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INTRODUCTION

This is a sequel to the articles [HKS], in which the local theory of
the theta correspondence is developed for unitary groups over p-adic
fields; [H3, H5], in which this local theory is made more precise and
applied to obtain results about special values of L-functions and period
relations; and [L.1, 1.2], which work out the local archimedean theory
for cohomological representations and the connection to special values
of L-functions in the stable range. The goal of the present paper is
to refine the earlier results and to outline the general global theory
of the theta correspondence for cuspidal automorphic representations
of unitary groups of discrete series type at infinity, when the groups
are roughly the same size. We consider a quadratic extension F//F* of
number fields, with F'* totally real and F totally imaginary, and a dual
reductive pair of groups over F'* of the form (G,G") = (U(W),U(V)),
where W and V are hermitian vectors spaces over F, dimW = n,
dimV =m.

The non-triviality of the local theta correspondence for these pairs is
considered in [HKS] and [H5], as well as [GG]. The non-triviality of the
global theta correspondence is determined by the local correspondence
and by a special value of an L-function, which is at the central point
if m = n and at the near central point if m = n + 1; cf. [H5, 3.3,
3.4]. The connection is provided by the extended Siegel-Weil formula,
due to Ichino, and the corresponding Rallis inner product formula.
Bearing in mind the expressions for special values of these L-functions
in terms of periods of arithmetic automorphic forms, we formulate a
conjecture on the rationality of the theta correspondence when m = n.
This conjecture extends the results proved in [H3] to general pairs of

Date: May 30, 2010.
Key words and phrases. unitary groups, theta correspondence, L-functions,
periods.
Supported in part by RGC-CERG grant 601606.
1



2 MICHAEL HARRIS, JIAN-SHU LI, AND BINYONG SUN

discrete series type, and has the peculiarity of being quite concrete but
apparently completely inaccessible by all available techniques. We will
have more to say about this below.

The present article concentrates on the theta correspondence when
m = n, which parallels the theory of stable transfer of automorphic
representations between inner forms of the same group. This theory
has been largely worked out under simplifying hypotheses, mainly by
Labesse [Lab]. The property of local dichotomy, conjectured in [HKS]
and proved in [H5] and [GG], provides an explicit formula for the central
value in terms of inner products and local zeta integrals. In some
cases we can use this formula to show that the central value is non-
negative, as predicted by the generalized Riemann hypothesis. See
[KZ, KS, G, LR1] for other approaches to this question. The argument
given here seems particularly simple.

It is indeed a great pleasure to dedicate this article to Steve Kudla.
Nearly thirty years ago, one of us began a collaboration with Steve that
included many of the highlights of his career and extends well beyond
the papers published under our two names. The second-named author
feels extremely lucky to have Steve as a wonderful friend and mentor
for over twenty years. All three authors have benefited immeasurably
from his imagination, clarity, and patience.

PRELIMINARY NOTATION

Let F'* be a totally real field, F' a totally imaginary quadratic ex-
tension of F'*. We will often assume F' contains a chosen imaginary
quadratic field, which is then denoted KC, and then F = K - F". The
quadratic Hecke character of A}, corresponding to the extension F'/F™*
is denoted

NE/F+ : A;+/F+’XNF/F+A; 41,

Let W be an n-dimensional F-vector space, endowed with a non-
degenerate hermitian form < e, @ >y, relative to the extension F'/F™.
We let X1, resp. X, denote the set of complex embeddings of F'*, resp.
F, and choose a CM type ¥ C X, i.e. a subset which upon restriction
to F'™ is identified with ¥*. Complex conjugation in Gal(F/FT) is
denoted c.

The hermitian pairing < e,e >y, defines an involution ¢ on the
algebra End(W) via

(0.1) < a(w),v >w=<v,a" (V) >w,

and this involution extends to End(W ®q R) for any Q-algebra R. We
define the algebraic group U(W) = U(W, < e,e >y) over F'™ such
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that, for any F*-algebra R,
(0.2) UW)(R)={g € GL(V ®p+ R) | g-¢(g) = 1};

All constructions relative to hermitian vector spaces carry over with-
out change to skew-hermitian spaces. If (W, < e, >y,) is a hermitian
space, let L € I be an element with Trp/p+ (L) = 0. Then L- < o, @ >y,
is a skew-hermitian form whose symmetry group is exactly U(W).

A general quadratic extension of local fields is denoted L/K, except
when the extension is obtained by specializing a quadratic extension
of number fields. The quadratic character is denoted 7;/x. For an
n-dimensional hermitian space W/L we define U(W) as above. The
case L = K @ K is admitted; then U(W) —GL(n)g.

In §3 and §4 we use the notation n to denote the set {1,...,n}.

For the construction of the oscillator representation, we fix a non-
trivial additive character ¢ : Ap+ — C*.

1. CONVENTIONS FOR THE THETA CORRESPONDENCE

1.1. The local correspondence. Let L/K be a quadratic extension
of local fields, and W and V' hermitian spaces over L as above. We fix
an additive character ¢» : K — C*. We briefly recall the outlines of
the theory [KS, HKS] of the local theta correspondence from irreducible
admissible representations of G = U(W) to representations of U(V),
where (V) (,)y) is a variable hermitian space over K of dimension m.

