is the multiplication by [E : F ]
as well. Since the second Chow group coincides with the second successive quotient
of the topological filtration on the Grothendieck group (see, e.g., [10, (3.1)]), we are
done.

COROLLARY 1.2. If [E : F ] is not divisible by a given prime numberp, then

CH2(X)p ' CH2(XE)p . 2

PROPOSITION 1.3.For every primep, thep-primary part of the groupCH2(X)

coincides with the torsion ofCH2(Xp).
Proof. Fix a primep and a finite field extensionE/F of degree prime top such

that the algebraAE is Brauer equivalent to(Ap)E . We have

CH2(X)p ' CH2(XE)p ' CH2((Xp)E)p ' CH2(Xp)p

(for the first and the third steps, we use the corollary). Since Tors CH2(Xp) is anni-
hilated by indAp, we finally get

CH2(Xp)p = Tors CH2(Xp) . 2

2. Chern Classes and Gamma Filtration

In this Section, we are working with the category of smooth projective irreducible
algebraic varieties over a fixed field. The Grothendieck ringK is considered as a
contravariant functor on this category.

DEFINITION 2.1 (Chern classes with values inK). The total Chern classct is a
homomorphism of functors

ct : K+ −→ K[[ t ]]×

(where the left-hand side is the additive group of the ringK while the right-hand
side is the multiplicative group of series in one variablet over K) satisfying the
following property: ifξ ∈ K(X) is a class of an invertible sheaf on a varietyX then
ct (ξ) = 1 + (ξ − 1)t .

One defines the Chern classesci : K → K by putting

ct =
∞∑
i=0

ci · t i .
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Remark2.2. Usually, one does not use the name ‘Chern classes’ for the mapsci

defined above, e.g., since unlike the Chern classes in Definitions 2.7, 2.8 and 2.11
they do not satisfy the rulec1(ξ ·η) = c1(ξ)+ c1(η) for classes of invertible sheaves
ξ andη.

PROPOSITION 2.3.Chern classes with values inK are unique.
Proof. Follows from the

LEMMA 2.4 (Splitting principle, [20, prop. 5.6]).For any varietyX and anyx ∈
K(X) there exists a morphismf : Y → X such that:

(1) f is a composition of some projective bundle morphisms;
(2) f ∗(x) ∈ K(Y) is a linear combination (with integral coefficients) of classes of

some invertible sheaves.

To obtain uniqueness of the Chern classes just note that the homomorphismf ∗ :
K(X) → K(Y) in the lemma is injective.

PROPOSITION 2.5.Chern classes with values inK exist.
Proof. Here is the way of constructing due to Grothendieck with the original

notations ([20, Theorem 3.10 and Section 8]).
Take a varietyX. First one constructs a homomorphismλt : K+ −→ K[[ t ]]× by

sending the class of a locally free sheafE to λt ([E]) = ∑∞
i=0 [3iE] · t i where3iE

is theith exterior power ofE.
After that one considers another homomorphismγt : K+ −→ K[[ t ]]× namely,

γt = λ t
1−t

(thisγt gave the name of the gamma filtration).

Finally, one putsct = γt ◦ (id − rk) where rk:K(X) → Z is the rank homomor-
phism (followed by the inclusionZ ↪→ K(X) more precisely). 2

DEFINITION 2.6 (Gamma filtration). The gamma-filtration

K(X) ⊃ 00K(X) ⊃ 01K(X) ⊃ . . .

is the smallest ring filtration onK(X) such that00K(X) = K(X) and

ci
(
K(X)

) ⊂ 0iK(X) for all i > 1 .

In other words, for everyl > 0, 0lK(X) is the subgroup ofK(X) generated by all
the products

ci1(x1) . . . cir (xr) with xj ∈ K(X) and
r∑

i=1

ij > l

(it might be not immediately clear but it is nevertheless easy to see that the group
K(X) = 00K(X) is really also generated by these products).

In particular,01K(X) = Ker(rk: K(X) → Z).
We denote by G∗0K(X) the adjoint graded ring.
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DEFINITION 2.7 (Chern classes with values in G∗0K). For any varietyX, we call
the induced mapsci : K(X) → Gi0K(X) the Chern classes with values in G∗0K.
The total Chern classct is the homomorphism

ct : K(X)+ −→

 ∞∑

i=0

Gi0K(X) · t i




×

It is a morphism of functors andct (ξ) = 1 + (ξ − 1)t for a classξ ∈ K(X) of an
invertible sheaf onX ((ξ − 1) is considered as an element of G10K(X) in the last
formula).

Side by side with the gamma filtration we consider the topological filtration on
K(X) (in fact defined onK ′

0(X)) ([25, Section 7]):

K(X) = T0K(X) ⊃ T1K(X) ⊃ . . . .

Note that

T1K(X) = Ker(rk: K(X) → Z) = 01K(X) .

We will denote by G∗TK(X) the adjoint graded ring.

DEFINITION 2.8 (Chern classes with values in G∗TK). The total Chern classct is
a homomorphism of functors

ct : K
+ −→


 ∞∑

i=0

GiTK · t i




×

satisfying the propertyct (ξ) = 1 + (ξ − 1)t .

One defines the Chern classesci : K → GiTK by puttingct = ∑∞
i=0 ci · t i .

PROPOSITION 2.9.Chern classes with values inG∗TK are unique.
Proof. Follows from the splitting principle (Lemma 2.4) since the homomorphism

f ∗: G∗TK(X) → G∗TK(Y)

is injective ([7, lemma 3.8 of chapter V]). 2

PROPOSITION 2.10.Chern classes with values inG∗TK exist.
Proof. Simply compose the Chern classes with values in CH∗ (Definition 2.11)

with the canonical epimorphism CH∗ →→ G∗TK mapping a class [Z] ∈ CH∗(X)

of a simple cycleZ ⊂ X to the class of the structure sheafOZ of Z prolonged toX
by 0. 2

DEFINITION 2.11 (Chern classes with values in CH∗). We repeat Definition 2.8,
replacing G∗TK by CH∗. In the formulact (ξ) = 1+(ξ −1)t , we consider(ξ −1) as
an element of CH1(X) via the canonical isomorphism CH1(X) ' G1TK(X) ([25,
Section 7.5]) described in the proof of Proposition 2.10.
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PROPOSITION 2.12.Chern classes with values inCH∗ are unique.
Proof. Follows from the splitting principle (Lemma 2.4) since the homomorphism

f ∗: CH∗(X) → CH∗(Y ) is injective.