As in [KS] and [HKS] we choose (a pair of ) splitting character(s)
X = (x1, x2) of K* satisfying

(1.1.1) Xt k<= Nk, Xo [kx= 1Lk

When m = n we will always take x; = x2, and we abuse notations
slightly to write x = (x,x). The choice of splitting character x, to-
gether with the additive character 1, defines a Weil representation
wyw,y of the dual reductive pair U(W) x U(V) on an appropriate
Schwartz-Bruhat space Syy. For details, see [HKS] for K p-adic, and
[Pa] for K = R.

Let 7 be an irreducible admissible representation of G. We define
the representation O, (V, ) of U(V) by

(1.1.2) O, (V,m) = [wywy ® 7la = Homa(wyyy,, 7).

Note that this is the full theta correspondence, which often gives a
result larger than the Howe correspondence.

The Howe quotient of O, (V, ) is the sum of all its U(V)-irreducible
quotients. Howe duality is the assertion that the Howe quotient of
©,(V, ) is irreducible or zero for all V, 7, x. This has been proved for
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all local fields (including archimedean local fields) of residue charac-
teristic different from 2, for GL(n) in general, and for generic w in an
appropriate sense even if the residue characteristic is 2. We will assume
it holds in all the cases we consider.

1.2. The global correspondence. In this section we choose an ele-
ment L. € F as in the notation section to convert W to a skew-hermitian
space. The space W = Rp/p+V ®@W then naturally carries a symplectic

form < e, @ >yw. Let %(W) be the (metaplectic) covering of Sp(W)
with kernel C*:

(1.2.1) 1 — C* — Sp(W)(Aps) — Sp(W)(Aps) — 1

Together with the fixed additive character ¢, a choice of complete
polarization

(1.2.2) W=XaY

then defines a Schrodinger model of the oscillator representation of

Sp(W)(Ar)
(1.2.3) wy : Sp(W)(Aps) — Aut(S(X(Ap+))),

where S denotes the space of Schwartz-Bruhat functions.

Let G = UW), G" = U(V). We now choose a global splitting
character x of A%/F* satisfying the global analogue of (1.1.1). As
above, w,y then defines a Weil representation wy, of U(W)(A) x
U(V)(A) on the Schwartz-Bruhat space S(X(Ap+)). For any & €
S(X(AFp+)), we then define the theta kernel as usual

(124) 0@(9, h) = Z WV,W,X(ga h)(q))()‘)>

AEX(F+)
with g € G(Ap+),h € G'(Ap+). Then for any cusp form
[ GF)\G(Ap+) — C,

we define
(1.25) %UMﬂ—/ 60(9.9)(9)dg. ¢ € G'(Aps)
G(Ft)\G(Ap+)

where dg is Tamagawa measure.

Let 7 be a cuspidal automorphic representation of G. The automor-
phic representation O, (V, ) of G’ is the space of all 04(f) as f and
vary over m and S(X(Ap+)), respectively.
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1.3. L-functions and the Rallis inner product formula. Note
that formula (1.2.5) is C-linear in f and ¢. In this section we recall the
Rallis inner product formula in the case m = n, where it is established
in [H5, §3.5], using the results of [I1] on the Siegel-Weil formula. The
statement of Theorem 3.5.2 of [H5] includes the hypothesis that the
space V' is positive definite, in which case the Siegel-Weil formula is
in no need of regularization. This hypothesis, which sufficed for the
purposes of [H5], is in fact unnecessary, because the regularized Siegel-
Weil formula has been established as Theorem 4.2 of [I1].

To state the Rallis inner product formula, we need to recall the
construction of the standard L-function for unitary groups. We re-
fer to [H5] for terms introduced here without explanation. Let H =
UW @ (—=W)) be the quasi-split unitary group of size 2n, as in the
doubling method (cf. [HKS] for example), and let iyy : G x G =
U(W) x U(~W) < H be the natural inclusion. Let 7, 7" be cuspidal
automorphic representations of G = U(W) = U(=W), f € m, f> €.
Define the Piatetski-Shapiro-Rallis zeta integral

Z(s, . f ) =

/ Eliw (9.9°).5. .0 /() f(9")x~" o det(¢")dgdy’
(GXG)(FT\(GXG)(A)

with E(e,s,¢) = E(e,s,p,x) the Eisenstein series on H(Ap+) as in
[H5, §1]; here x satisfies (1.1.1), with m = n, and ¢ = ¢(s) is an
element of a degenerate principal series representation I,,(s, x) varying
with s. This integral is absolutely convergent for Re(s) sufficiently large
and admits an Euler product expansion if the section ¢ and the vectors
f and f” are factorizable. The integral vanishes unless 7> —m", which
we will assume in what follows.

If f, > are cusp forms on G(A), we write

< f o= / £(9) £ (9)d,
G(FT)\G(A)

so that (f, f°) —< f,f> > is the L? pairing. Write 7 = ®m, and
n¥ = @m/. For each place v we fix a local bilinear invariant pairing
< e, >, between 7, and 7,/. We make compatible choices so that if
f=8f,and f> = @ then

b b
<f.f>=]<ff>
Since each m, is unitary, there is a conjugate linear isomorphism

7Tv—>7rq\;/7 vaﬁ)



6 MICHAEL HARRIS, JIAN-SHU LI, AND BINYONG SUN

We make compatible choices so that (f,,g,) =< fu, g» >» is the local
invariant inner product, and that f = ®f, if f = @f,.