PROPOSITION 2.13 ([6, Section 3.2]).Chern classes with values inCH∗ exist.

Now we establish certain connections between the gamma filtration and the topo-
logical one.

PROPOSITION 2.14.For any varietyX,

(1) 0iK(X) ⊂ TiK(X) for all i;
(2) 0iK(X) = TiK(X) for i < 2;
(3) 0iK(X) ⊗ Q = TiK(X) ⊗ Q for all i.

Proof. (1) [7, Theorem 3.9 of chapter V]. (2) We only need to manage the case
i = 2.

There are canonical isomorphisms

G10K(X) ' Pic(X) ([7, remark 1 in Section 3, chapter IV]);
CH1(X) ' G1TK(X) ([25, Section 7.5])

(the definition of the second map is given in the proof of Proposition 2.10).
Since02K(X) ⊂ T2K(X) we have a surjection G10K(X) →→ G1TK(X)

which gives an epimorphism Pic(X) → CH1(X). But the latter map is an isomor-
phism ([8, cor. 6.16]). Thus02K(X) = T2K(X).

(3) [7, proposition 5.5 of chapter VI]. 2

COROLLARY 2.15.One has an exact sequence

0 → T3K(X)/03K(X) → Tors G20K(X) → Tors CH2(X) → 0 .

Proof. The equality02K(X) = T2K(X) and the inclusion03K(X) ⊂ T3K(X)

stated in the proposition give an exact sequence

0 → T3K(X)/03K(X) → G20K(X) → G2TK(X) → 0 .

Consider the commutative diagram with exact columns

0 0
↓ ↓

Tors G20K(X)
(1)−→ Tors G2TK(X)

↓ ↓
G20K(X)

(2)−→ G2TK(X)

↓ ↓
G20K(X)/Tors

(3)−→ G2TK(X)/Tors
↓ ↓
0 0



312 NIKITA A. KARPENKO

The map (2) is surjective. Hence, the map (3) is surjective as well. Since by the
proposition the map (3)⊗Q is bijective, the map (3) itself is bijective as well. Thus
(1) is surjective and the kernels of (1) and (2) coincide. So, we get the exact sequence

0 → T3K(X)/03K(X) → Tors G20K(X) → Tors G2TK(X) → 0 .

Finally, the canonical map CH2(X) → G2TK(X) is an isomorphism (see, e.g., [10,
(3.1)], the definition of the map is given in the proof of Proposition 2.10). 2

As a corollary of the uniqueness assertion 2.9, we get a connection between Chern
classes with different values:

LEMMA 2.16. The following diagram of maps commutes:

K(X)
ci

−→ CHi (X)

|↓ci
|↓can.

Gi0K(X) −→ GiTK(X)

Proof. Both the compositions are Chern classes with values in G∗TK (Defini-
tion 2.8) which are unique (Proposition 2.9).

Remark2.17. One can formulate a criterion (which will be used later) for when
the gamma filtration coincides with the topological one. It is clear from the very
Definition 2.6 that for any varietyX the ring G∗0K(X) is generated by the Chern
classes (with values in G∗0K). So, if the gamma and the topological filtrations are
the same, the ring G∗TK is generated by the Chern classes (with values in G∗TK

this time) as well.
The other way round, if G∗TK is generated by the Chern classes, then the homo-

morphism G∗0K(X) → G∗TK(X) is surjective whence the filtrations coincide.

3. Main Observation

From now on,X denotes the Severi–Brauer variety corresponding to a central simple
algebraA over a fieldF .

Denote byP the projective spaceXF̄ whereF̄ is an algebraic closure ofF and
let ξ ∈ K(P) be the class ofOP(−1). The ringK(P) is generated byξ subject to
only one relation(ξ − 1)n = 0, wheren = dimX + 1 = degA. We consider the
restriction mapK(X) → K(P) which is a ring homomorphism commuting with the
Chern classes of Definition 2.1.

THEOREM 3.1 ([25, Section 8, Theorem 4.1]).The mapK(X) → K(P) is injec-
tive; its image is additively generated by(ind A⊗i ) · ξ i (i > 0). 2

COROLLARY 3.2. For a division algebraA, the groupK(X) together with the
gamma filtration depends only on the behaviour ofA. 2
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PROPOSITION 3.3 ([11, Theorem 1]).If ind A = expA for an algebraA then (for
anyl > 0) thelth term of the topological filtrationTlK(X) is generated by all

ind A

(i, ind A)
(ξ − 1)i with l < i < degA

where(·, ·) denotes the greatest common divisor. In particular, the groupG∗TK(X)

is torsion-free.

PROPOSITION 3.4.If A is a primary algebra then

ind A

(i, ind A)
(ξ − 1)i ∈ 0iK(X) for any i > 0 .

Proof. Putn = ind A. Fornξ ∈ K(X) we have

ct (nξ) = ct (ξ)n = (
1 + (ξ − 1)t

)n
wherect is the total Chern class with values inK (the last equality holds by Defini-
tion 2.1). Whence

ci(nξ) =
(

n

i

)
(ξ − 1)i ∈ 0iK(X) .

In particular,(ξ − 1)n ∈ 0nK(X), thereby for the rest of the proof we may assume
thati < n. Moreover,

ni(ξ − 1)i = c1(nξ)i ∈ 0iK(X) .

The last observation is

LEMMA 3.5. If n is a power of a primep andn > i > 0 then
(
ni,

(
n

i

))
= n

(i, n)
.

Moreover, ifi 6= 0 thenvp

(n
i

) = vp(n) − vp(i), wherevp(i) is the multiplicity ofp
in i.

Proof. The casei = 0 is evident. Suppose thati 6= 0. If 1 < j < n thenvp(j) <

vp(n) and sovp(n − j) = vp(j). Hence

vp

(
(n − 1)(n − 2) · · · (n − (i − 1))

1 · 2 · · · (i − 1)

)
= 0

and

vp

(
n

i

)
= vp

(
n

i

)
= vp

(
n

(i, n)

)
.

2
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COROLLARY 3.6. If A is a primary algebra andind A = expA then the gamma
filtration onK(X) coincides with the topological one. 2

THEOREM 3.7.LetA be as in Corollary 3.6,X = SB(A). LetY1, . . . , Ym be some
generalized Severi–Brauer varieties ([4, Section 4]) of some algebras which are
(Brauer equivalent to) some tensor powers ofA.