For S a sufficiently large set of primes of F'*, including the archimedean
primes, and writing f = ®,f,, f* = ®,f) and ¢ = ®,¢,, the Euler
product looks like this:

(1.3.1)

1
Z(s. £ 0.0 = [ [ Zo(s fo £ 00 x0) - dii(9) 7 L5 (s + 5.7, St X).
veS

Here L°(s + 3,7, St,x) is the product over primes not in S of the
standard (unramified) Euler factors for the group G, twisted by ¥,

n—1
(1.3.2) du(s) = [ L2s+n—r i)
r=0

attached to the 2n-dimensional representation of the L-group (cf. [H5]
for notation), and d is d,, with factors at S removed. We write
(1.3.3)

- 1
Z'U(S7 fU7 f57 SDU7 XU) = Z'U(87 f'l]? ’57 SOU7 Xv>dnyv<S)Lv(8 _'_ 57

with the local L-factor defined as in [HKS], so that (1.3.1) can be
rewritten more neatly

(1.3.4)
b -1 1
Z(S7f7f7(707 HZ ffuv mSDMX) d () L(8+§77T7StaX)
veS

Now we choose ¢ = ®¢, € S(X(Ap+)) as in (1.2). Since 7 is a
cuspidal representation of (5, it is unitary; hence

’/T’U7 St? Xl))il

7rb SV = 7Tb AN o

(complex conjugate). It is thus legimitate to take f° = f, and we do
so henceforward. The Rallis inner product formula is then

(1.3.5)
<0s(f),05(f) > 37 Zu(0, fo, 2,00, X) 11
<ff> 135 <fofosHOTHG

Here ¢, is an element of the degenerate principal series constructed
explicitly in terms of the pair (¢,, ¢,) of local Schwartz-Bruhat func-
tions, as we explain in §4. The values at 0 on the right-hand side are
defined by analytic continuation. The left-hand side of (1.3.5) is clearly
a positive real number if it does not vanish. We return to this point in

(4.2).

7, St, X).
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2. THE ARCHIMEDEAN THETA CORRESPONDENCE

2.1. Review of the results for close unitary groups. We consider
two unitary groups G = U(n) and G’ = U(m) over R with signatures to
be determined later. We will assume m > n. The theta lifts of discrete
series representations of U(n) to cohomological representations of U(m)
were determined explicitly in [L.2] in great generality. The definition of
the theta correspondence for real unitary groups depends on the choice
of a character

Vo : R = U(1), t s 2™

for some a € R. The characters 1, and 1), define the same correspon-
dence of representations if and only if a/a’ > 0. As in [H5] we take
a > 0. For the purposes of this section we may assume a = 1, though
it makes no difference. For global applications, where there are several
real embeddings o of the field F'™ we need to be free to let a = a, be
the image under o of a totally positive element of F'*.

We identify the unitary groups G, G’ with the classical unitary
groups of given signatures G = U(s,r), G' = U(p,q), with maximal
compact subgroups K = U(s) x U(r), K' = U(p) x U(q), respectively;
thus  + s = n, p+ ¢ = m. The results of [L2] are stated in terms of
the the metaplectic representation and determine liftings from a dou-
ble cover G of G to a double cover G’ of G’, defined as the pullback of
the metaplectic cover of Sp(2nm) under the map G x G' — Sp(2nm)
defining (G,G’) as a dual reductive pair. The corresponding double
covers of K and K’ are denoted K and K’, respectively. These are
reinterpreted in terms of the unitary groups using splitting characters,
as in [H5]. When m is even, the cover G of G splits, whereas it is
obtained from the non-trivial two-fold cover of the center U(1) of G if
m is odd. This property is symmetric when the roles of m and n are
exchanged.

The infinitesimal characters of finite-dimensional representations of
G are indexed as usual by decreasing n-tuples A\;y > Ay > --- > )\,
where the \; are half-integers if n is even and integers if n is odd.
It follows from the discussion above that the infinitesimal characters
of finite-dimensional representations of G can be naturally indexed by
decreasing n-tuples \; > Xy ... \,, where for all 7,

N —1
(2.1.1) N = % (mod Z).
In particular, if m is even then we can identify A with \.
For the theta correspondence, it is best to work with strong inner

forms in the sense of Vogan, which means that U(r,s) and U(s,r) are
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considered separately if r # s. The infinitesimal characters of irre-
ducible finite-dimensional representations of G can be identified with
the Langlands parameters ¢ of discrete series of the (strong) inner
forms of G by a standard procedure, cf. [C]] for the formulas. Thus
the discrete series L-packet I1, of G is parametrized by the infinitesimal
character A = A, for some finite-dimensional representation p, written
as a decreasing n-tuple as above, and we write II, o instead of II;. A
discrete series L-packet of G is similarly indexed by an infinitesimal
character, denoted )\, whose parameters satisfy (2.1.1). Note that the
same A or \ serves for all inner forms of U(n). The disjoint union of the
L-packets ]_[U(m) I\ v(rs) is denoted II). The elements of IIy can be
identified with their Harish-Chandra parameters. These can be written
as pairs (U(r, s), (a1, ..., ap; b1, ..., 0s)) (the U is superfluous) where

(212) o > Oy, 53' > ﬁj—l—l for all 1, j;
(2.1.3) The n-tuple (aq, ..., a,, B, .., Bs)is a permutation of (Ay, ..., \,).