The gamma filtration on the Grothendieck group of the varietyX over the function
fieldF(Y1 ×· · ·×Ym) coincides with the topological one. In particular, the epimor-
phism (Corollary 2.15)Tors G20K →→ Tors CH2 for this variety is bijective.

Proof. For everyYi the productX × Yi is a Grassmann bundle overX (with
respect to the first projection) (Corollary 6.4). Hence CH∗(X × Yi) is generated as a
CH∗(X)-algebra by the Chern classes of a locally free sheaf (see, e.g., [6, Proposition
14.6.5] or [19, (3.2)]). Taking the product of allX × Yi overX we obtain that

CH∗(X × Y1 × · · · × Ym)

is generated as a CH∗(X)-algebra by the Chern classes (of some locally free sheaves).
The homomorphism of CH∗(X)-algebras

CH∗(X × Y1 × · · · × Ym) → CH∗(XF(Y1×···×Ym))

(given by the pull-back) is surjective (see, e.g., [17, Theorem 3.1]). Whence the
right-hand side is generated as a CH∗(X)-algebra by the Chern classes as well.

Using the epimorphism CH∗ →→ G∗TK of the Chow ring onto the adjoint
graded Grothendieck ring we obtain the same statement as in the previous paragraph
but for G∗TK instead of CH∗ by meaning the Chern classes with values in G∗TK

this time.
The gamma filtration onK(X) coincides with the topological one (Corollary 3.6)

and therefore the ring G∗TK(X) is generated by the Chern classes (Remark 2.17).
Consequently, G∗TK(XF(Y1×···×Ym)) is generated by the Chern classes as a ring, not
only as a G∗TK(X)-algebra. It means that the gamma filtration onK(XF(Y1×···×Ym))

coincides with the topological one (Remark 2.17). 2

DEFINITION 3.8. LetA be ap-primary algebra. The sequence of integers

(logp ind A⊗pi
)
logp expA

i=0

is called the reduced behaviour of A.

EXAMPLE 3.9. The reduced behaviour of ap-primary algebraA with ind A =
expA = pn is n, n − 1, n − 2, . . . , 1, 0.

Proof. Suppose thatn > 0. By [1, lemma 7 on page 76], indA⊗p < ind A.
Moreover, indA⊗p > expA⊗p = pn−1. Thus indA⊗p = pn−1.

LEMMA 3.10. The behaviour of a primary algebra is completely determined by its
reduced behaviour. The reduced behaviour of an algebra is a finite strong decreasing
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sequence of integers with 0 in the end. Any finite strong decreasing sequence of
integers with 0 in the end is for any primep the reduced behaviour of ap-primary
division algebra.

Proof. LetA be ap-primary algebra. Ifi is an integer prime top then the splitting
fields of the algebraA are the same as the splitting fields of the algebraA⊗i . Therefore
ind A⊗i = ind A, what proves the first sentence of the lemma.

If in addition indA 6= 1 then indA⊗p < ind A ([1, lemma 7 on page 76]). It
proves the second sentence.

Finally, fix a sequencen0 > n1 > · · · > nm = 0 and a primep. A construction of
ap-primary algebra having the reduced behaviour(ni)

m
i=0 is given in [27, construc-

tion 2.8]. This construction involves function fields of usual Severi–Brauer varieties
only. We describe another known construction which involves function fields of gen-
eralized Severi–Brauer varieties as well and is more suitable for our purposes.

We start with a division algebraA (over a suitable field) for which indA =
expA = pn0 .

For eachi = 1, 2, . . . , m consider the generalized Severi–Brauer varietyYi =
SB(pni , A⊗pi

) (we define here SB(pni , A⊗pi
) to be the variety of rankpni left ideals

in A⊗pi
; its function field is a generic extension making the index ofA⊗pi

to be equal
to pni ).

Finally, we denote the function fieldF(Y1 × · · · × Ym) by F̃ and putÃ = A
F̃

.
Using the index reduction formula [4, theorem 5] or an improved version of this
formula [22, formula I] one can easily show that the algebraÃ has the reduced
behaviour(ni)

m
i=0. 2

Remark3.11. In the construction described in the proof above, it is not necessary
to use all of the varietiesYi : if ni = ni−1 − 1 for somei then the varietyYi can be
omitted.

DEFINITION 3.12. We refer to an algebrãA constructed like as in the above proof
(with taking the remark into account) as to a‘generic’ p-primary division algebra
of the reduced behaviour(ni)

m
i=0. Note that it can be constructed over an extension

of any given field.

THEOREM 3.13.Fix a primep and a reduced behaviour. If̃A is a ‘generic’ p-
primary division algebra of the given reduced behaviour (Definition 3.12) then the
epimorphism (Corollary 2.15)

Tors G20K(X̃) →→ Tors CH2(X̃) (where X̃ = SB(Ã))

is bijective. IfA is an arbitraryp-primary algebra of the same reduced behaviour
asÃ then there exists an epimorphism

Tors CH2(X̃) →→ Tors CH2(X) .
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Proof. The first part follows from Theorem 3.7 and from the definition of ‘generic’
algebras (Definition 3.12). The second part follows from Corollaries 2.15 and 3.2
and from the first one. 2

4. Computation of Gamma Filtration

Recall that we have putX = SB(A).

PROPOSITION 4.1.Let A be a p-primary algebra and(ni)
m
i=0 its reduced

behaviour. For anyl > 0, the group0lK(X) is generated by all the products

m∏
i=0

pni

(ji, pni )
(ξpi − 1)ji with ji > 0 and

m∑
i=0

ji > l (∗)

whereξ = [O(−1)] ∈ K(P).
Proof. The formula

cj (pni ξpi
) = (

pni atopj
)

(ξpi − 1)j where 0< j < pni

and Lemma 3.5 show that for anyj > 0 (even forj > pni ) the element

pni

(j, pni )
(ξpi − 1)j

lies in0jK(X) (compare with the proof of Proposition 3.4). Therefore, each product
(∗) lies in0lK(X).

For the opposite inclusion we need

LEMMA 4.2. Consider the polynomials overZ in one variableζ . For any integers
j, r > 0 the polynomial(ζ r − 1)j is equal to a sum∑

s > j

as(ζ − 1)s

with integersas such thats · as is a multiple ofj · r.
Proof. It is clear that

(ζ r − 1)j =
j ·r∑
s=j

as(ζ − 1)s

for some (uniquely determined)as ∈ Z. Taking the derivative we obtain the state-
ment on the coefficients. 2

As follows from Theorem 3.1, the additive groupK(X) is generated by allpni ξ rpi

with 0< i < m andr > 0. We have,

cj (pni ξ rpi
) =

(
pni

j

)
(ξ rpi − 1)j =

∑
s > j

(
pni

j

)
· as · (ξpi − 1)s .
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Since by the lemmaj | s ·as andvp

(
pni

j

)
equalsni−vp(j) or∞ (3.5), the coefficient

(
pni

j

)
· as is divisible by

pni

(s, pni )
.

Thus the Chern classcj (pni ξ rpi
) is a linear combination (with integral coefficients)

of

pni

(s, pni )
(ξpi − 1)s with s > j .

DEFINITION 4.3. Fix a prime numberp, a reduced behaviour(ni)
m
i=0, and consider

a polynomial ringZ[ζ ]. Let K ⊂ Z[ζ ] be the additive subgroup generated by all
pni · ζ r·pi

where 0< i < m andr > 0. Consider a filtration0 on K defined by the
formula of Proposition 4.1: for anyl > 0, the group0lK is generated by all the
products

m∏
i=0

pni

(ji, pni )
(ζpi − 1)ji with ji > 0 and

m∑
i=0

ji > l . (∗)

Note thatK is a ring and that for anyl1, l2 > 0 one has0l1K · 0l2K ⊂ 0l1+l2K .

LEMMA 4.4. In the notation of the definition, one has:

(1) K = 00K ;
(2) for anyl > 0, K ⊃ 0lK ⊃ 0l+1K ;
(3) if n is a multiple ofpn0, then0nK = (ζ − 1)nK .

Proof. (1) The inclusionK ⊂ 00K is evident. The inverse inclusion is a particular
case of the second statement of the lemma.

(2) The inclusion0lK ⊃ 0l+1K is evident. Fix an arbitraryl > 0. We prove the
inclusionK ⊃ 0lK using the third statement of the lemma. Choose a multiplen of
pn0 such thatn > l. Since0lK ⊃ 0nK = (ζ − 1)nK ⊂ K , it suffices to show that
K /(ζ − 1)nK ⊃ 0lK /(ζ − 1)nK . Find ap-primary algebraA (over an appropriate
field F ) having the reduced behaviour(ni)

m
i=0 (see Lemma 3.10 for the existence of

A). The latter inclusion follows now from Proposition 4.1.
(3) Since(ζ −1)n ∈ 0nK , the inclusion⊃ holds. One also sees immediately from

the definition that any polynomialf ∈ 0nK is of the kindf = (ζ − 1)n · h, where
h ∈ Z[ζ ]. We have to prove thath ∈ K . It is a consequence of the following lemma:

LEMMA 4.5. Let f , g andh are polynomials fromZ[ζ ] such thatf = g · h and
suppose that the free coefficient ofg equals±1. If f andg lie in K thenh lies in K

as well.
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Proof. Let

f =
∑
i > 0

fiζ
i , g =

∑
i > 0

giζ
i , h =

∑
i > 0

hiζ
i .

We prove thathiζ
i ∈ K using an induction oni. There is no problem with the

base of the induction becauseh0 ∈ K for any integralh0. Suppose thath1ζ, . . . ,

hi−1ζ
i−1 ∈ K . Polynomialf is equal to the product ofg andh; because of that we

have:

fiζ
i = ±hiζ

i + g1ζ · hi−1ζ
i−1 + · · · + gi−1ζ

i−1 · h1ζ + giζ
i · h0 .

Sinceg ∈ K , every its monomialgj ζ
j is in K as well (see the definition ofK ). By

the same reason,fiζ
i ∈ K . Hence,hiζ

i ∈ K . 2

If now A is ap-primary algebra of the reduced behaviour(ni)
m
i=0, the ring homo-

morphismK → K(X) mappingζ to ξ respects the filtrations and thereby induces a
homomorphism of graded groups G∗0K → G∗0K(X) .

PROPOSITION 4.6.For every0< l < degA the group homomorphismGl0K →
Gl0K(X) is bijective.

Proof. It is evidently surjective by Proposition 4.1. To see the rest, putn = degA.
By Lemma 4.4 and Theorem 3.1, the ring homomorphismφ: 00/nK → K(X) is
bijective. Consider the induced filtration on00/nK . We know that the bijective ring
homomorphismφ respects the filtrations and is surjective on the successive quotients.
Thus it is bijective on the successive quotients. 2

The proposition gives in particular a description of the group G20K(X) for any
p-primary algebraA of the reduced behaviour(ni)

m
i=0. We want to find out when

this group has a nontrivial torsion. We start with the case of an odd prime.

PROPOSITION 4.7.Let A be a p-primary algebra with an oddp. The group
G20K(X) has a torsion iffind A > expA.

Proof. See Proposition 3.3 with Corollary 3.6 for the ‘only if’ part.
Suppose that indA > expA. Then in the reduced behaviour(ni)

m
i=0 of A one has

ns < ns−1 − 2 for some s.
Using Proposition 4.6, we shall work with G20K instead of G20K(X).
Consider the element

x = pns−1−2(ζps − 1)2 − pns−1(ζps−1 − 1)2 ∈ 02K .

Sincex is divisible by (ζ − 1)3 in the polynomial ringZ[ζ ], since, moreover,
pn0(ζ − 1)3 ∈ 03K andpn0f (ζ ) ∈ K for any polynomialf (ζ ) by Definition 4.3,
one sees that a multiple ofx lies in03K . So, for our purposes it suffices to show that
x itself is not in03K .
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Let us act in the polynomial ringZ[ζ ] modulo pns−1−1. We havex ≡
pns−1−2(ζps − 1)2 .