In other words, the Harish-Chandra parameters are obtained by tak-
ing permutations of the coordinates of A that can be partitioned by
a semicolon into exactly two decreasing sequences. For each U(r, s),
the partition (A1, ..., Av; Ari1, .- -, Args) serves as a natural basepoint
A(r,5)o. The set Iy y(,s) is then in bijection with s-tuples (51, ..., fs)
chosen from the \;, or alternatively with (r, s)-shuffles of the parame-
ters of A; thus |IIyy@.| = 4, and |IL\| = 2". We define an explicit
identification of IT, with {£1}" in §2.2.

The above description remains valid, with the obvious modifications,
for the parameters A. The theta correspondence is calculated in terms
of the corresponding Harish-Chandra parameters. Let © € H;\ﬂ(
with Harish-Chandra parameter written

T7s) ’

T4 HC(7~T) = ((11, sy QE(4), —bg(+), PN —bl;Cl, <oy CE(—), —dg(,), ceey —dl)

Here k(+)+4(+) = r, k(=) +{(—) = s, and all the a;, b;, ¢;, d; are non-
negative and congruent to "’1% modulo Z. Suppose n = m. Then it
follows from (2.1.1) that none of the a;, b;, etc. equals 0, so the switch
from a’s to b’s, and from ¢’s to d’s, is determined uniquely. There is
exactly one G’ = U(p, q) to which 7 lifts non-trivially under the theta
correspondence. This is proved in [L2]; a more general dichotomy result

was later proved by Paul in [Pa]. The formula is as follows. We let
(2.1.4) p=Fk(+)+l(=), g=k(=)+L(+).

Then the theta lift ©(G — G;7¥) to G’ of the contragredient 7"
of 7 is the non-trivial discrete representation 7/ with Harish-Chandra
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parameter
(~2.1.5)
7T’<—>HC'(7~T'):(al,...,ak(+),—dg(_),...,—dl;cl,.. Ck( —bg ,—bl)

In other words, the negative parameters (shifted by the dlfference of
signatures) migrate from one part of the signature to the other, and
the positive parameters stay put.

On the other hand, when (p, ¢) does not satisfy (2.1.4), then

O(G — U(p.q); ) = 0.

When m = n + 1, the two choices for the signature (p, q) given by
(2.1.6)
p=k(+)H(=)+1, ¢ = k(=)+6(+); p = k(+)+(=), ¢ = k(=) +(+)+1

both admit non-trivial theta lifts 7/ of #. In the former case, the
Harish-Chandra parameter is given by
(2.1.7)

T (al, e AR(4), 0, —dg(,), cy —dl; Cly .oy Cl(—), —bg(+), e —bl);

whereas in the latter case, the 0 is inserted between the ¢’s and —b’s.
The reader can check that when m and n are of opposite parity, the
Harish-Chandra parameters of both G and G’ magically all become
integers, so the insertion of 0 is consistent.

2.2. Combinatorics of the correspondence. The theta correspon-
dence defines an involution # of the set II,, but if we allow twists by
characters of U(1) composed with the determinant, we can use the
theta correspondence to define n + 1 distinct involutions, as follows.
Define a translate of A = (A; > Ay > --- > \,,) to be any Langlands
parameter of the form

Aty =M +t>dg+t>-- >\, +1)

with t € Z. It 7 € II; then 7 ® det® € IT5, . One obtains the Harish-
Chandra parameters of representations 1n H)\(t) from those in II5 by
adding t to each coefficient.

The crucial fact about the formula (2.1.5) is that it involves ¢ =
{(+) + £(—) parameters switching sides. For any 0 < ¢ < n, and any
Langlands parameter X, let Ty(\) be any translate () whose first n—/
coordinates are positive and whose last ¢ coordinates are negative, and
then say t is of index ¢ relative to . Since the coordinates of A are all

in 5 + 7Z, there is always at least one t of index ¢ for each ¢. Define
0y : H;\ — H;\ by

(2.2.1) 0,(7) = 0(7 @ det ") ® det ~*
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for any ¢t € Z of index ¢. It follows from formula (2.1.5) that the result
does not depend on the choice of ¢ of index /.

2.2.2. We identify the elements of II5 with {£1}" as follows. We first
identify {£1}" with the set P(n) of subsets I C {1,2,...,n}: I corre-
sponds to the element (ey,...,e,) € {£1}" with e¢; = —1 if and only
if i € I. The elements of IIj ;. have been identified above with
s-tuples (81 > -+ > f5) = (A\;, > -+ > A,;,) chosen from the \;.
Composing these two identifications, we obtain a bijection of IT5 with
{£1}" in such a way that each II5 () corresponds to the vectors in
{£1}" with s negative entries.

Proposition 2.2.3. The involutions 0, of 115 generate a group isomor-
phic to {£1}" that acts simply transitively on II5. The action is the
natural multiplication action with respect to the identification defined
Proof. For each ¢, let f, € {£1}" be the vector (e, ..., e,) withe; = —1
if and only if i > n — £. To define ¢, we start with 7 @ det’ € Il 3,
for some t of index ¢. Then

HC(%@det t) = (CLl, <o QR4 —bg(+), ey —bl; Cly- -y Cl(—), —dg(_), ey —dl)
with £(+) 4+ ¢(—) = {. In terms of the identification of Il 5, with
{+1}", 7 ® det? corresponds to the (e, ..., e,) € {+1}" with e; = —1
if and only if i € I, where I is the set {c1,...,cpy, —doy, ..., —d1}
viewed as of coordinates of Ty()). Since (=betys -, —=b1, —doy, ..., —d1)
is a permutation of (the shift by ¢ of) the last ¢ coordinates of \, an easy
calculation with (2.1.5) now shows that the involution 6, corresponds
to multiplication by f,. This immediately implies the proposition. [

The global significance of this proposition is discussed in the follow-
ing section.