Consider a generator of03K (Definition 4.3):

m∏
i=0

pni

(ji, pni )
(ζpi − 1)ji where ji > 0 and

m∑
i=0

ji > 3 . (∗)

We state that(∗) ≡ (ζps − 1)3 · f (ζps
), wheref is a polynomial. If we would

manage to show it, we could proceed as follows. Suppose thatx ∈ 03K . Then

pns−1−2(ζps − 1)2 = (ζps − 1)3 · f (ζps
) + pns−1−1 · g(ζps

)

for some polynomialsf andg. Cancelling bypns−1−2 and(ζps −1)2 and substituting
t = ζps − 1 we get:

1 = tf0(t) + pg0(t) ∈ Z[t ],

which is a contradiction becauset andp do not generate the unit ideal in the poly-
nomial ringZ[t ].

It remains to show that(∗) ≡ (ζps − 1)3 · f (ζps
) . If for all i < s the number

ji in the product(∗) equals 0 then even the exact equality (not only the congruence)
holds. Suppose thatji 6= 0 for somei < s. Write down thisji asji = pr · j with j

prime top. If ni − r > ns−1 − 1 then

pni

(ji, pni )
≡ 0

and, hence,(∗) ≡ 0. So, assume thatni − r < ns−1 − 1. We have

r > ni − ns−1 + 1> (s − 1) − i + 1 = s − i .

In order to proceed we need

LEMMA 4.8. In a polynomial ringZ[t ], there is a congruence

(t − 1)p
k ≡ (tp − 1)p

k−1
modpk

for any primep and any integerk > 0.
Proof. Induction onk starting fromk = 1:

(t − 1)p
k+1 = ((t − 1)p

k
)p

= ((tp − 1)p
k−1 + pk · f (t))p

≡ (tp − 1)p
k
modpk+1

(f (t) is a polynomial, it exists by the induction hypothesis). 2
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According to the lemma we have

(ζpi − 1)p
r ≡ (ζps − 1)p

r−s+i
modpr−s+i+1 .

Hence

pni

(ji, pni )
(ζpi − 1)ji ≡ pni

(ji, pni )
(ζps − 1)p

r−s+i ·jmodpni−s+i+1 .

Sincepr−s+i · j > p > 3 andni − s + i + 1> ns−1 − 1 we are done. 2

The analogous statement in the casep = 2 looks out a little bit more complicated:

PROPOSITION 4.9.Let A be a 2-primary algebra. The groupG20K(X) has a
torsion iff ind A > expA and the reduced behaviour ofA is not of the kind

n, n − 1, . . . , 3, 2, 0 .

Proof. We start with the ‘only if’ Part. The case indA = expA is covered by
Proposition 3.3 with Corollary 3.6. Suppose thatA has the reduced behaviour

n, n − 1, . . . , 3, 2, 0 .

Using the same method as in [11] one can show that the whole adjoint graded group
is torsion-free. Namely, a formula like one of [11, proposition] states:

|Tors G∗0K(X)| = |G∗0K(P)/ImG∗0K(X)|
|K(P)/K(X)| ,

where| . | denotes the order of a group. Since we know the behaviour ofA we can
compute that

|K(P)/K(X)| = 1

2

2n−1∏
i=0

2n

(i, 2n)

(to avoid unnecessary complications we assume here thatA is a division algebra).
On the other hand, Proposition 3.4 shows that

|Gi0K(P)/ImGi0K(X)| <
2n

(i, 2n)
for any i.

Moreover,

|G10K(P)/ImG10K(X)| < 2n−1

becauseξ2n−1 − 1 ∈ 01K(X) (see also the computation of CH1(X) in [3, Section
2]) and therefore

|G∗0K(P)/ImG∗0K(X)| <
1

2

2n−1∏
i=0

2n

(i, 2n)
.

Thus,|Tors G∗0K(X)| = 1.
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Now we ‘correct’ the ‘if’ proof of the previous proposition in order to match the
current 2-primary situation. Suppose that we have an algebraA for which existence
of the torsion is stated. Then in the reduced behaviour(ni)

m
i=0 of A we have

ns < ns−1 − 2 and ns−1 > 3 for some s.

Consider the element

x = 2ns−1−3(ζ 2s − 1)2 − 2ns−1−1(ζ 2s−1 − 1)2 ∈ 02K

whereK is as in Definition 4.3. Since the polynomialx in Z[ζ ] is divisible by(ζ −1)3,
it is clear that a multiple ofx lies in 03K . So, for our purposes it suffices to show
thatx itself is not in03K .

Let us act in the polynomial ringZ[ζ ] modulo 2ns−1−2. We have x ≡
2ns−1−3(ζ 2s − 1)2 . Consider a generator of03K given in Proposition 4.1:

m∏
i=0

2ni

(ji, 2ni )
(ζ 2i − 1)ji where ji > 0 and

m∑
i=0

ji > 3 . (∗)

We state that

(∗) ≡ (ζ2s − 1)3 · f (ζ 2s
)

wheref is a polynomial. If we would manage to show it we could proceed in the
same manner as in the proof of the previous proposition.

If for all i < s the numberji in the product(∗) equals 0 then even the exact
equality (not only the congruence) holds. Suppose thatji 6= 0 for somei < s. Write
down thisji asji = 2r · j with j prime to 2. Ifni − r > ns−1 − 2 then

2ni

(ji, 2ni )
≡ 0

and hence(∗) ≡ 0. So, assume thatni − r < ns−1 − 2. We have

r > ni − ns−1 + 2> (s − 1) − i + 2 = s − i + 1 .

According to Lemma 4.8, we have

(ζ 2i − 1)2r ≡ (ζ2s − 1)2r−s+i
mod 2r−s+i+1 .

Hence

2ni

(ji, 2ni )
(ζ 2i − 1)ji ≡ 2ni

(ji, 2ni )
(ζ 2s − 1)2r−s+i ·j mod 2ni−s+i+1 .

Since 2r−s+i · j > 22 > 3 andni − s + i + 1> ns−1 − 1 we are done. 2

Now we want to reduce the number of generators of the filtration of Definition 4.3.
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PROPOSITION 4.10.In the notation of Definition 4.3, for everyl > 0, the group
0lK is in fact also generated by a reduced number of the products(∗), namely
by the products satisfying the additional condition:ji = 0 for everyi such that
ni = ni−1 − 1.