2.3. Automorphic representations of GL(n) and L-packets of
unitary groups. In this section F, F*, and W are as in §0. In the
present section we assume for simplicity that G = U (W) is quasi-split
at all finite primes. Let II be a cuspidal automorphic representation of
GL(n)p that satisfies

Hypotheses 2.3.1. Writing Il = I1 ®II¢, where Il is an admissible
(g9, Koo )-module, we have
(i) (Regularity) There is a finite-dimensional complex algebraic ir-
reducible representation W (II) = W, of GL(n, F ®q R) such
that
H*(g, Koo; oo ® W) # 0.
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(i) (Polarization) The contragredient IIV of I1 satisfies
Y lloc,
where ¢ denotes complex conjugation.

Then as long as F'* # Q, Labesse [Lab| has proved that IT descends
to a stable L-packet Il of automorphic cohomological representations
of G; if F* = Q the same theorem is proved, but not stated explicitly,
by Morel [M, cf. Cor. 9.4.6].

The irreducible representation W (IT) factors over the set 31 of real
embeddings of F'*

W(H) = ®v€E+an

where W, is an irreducible representation of
GL(n,F ®p+, C) —GL(n,C) x GL(n,C),

each factor associated to a prime (say w,w®) of F' extending v. We
write W, = W, ® Wy, and we always choose w to be the element of
our fixed CM type . Each factor is parametrized by its infinitesimal
character p(w), p(w®). Thus

plw) = (p(w) > pa(w) > -+ > pn(w))

and the polarization condition implies that the two factors are dual, or
equivalently that

(2.3.2) pi(we) = —ppy1-i(w).

Using w, we identify Lie(G),c —gl(n,C), and we let A, = p(w®);
let Il o be the discrete series L-packet of G, = G(FT ®g R) with
infinitesimal character \,. For each w € X, with restriction v to F'T,
there is a signature (r,,s,) = (7w, Sw) such that G(E;") —=U(ry, 8,);
then

n!
(233) HG,OO = H HG’,w; |HG,w| - m

wEeX

Hypotheses 2.3.4. The global L-packet Ilg is expected to satisfy the
following properties.

(a) Let m¢ be a representation of G(Ay) such that, for some rep-
resentation Too Of Goo, Too @ Ty € Ilg. Then mo € g oo.
Moreover, for every T € llg o, the representation ms Kmy oc-
curs in the discrete automorphic spectrum of G with multiplicity
one.

(b) For all finite v, the local component 7, of 7y is tempered.
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Property (a), specifically the multiplicity one property, is verified un-
der the simplifying hypotheses of [Lab] provided W (II) is sufficiently
regular, and property (b) is proved in [HT] provided II,, is in the dis-
crete series for some finite place w of F split over F'*. Given the recent
progress toward completing the theory of endoscopic lifting, it’s likely
that these properties will be proved completely in the next few years,
and we will take them for granted in what follows. They are men-
tioned here merely in order to provide background for the discussion
of motives in the next section.

2.3.1. L-packets and the theta correspondence. Let G now vary among
the set G(n) of inner forms of U(n) that are quasi-split at all finite
primes. Proposition 2.2.3 indicates that it is possible, to use the theta
correspondence, together with twisting by Hecke characters of different
archimedean types, to switch archimedean components in the L-packets
{Ilg,G € G(n)}. Whether or not this switching acts transitively on the
archimedean components depends on the non-vanishing of the theta
correspondence. This depends on both local and global considerations.
The import of Proposition 2.2.3 is that there is no archimedean local
obstruction to switching. In some cases non-archimedean local ob-
structions may require expanding G(n) to include inner forms that are
not quasi-split at all finite primes, in accordance with the dichotomy
conjecture of [HKS], but the relation between this conjecture and local
L-packets has not been determined (though there is a conjecture due to
D. Prasad on this question, discussed below). More serious is the global
obstruction, in the form of the possible vanishing of L-functions at the
central critical point; we return to this issue in subsequent sections.

3. RATIONALITY QUESTIONS

3.1. Motives for automorphic representations of GL(n). Let II
be a cuspidal automorphic representation of GL(n)r satisfying Hy-
potheses 2.3.1. Let E(II) be the field of definition of IT¢; it is a number
field (cf. [Cl]), indeed a CM field or a totally real field. It is proved in
[CHL2, Shin], [CH], and [So| that to II satisfying Hypotheses 2.3.1 one
can associate a compatible family of continuous representations

PILN Gal(@/F) — GL(D,E(H))\),
where A varies over nonarchimedean completions of E(II), satisfying
the following identity of local Euler factors almost everywhere:
n—1

(3.1.1) Ly(s— i

) = Ly(s, prie),v ¢ S
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where S'is some finite set of places v of F'. We postulate the existence of
a motive M (II) of rank n over F', pure of weight n — 1, with coefficients
in E(II), such that, for all A pp is the A-adic realization of M (II):

(3.1.2) py : Gal(Q/F) — Aut(M,(IT)) ®@pn E(ID),,

where M,(IT) is the realization of M(II) on (-adic étale cohomology.
When F* # Q and n is odd, or when II, is in the discrete series for
enough finite places v of F'* (two places generally suffice), M (IT) can be
constructed as a Grothendieck motive in the cohomology of an abelian
scheme over the Shimura variety attached to some unitary (similitude)
group.! In general one does not even know how to construct a motive
in the category of realizations, as considered in Deligne’s article on
special values of L-functions [D].

The restriction of scalars Rp/M (II) is naturally a motive of rank
n over Q with coefficients in F(II) ® F. The following discussion is a
synthesis of the factorization of its period invariants over archimedean
places of F', considered in [B], with the construction of quadratic period
invariants, carried out in [H2, §1] when F' = Q. The de Rham realiza-
tion of Rp/oM (II), denoted Mp g pr(Il), is a free rank n module over
E(II) ® F. The Hodge decomposition

(3.1.3) Mypyq.pr(IT) @ C — @pyg=n-1 My (1)
and the natural decomposition of F(II) ® F' ® C-modules
(3.1.4) Mp9,pr(Il) ® C — Oremer - ¢ Mrg-(I1)

are compatible with the F(II) ® F-action in the sense that complex
conjugation ¢ defines anti-linear isomorphisms

(3.1.5) ¢ M, (IT) %M27Q7CT(H)
such that
(3.1.6) c(am) = c(a)e(m), a € E(II) @ Fym € Mpj, (II).
Here
Mo (1) = Mo (1) N Mg, ().
One expects the following properties to hold
(3.1.7(a)) For all p,q, 7, dim M7, (II) < 1.
(3.1.7(b)) For all p,q, dim Mpj, (II) is independent of the restriction of

7 to E(II) ® 1.

IThis is proved when II, is in the discrete series for finite places on pp. 98-99 of
[HT], although the word “motive” is not used there. For the general case one uses
the construction of [Shin] or [CHL2].
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(3.1.7(c)) Let 7 be as above and denote by w € ¥ its restriction to 1® F,
v € ¥ its restriction to F*. Let u(w) be the infinitesimal
character of the finite-dimensional representation W,, (cf. §2.3)
and let

p(w) = () + oS (1) = () (), )

so that for all 4, (2.3.2) implies that
pi(w) + ppy1—i(w®) =n — 1.
Then dim Mz, (I) = 1 if and only if (p,¢q) = (pi(w),n —1 -
pi(w®)) for some ¢ € n:={1,...,n}.
(3.1.7(d)) The motive Rp/gM (II) has a non-degenerate polarization

< e 0> RpoM(Il) ® RpgM(II) — Q(1 —n)

that is alternating if n is even and symmetric if n is odd. The
involution on the coefficients E(I1) ® F' induced by this polar-
ization coincides with complex conjugation. In particular, the
polarization induces a non-degenerate hermitian pairing

< o0 > MEE OO I @ M 1) 5

for each pair (i, w).
Let ¢;(w) = n — 1 — p;(w®). For each pair (i,w) € n X Xp, we let
wiw(M) € MW %)(T]) be the non-zero image of some Q-rational

F/Q,7
class in Mp/q,pr(Il) (cf. [H2, §1.4]. Let
(3.1.8) Qiw(Il) =< wj (1), Foo(wi (1)) > € R*.

Here F, is the action of complex conjugation on the Betti realization
of Mpgpr(Il), cf. [H2, (1.0.4)]. If w;,(II) is given by a differential
form €2 on some smooth variety Z underlying the motive Mp/q pr(II),
then Q;.,(II) equals fZ(C) QA x(Q), with » the Hodge star operator.

This justifies the first claim in

Principle 3.1.9. For each pair (i,w) € n x Xp, the real number
Qiw(I1) is positive. It is well-defined up to a positive element of T(E(I)®
F)NR*).

The second claim in (3.1.9) follows by considering the behavior of
the rational classes under the decomposition (3.1.5), and the fact that
the Hodge filtration on Mp g pr(Il) is rational over F'.

The motives M(II) or motives closely related to them can be con-
structed explicitly in the cohomology of families of abelian varieties
over Shimura varieties of PEL type. This is recalled in the next two
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sections, where it is explained how to identify the quadratic period
invariants @; ., (II) in some cases as integrals of automorphic forms.

3.2. Periods of automorphic motives and special values of L-
functions. Let G = U(W), with signatures as in §2.3. In this section
we assume F = FT . K for some imaginary quadratic field &, and
we assume the CM type X consists of all complex embeddings of F
above a fixed complex embedding of K. To W, or equivalently to G,
Shimura has associated a Shimura variety Sh(W) of PEL type (cf.
[Ko3]), of dimension dy = ) s 7vs,. More precisely, the Shimura
variety is associated to a PEL Shimura datum defined for the (rational)
similitude group GU (W) of W and to the choice of CM type ¥ that
identifies G(F,") with U(r,, s,) rather than U(s,,r,):

Sh(W)(C) = Sh(GU, X (W, X)) = lim GU(Q)\X (W, £) x GU (A ) /.

Here (GU, X (W, X)) is the Shimura datum to which Sh(W) is attached
and Ky runs through open compact subgroups of GU(Ay). For the
purposes of this exposition the details are not essential.

Let IT be as above. Let W*(II) be a finite-dimensional (algebraic)
representation of GU whose restriction to G is ®,W,,, where as above
w is the element of ¥ extending v. The group GU(W)(Ay) acts on
Sh(W) and on its cohomology groups with coefficients in the local
system

W (1) = lim GU@Q\W™ (IT) x X (W,) x GU(A)/K;

attached to W (II) of GU.