Proof. Fix somei such thatni = ni−1 − 1. One has

(ζpi − 1)j =
∑
s > j

as · (ζpi−1 − 1)s

for some integersas with j · p | s · as (Lemma 4.2). Consequently,

pni

(j, pni )
(ζpi − 1)j =

∑
s > j

as · pni

(j, pni )
(ζpi−1 − 1)s

=
∑
s > j

bs · pni−1

(s, pni−1)
(ζpi−1 − 1)s

for some integersbs . 2

Using the proposition, we compute the group Tors G20K(X) explicitly in a spe-
cial situation. The situation we mean is described in the following

DEFINITION 4.11. We say that a reduced behaviour(ni)
m
i=0 ‘makes (exactly) one

jump’ iff there exists exactly ones such thatns < ns−1 − 2.

EXAMPLE 4.12. Fix a primep and integersn > m > 1. One can define a ‘generic’
division algebraÃ of indexpn and exponentpm in spirit of Definition 3.12: take a
division algebraA of index and exponentpn, putY = SB(A⊗pm

) andÃ = AF(Y).
The resulting algebrãA can be also obtained as a ‘generic’p-primary division

algebra of the reduced behaviour

n, n − 1, . . . , n − m + 2, n − m + 1, 0 .

In particular, it is an example of an algebra with reduced behaviour ‘making one
jump’.

PROPOSITION 4.13.LetA be ap-primary algebra with an oddp and suppose that
the reduced behaviour(ni)

m
i=0 ofA ‘makes one jump’. Then the torsion inG20K(X)

is a cyclic group of orderp to the powermin{s, n0−ns − s} wheres is the subscript
for whichns < ns−1 − 2.

Proof. We work with K instead ofK(X) (see Proposition 4.6). According to
Proposition 4.10, for anyl > 0, the group0lK is generated by the products:

pn0

(j0, p
n0)

(ζ − 1)j0 · pns

(js, pns )
(ζps − 1)js with ji > 0 and j0 + js > l .
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In particular, residue classes in the quotient G20K of the following three elements

u = pn0(ζ − 1)2 ;
v = pn0(ζ − 1) · pns (ζps − 1) ;
w = pns (ζps − 1)2

of 02K generate the quotient. The second one can be excluded: the differencev −
pns+su is in 03K since it is divisible bypn0(ζ − 1)3 in Z[ζ ] and thereby can be
written as a linear combination (with integral coefficients) of the polynomials

pn0(ζ − 1)3, pn0(ζ − 1)4, . . . ∈ 03K .

Since the classes ofu andw in the quotient have infinite order, any torsion element
x ∈ G20K of the kindx = u − kw or x = ku − w with an integerk (if exists)
generates the torsion subgroup. Consider two cases: ifn0 > ns + 2s then we put
x = u − pn0−ns−2sw ; otherwise we putx = pns+2s−n0u − w .

The elementx ∈ G20K is evidently a torsion element. We finish the proof when
we show thatx has orderps in the first case and orderpn0−ns−s in the second. In
both cases it means the same:

(1) pn0+s(ζ − 1)2 − pn0−s(ζ ps − 1)2 ∈ 03K

and

(2) pn0+s−1(ζ − 1)2 − pn0−s−1(ζps − 1)2 6∈ 03K .

In order to avoid repetition of some boring computations, we prove the inclusion
(1) in the following ‘tricky’ way. Consider a ringK ′ with a filtration0 constructed
as in Definition 4.3 for the reduced behaviour(n0, n0 − 1, . . . , 1, 0). The ringK ′
is contained inK and this inclusion respects the filtrations. The element of (1) is
in 02K ′ and there is a multiple of it lying in03K ′. Since G∗0K ′ is torsion-free
(Propositions 4.6 and 3.3) this element lies even in03K ′. Hence (1).

The proof of (2) goes parallel to the proof of Proposition 4.7 and does not contain
any new idea. Let us act in the polynomial ringZ[ζ ] modulopn0−s . The element we
are interested in is congruent topn0−s−1(ζps − 1)2 .

Consider a generator of03K :

pn0

(j0, p
n0)

(ζ − 1)j0 · pns

(js, pns )
(ζps − 1)js with ji > 0 and j0 + js > 3 . (∗)

The proof is completed when we show that(∗) ≡ (ζps − 1)3 · f (ζps
) wheref is a

polynomial (compare with the proof of Proposition 4.7).
If j0 = 0 then even the exact equality (not only the congruence) holds. Suppose

thatj0 6= 0. Write downj0 asj0 = pr · j with j prime top. If n0 − r > n0 − s then

pn0

(j0, p
n0)

≡ 0
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and, hence,(∗) ≡ 0. So, assume thatn0 − r < n0 − s, i.e. thatr > s. According to
Lemma 4.8 we have(ζ − 1)p

r ≡ (ζps − 1)p
r−s

modpr−s+1 .

Hence

pn0

(j0, p
n0)

(ζ − 1)j0 ≡ pn0

(j0, p
n0)

(ζps − 1)p
r−s ·j modpn0−s+1 .

Sincepr−s · j > p > 3 andn0 − s + 1> n0 − s, we are done. 2

PROPOSITION 4.14.Let A be a 2-primary algebra. Suppose that the reduced
behaviour(ni)

m
i=0 of A ‘makes one jump’ and lets be the subscript for which

ns < ns−1 − 2. The groupTors G20K(X) is cyclic; its order equalsp to the power

min{s, n0 − ns − s} if ns > 0,

min{s, n0 − s − 1} if ns = 0.

Proof. We describe here only the changes which should be made in order to adopt
the previous proof to the 2-primary case.

First suppose thatns > 0.
The quotient G20K has three generators:

u = 2n0−1(ζ − 1)2 ;
v = 2n0(ζ − 1) · 2ns (ζ 2s − 1) ;
w = 2ns−1(ζ 2s − 1)2 .

The second one can be evidently excluded.
If n0 > ns + 2s then we putx = u − 2n0−ns−2sw; otherwise we putx =

2ns+2s−n0u − w .

The elementx ∈ G20K generates the torsion subgroup. To verify the statement
on its order we have to check that

(1) 2n0+s−1(ζ − 1)2 − 2n0−s−1(ζ 2s − 1)2 ∈ 03K

and

(2) 2n0+s−2(ζ − 1)2 − 2n0−s−2(ζ 2s − 1)2 6∈ 03K

The inclusion (1) can be done in the same way as previously.
Let us do (2). We act in the polynomial ringZ[ζ ] modulo 2n0−s−1. The element

we are interested in is congruent to 2n0−s−2(ζ 2s − 1)2 .