Let 7y be an irreducible admissible representation of U(W)(Ay) as
in (2.3.4), whose base change is I, and extend 7y to an irreducible
admissible representation 7T}_ of GU(W)(Ay) that occurs as the finite
part of an extension 7t of some element 7, @ 7y € I, chosen so that
7t has non-trivial cohomology with respect to W*(II), see (3.2.8),
below. Let

(3.2.1) M(x}) = Homeuwya,) (7§, HW (Sh(W), WH(I1))).

We are viewing M (7}) as a submotive of the (hypothetical) motive
corresponding to middle-dimensional cohomology of Sh(W) with co-
efficients in the local system W*(II)) of geometric origin. For our
purposes it suffices to work with the realizations in f-adic, topological,
or algebraic de Rham cohomology, in which case one needs to tensor by
an appropriate field of coefficients (generally containing F/(II). Using
(-adic cohomology, we can define the L-function L(s, M (7} )).
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Principle 3.2.2. There is an explicit Hecke character {+ yw of F' such
that
L +)) — dW Sw
(s, M(ry)) = L(s — - II, @yex; A* (St), Env ).

As above, we write (7, Sw) = (v, Sy) if w restricts to v. Cf. [H2,
(2.7.9)] for an example of the calculation (dualization and replacement
of A™ by A" ") which this shortcuts, . This principle is a theorem in
many cases; see the discussion below.

The L-function on the right hand side is the Langlands L-function at-
tached to the indicated representation of the L-group of Rp/q(GL(n)r),
where St is the identity representation of GL(n), twisted by the Hecke
character &+ y, which can be calculated explicitly but will here be left
unspecified. In the Langlands normalization, the functional equation
exchanges s with 1—s, whereas the motivic L-function on the left hand
side has (conjectural) functional equation exchanging s with 1+ w — s
where w is the weight of the motive M (7). This weight is of the form
dw — k, where k is an integer (denoted ¢ in [H2]) that depends on the
choice of extension 7+ of 7, or equivalently on the choice of extension
of WT(II) to a finite-dimensional representation of GU. On the other
hand, as in [H2, (2.7.9)], £}, can be attached to a motive M (£_})
of rank one and weight k over F , hence the equality in Principle 3.2.2
can be rewritten

(3.23) L(s— dTW, II, ®upes A™ (St)) = L(s, M(W?) ® M(S;jw))

(ignoring problems of coefficients), which is an equality of L-functions
with center of symmetry s = %.

The operation represented by the notation ®,ex+ A® (St) can be
applied to the motive Mp/g(II), and so (3.2.3) suggests the following
isomorphism of motives

(324)  M(nf) — Ques A (St) M) & M (&rr w)(tw)),

where M ({,+ ) is the dual of the motive M (¢! ,,) and the integer in
parentheses denotes Tate twist by

1
tw = §st(sw - 1),

cf. the discussion in [H2, (2.7.9)]. We will not try to make sense of
this isomorphism but rather use it to propose a conjectural relation
between the quadratic period invariants of the previous section and
the Petersson norms of automorphic forms in Ilg.
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The starting point is the de Rham version of 3.2.4, which is still
hypothetical insofar as the right-hand side of the equality has not been
precisely defined:

(3.2.5)

Mpr(7})e — Ques A (St)MEpyg,pr(Me @ (Mpr(&er w) (tw))c,
For any J Cn, w € X, let
(3.2.6) Qjw = NjesWjw,

with the w;,, asin §3.1. Let J (W) be the set of functions J : ¥ — P(n)
such that the cardinality |J(w)| equals s,, for each w € ¥. A basis of
the right hand side of (3.2.5) is then given by vectors of the form

(327) QJ = /\wEZQJ(w),w ® Q(€7T+,W)7 J € j(W)
Here Q(&-+ w) is a basis of the one-dimensional F-vector space
Mpr(&rew)(tw).

The basis 2, J € J(W), is well adapted to the parametrization of
the discrete series of G, introduced in §2.2. Let AT = (\,,w € X) be
the infinitesimal character of the representation W+ (II)Y) (dual of the
coefficients). Let K, be a fixed maximal compact subgroup of GU(R).
For any admissible (Lie(GU )¢, K« ) module o, let

(3.2.8) H(o, 1) = HW (Lie(GU)¢, Koo; 0 @ WH(IT)).

By Matsushima’s formula, we have
(3.2.9) )
H%%’O(Sh(W), W+(H))®C L)@)\g:)\-r H(O’, H)@HOmGU(R)(U, AO<GU)>

Here, to avoid pointless complications, we let A°(GU) denote the cusp
forms on GU(Q)\GU(A) and let HAY® denote cuspidal cohomology,
for any reasonable definition; o runs over irreducible admissible (Lie(GU )¢, K)
modules, up to equivalence. Let Coh(Il) be the set of equivalence
classes of o for which H(c,II) # 0; by Wigner’s lemma such o auto-
matically satisfy the condition A\, = A™. Then we can write
(3.2.10)
Mpr(tf)e = BoeconumH (0, 11) ® Homaya) (o @ wf, A(GU)).