Consider a generator of03K :

2n0

(j0, 2n0)
(ζ − 1)j0 · 2ns

(js, 2ns )
(ζ 2s − 1)js with ji > 0 and j0 + js > 3 . (∗)

The proof is complete when we show that(∗) ≡ (ζ 2s − 1)3 · f (ζ 2s
) wheref is a

polynomial.
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If j0 = 0 then even the exact equality (not only the congruence) holds. Suppose
thatj0 6= 0. Write downj0 asj0 = 2r · j with oddj . If n0 − r > n0 − s − 1, then

2n0

(j0, 2n0)
≡ 0

and, hence,(∗) ≡ 0. So, assume thatn0 − r < n0 − s − 1, i.e., thatr > s + 1.
According to Lemma 4.8 we have

(ζ − 1)2r ≡ (ζ2s − 1)2r−s
mod 2r−s+1 .

Hence

2n0

(j0, 2n0)
(ζ − 1)j0 ≡ 2n0

(j0, 2n0)
(ζ 2s − 1)2r−s ·j mod 2n0−s+1 .

Since 2r−s · j > 22 > 3 andn0 − s + 1> n0 − s − 1 we are done.
Now suppose thatns = 0.
The generators of G20K are

u = 2n0−1(ζ − 1)2 ;
v = 2n0(ζ − 1) · (ζ 2s − 1) ;
w = (ζ 2s − 1)2 .

The second one can be evidently excluded.
If n0 > 2s+1 then we putx = u−2n0−2s−1w ;otherwise we putx = 22s+1−n0u−

w .

The elementx ∈ G20K generates the torsion subgroup. To verify the statement
on its order we have to check that

(1) 2n0+s−1(ζ − 1)2 − 2n0−s−1(ζ 2s − 1)2 ∈ 03K

and

(2) 2n0+s−2(ζ − 1)2 − 2n0−s−2(ζ 2s − 1)2 6∈ 03K

But it was done already (the assumptionns > 0 was not in use). 2

EXAMPLE 4.15. LetÃ be a ‘generic’ division algebra of indexpn and exponent
pm (Example 4.12). Put̃X = SB(Ã). From Theorem 3.13, Propositions 4.13 and
4.14 it follows that Tors CH2(X̃) is a cyclic group of orderp to the power

min{m, n − m} for an odd p
min{m, n − m − 1} for p = 2.

5. Algebras of Prime Exponent

Applying Theorem 3.13, Propositions 4.13 and 4.14 to the case of a prime exponent,
we can state
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PROPOSITION 5.1.Let A be an algebra of a prime exponentp. Then the group
Tors CH2(X) is trivial or (cyclic) of orderp. It is trivial if ind A = p or ind A | 4. It is
not ifA is a ‘generic’ division algebra of indexpn and exponentp (see Definition 3.12
or Example 4.12) wheren > 2 in the case of oddp andn > 3 in the case whenp = 2.

2

COROLLARY 5.2. Let A be an algebra of a square-free exponente. The group
Tors CH2(X) is (cyclic) of order dividinge; moreover, there exists an algebrãA of
the exponente with Tors CH2(X̃) of ordere.

Proof. Follows from Proposition 1.3 and the proposition. 2

It would be interesting to list all algebrasA of prime exponent with trivial
Tors CH2(X). We can only describe a class of such algebras. In [12] it was shown that
anydecomposable(into a tensor product of two smaller algebras) division algebra
of indexp2 and exponentp has no torsion in CH2(X) (in fact, there is no torsion in
the whole graded group G∗TK(X) ([12, theorem 1])). The 2-analogy of this fact was
obtained in [14, cor. 3.1]: any decomposable division algebra of index 23 and expo-
nent 2 has no torsion in CH2(X) (although nontrivial torsion may exist in G∗TK(X)).
These facts can be generalized as follows:

PROPOSITION 5.3.LetA be a division algebra of prime exponent. IfA decomposes
then the groupCH2(X) is torsion-free.

Proof. First consider the case whenp 6= 2.
We have a surjection

Tors G20K(X) →→ Tors G2TK(X) ' Tors CH2(X) .

The group from the left-hand side is cyclic (Proposition 4.13), its generator is repre-
sented by the element

x = pn(ξ − 1)2 − pn−2(ξp − 1)2 ∈ 02K(X) = T2K(X),

wherepn = ind A.
LetA = A1⊗A2 be the decomposition ofA into a product of two smaller algebras.

Assume that the base fieldF has no extensions of degree prime top (otherwise we
can replaceF by a maximal extension of prime top degree; such a change has no
effect on CH2(X), compare with Corollary 1.2). Take an extensionE/F of degree
[E : F ] = pn−2 such that ind(A1)E = ind (A2)E = p (one can obtainE/F

by taking first an extensionE1/F of degree [E1 : F ] = (ind A1)/p for which
ind (A1)E1 = p and extendingE1 to E in such a way that [E : E1] = (ind A2)/p

and ind(A2)E = p). Consider an element

y = p2(ξ − 1)2 − (ξp − 1)2 ∈ T2K(XE) .

Since the algebraAE is Brauer equivalent to a decomposable division algebra of
indexp2 the group CH2(XE) is torsion-free ([12, theorem 1]). Hence,y ∈ T3K(X).
Taking the transfer ofy we get

NE/F (y) = pn(ξ − 1)2 − pn−2(ξp − 1)2 = x ∈ T3K(X) .
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Consequently Tors CH2(X) = 0.
Now consider the casep = 2.
If ind A = 4 then Tors CH2(X) = 0 (see, e.g., Proposition 4.9 or use the Albert

theorem and [12, Theorem 1]). Suppose that indA > 8.
The group Tors G20K(X) is cyclic (Proposition 4.14), its generator is represented

by the element

x = 2n−1(ξ − 1)2 − 2n−3(ξ2 − 1)2 ∈ 02K(X) = T2K(X),

where 2n = ind A.
LetA = A1⊗A2 be the decomposition ofA into a product of two smaller algebras

and indA1 > ind A2. Assume that the base fieldF has no extensions of odd degree.
Take an extensionE/F of degree [E : F ] = 2n−3 such that ind(A1)E = 4 and
ind (A2)E = 2 (one can obtainE/F by taking first an extensionE1/F of degree
[E1 : F ] = (ind A1)/4 for which ind(A1)E1 = 4 and extendingE1 to E in such a
way that [E : E1] = (ind A2)/2 and ind(A2)E = 2). Consider an element

y = 22(ξ − 1)2 − (ξ2 − 1)2 ∈ T2K(XE) .

Since the algebraAE is Brauer equivalent to a decomposable division algebra of
index 23 the group CH2(XE) is torsion-free ([14, cor. 3.1]). Hence,y ∈ T3K(X).
Taking the transfer ofy, we get

NE/F (y) = 2n−1(ξ − 1)2 − 2n−3(ξ2 − 1)2 = x ∈ T3K(X) .

Consequently, Tors CH2(X) = 0. 2

COROLLARY 5.4. A ‘generic’ algebra of prime exponentp and indexpn (Exam-
ple 4.12) is always indecomposable excluding the Albert case:p = 2 = n.

Proof. Follows from Propositions 5.1 and 5.3. 2

6. Appendix

This section is included because we do not have an appropriate reference for Corol-
lary 6.4. A particular case of Corollary 6.4 is proved in [24, Proposition 4.7].

We start with certain preliminary observations concerning functors of points of
algebraic varieties (schemes).

LetF be a field. Denote byF -alg the category of commutative associative unital
F -algebras. One refers to a covariant functor fromF -alg to the category of sets as
to anF -functor.

Let X be a scheme overF . For anyR ∈ F -alg theset ofR-pointsX(R) of X is
by definition the set MorF (SpecR, X) of morphisms of schemes overF . This set is
evidently functorial inR, so we obtain anF -functorX called thefunctor of pointsof
the schemeX. A morphism ofF -schemesf : X → Y gives a natural transformation
of their functors of points.
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PROPOSITION 6.1 ([23, Proposition 2, in Section 6 of chapter 2]).LetX andY be
F -schemes and letφ: X → Y be a natural transformation of their functors of points.
There exists a unique morphism ofF -schemesf : X → Y inducingφ.

COROLLARY 6.2. TwoF -schemesX andY are isomorphic iff there exists a natural
transformation of theF -functorsφ: X → Y such that for everyR ∈ F -alg the map
of setsφ(R): X(R) → Y (R) is bijective.

If additionally we are given morphismsX → Z and Y → Z to one moreF -
schemeZ, then the schemesX andY are isomorphic overZ iff there exists a natural
transformationφ as above commuting with the natural transformations to theF -
functorZ. 2

We need a couple more of natural definitions and trivial remarks.
LetF be anF -functor supplied with a natural transformationF → G to another

F -functorG. For anyR ∈ F -alg , the fibre ofF over anR-pointx ofG is by definition
the inverse image ofx with respect to the mapF(R) → G(R); let us denote it byFx .

LetF ′ be one moreF -functor supplied with a natural transformation toG. Giving
a natural transformationF → F ′ overG is equivalent to giving a collection of maps
of setsFx → F ′

x for everyR ∈ F -alg and everyx ∈ G(R) satisfying the evident
functorial property: ifR → S is a homomorphism inF -alg , x ∈ G(R), and if
y ∈ G(S) is the image ofx with respect to the mapG(R) → G(S), the following
diagram commutes:

Fx −→ F ′
x

|↓ |↓
Fy −→ F ′

y

Now everything is prepared to prove

PROPOSITION 6.3.LetA be a central simple algebra over a fieldF , X its Severi–
Brauer variety, andY a generalized Severi–Brauer varietySB(n, A) with somen > 0
(see Remark 6.6).

The productX × Y considered overX (via the first projection) is isomorphic (as
a scheme overX) to the Grassmann bundleI0(n,V) ‘of n-dimensonal subspaces’ of
the canonical vector bundleV on X (see, e.g., [28, page 94] for a definition of the
canonical vector bundle on a Severi–Brauer variety).

Proof. It suffices to show that for everyR ∈ F -alg and everyx ∈ X(R) there is
a natural bijection of the sets(X×Y )x and I0(n,V)x . First of all we give descriptions
of the sets ofR-points of the varieties under consideration (these descriptions are in
fact the most natural definitions of the varieties, see, e.g., [16]).

The setY (R) consists ofleft idealsJ of theR-algebraAR = A ⊗F R having the
following two properties:

(1) the exact sequence ofAR-modules

0 → J → AR → AR/J → 0
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splits (in particular,J is a projectiveR-module),
(2) rkJ = n where rkJ is theR-rank ofJ devided by degA.

Analogously, the setX(R) consists of right idealsI of AR such that the sequence
0 → I → AR → AR/I → 0 splits and rkI = 1. For the rest of the proof, we fixR,
an idealI like that, and we setx = I ∈ X(R). Note thatAR = EndRI .

The fiberVx of V overx is I ; I0(n,V)x is the set ofR-submodulesN of I such
that the sequence 0→ N → I → I/N → 0 splits and rkRN = n.

Now it is clear that the Morita theory ([5, Theorem 4.29]) gives a canonical
bijection of the sets(X × Y )x = Y (R) and I0(n,V)x : N ∈ I0(n,V)x corresponds
to the left ideal HomR(I, N) of (EndRI)op = AR, where(EndRI)op is the opposite
algebra.

COROLLARY 6.4. In the condition of the proposition, putYm = SB(n, A⊗m) for
anym > 0. ThenX × Ym is a Grassmann bundle overX.

Proof. Two ways of proving are possible: one can adopt the proof of the propo-
sition to this new setting, or one can argue as follows.

PutXm = SB(A⊗m) and consider the morphism of varietiesX → Xm given by
the following natural transformation of their functors of points: for everyR ∈ F -alg
the mapX(R) → Xm(R) puts an idealI ∈ X(R) to its mth tensor (overR) power
I⊗m ∈ Xm(R). In the Cartesian square

X × Ym −→ Xm × Ym

|↓ |↓
X −→ Xm

the right arrow is a Grassmann bundle by the proposition. Hence the left arrow is a
Grassmann bundle as well. 2

Remark6.5. It is possible to ‘spread out’ the statement of the corollary a little bit
replacingA⊗m by any Brauer equivalent central simpleF -algebra.

Remark6.6. In contrast to [4, Section 2] and in contrast to the definition of SB(A),
we define here SB(n, A) to be the variety of rankn left ideals inA. This variety is
canonically isomorphic to the variety of rank degA−n right ideals inA [18, Section1
of Chapter I]. Of course, it is also isomorphic to the variety of rankn right ideals in
the opposite algebraAop.
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