We assume that Homgyay(o ® 7y, A°(GU)) = 0 unless o is in the
discrete series (and we can also assume that every occurrence of o @ 7y
in the automorphic forms on GU is cuspidal). Note that the discrete
series of GG, with fixed infinitesimal character A is in one-to-one corre-
spondence with the discrete series of GU (W, R) with fixed infinitesimal
character extending A. Thus we can parametrize the discrete series
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members of C'oh(Il) as in (2.2.2) by elements of [], .5, P(n) of cardi-
nality s, = s, in the wth place. In other words, the discrete series
members of Coh(Il) are parametrized by J(W). On the other hand,

Fact 3.2.11. For o € Coh(Il) in the discrete series, dim H (o, II) = 1.

Moreover, under property 2.3.4(a), or rather its analogue for GU, we
also have

(3.2.12) dim Homgy(ay(o @ nf, A°(GU)) = 1
for o as in (3.2.10). Assuming this to be the case we can write
(3213) MDR(W}F)C L)@]gj(w) MDR(']T}!—)J

as a sum of one-dimensional spaces.

Principle 3.2.14. Under the inverse of the isomorphism (3.2.6) and
the decomposition (3.2.11), Q0 is taken to a basis of the one-dimensional
space Mpr(my)..

In the next section we apply these heuristics to analyze the periods
of the automorphic motive M (W}L)

3.2.15. Validity of Principle 3.2.14. This principle is a restatement of
a form of Langlands’ conjecture on the zeta functions of Shimura vari-
eties, applied to Sh(WW). The determination of the unramified factors
of the zeta function of PEL Shimura varieties such as Sh(W) was ex-
plained in two articles of Kottwitz [Kol, Ko2| assuming certain con-
jectures, including the fundamental lemma for endoscopy. For unitary
groups the relevant conjectures are largely settled, and when F™ = Q
Kottwitz’ program has been completed by S. Morel [M], apart from
the determination of the multiplicity one property 2.3.4 (a). The case
F # Q has been considered, still at unramified places, in [CHL2], under
some simplifying hypotheses. Thus Principle 2.3.4 can be considered
established as far as unramified factors are concerned, up to questions
of multiplicity. Under a local ramification hypothesis these results are
due to Kottwitz and Clozel and have been known for some time. Under
the same hypothesis, the coincidence of the local factors at ramified
primes was verified by Harris and Taylor, for a special choice of W,
again up to multiplicities. This has been extended more recently by
Shin in [Shin], to whom we refer for more precise references.

3.3. Conjectural period relations. The de Rham cohomology space
Mpr(mf) can be defined directly in terms of automorphic forms whether
or not we have a way to construct the motive Mp/g(II) to which it is
compared in (3.2.6). We temporarily write S(W, ) to emphasize that
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the PEL type depends on the choice of . It is known (as a special
case of Langlands’ conjecture on Shimura varieties) that

(3.3.1) S(W, L) —=S(W,c-X)

where ¢ -3 = Yp \ X. This is just the Shimura variety attached
as above to the Shimura datum (GU, X(W,X)) with the conjugate
complex structure. Similarly, the representation W (II), restricted to
G C GU, is by construction dual to its complex conjugate; thus there
is a pairing

(3.3.2) (o] : WH(IT) @ WHe(II) — Q(k)

where Q(k) is the space of the representation v** : GU — GL(1), with
v the similitude factor, cf. [H2, 2.6.8].

With this in mind, it is natural to realize the polarization (3.1.8(d))
of the hypothetical Mp/q pr(II) and the induced polarization of its
exterior powers in terms of the natural Ly pairing of differential forms
on Sh(W)(C) with values in W (IT) with their complex conjugates.
Let Lie(GU)(C) = Lie(K«)(C) @ p be the Cartan decomposition. In
terms of vector-valued functions
(3.3.3)

¢; : GUQ)\GU(A) = WHII) @ A%p, i =1,2, d, +dy = dimp,

the Ly pairing is hermitian and is given by
334)  <ond>= [ 61(9) A o) Iv(0)
GU(Q)\GU(A)/RY

_ Consider Faltings’ (dual) Bernstein-Gelfand-Gelfand resolution of
WH(II):

(3.3.5) ) ) )
0—WTII) — K°(WHID)) — K*WHID) — ... = KW WT(I)) — 0,
where for each 1,

(3.3.6) cwrm) = @ &
JET (W) L(J)=i
The decomposition (3.2.8) can be reinterpreted in terms of the Hodge

decomposition associated to (3.3.4):
(3.3.7)

HE2(ShW), WH(IT)C & HYDO(Sh(W), E))RC.
JET(W),|J(w)|=sw

Here ¢(J) is an index defined in terms of lengths of elements in a Weyl

group, cf. [H1, p. 587] and a(J) has the property that ¢(J)+a(J) = dw .

In terms of the differential form expression (3.3.2), ¢(.J) is the number
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of holomorphic differentials and a(.JJ) the number of anti-holomorphic
differentials. When Sh(W) is not compact, the cohomology group
HYO(Sh(W), &) is the cuspidal part of the coherent cohomology
obtained from toroidal compactifications and canonical extensions as
in [H1, §2.2]; for the purposes of this exposition we may assume it co-
incides with the space denoted H{" in [loc. cit.]. The (refined) Hodge
decomposition (3.2.11) is then obtained from the W?—isotypic compo-
nent of (3.3.4) by identifying

(338) MDR(ﬂ'}r)J ;HOmGU(Af)OT?, Ha(J)yo(Sh(W)v EJ) & (C)

The details of the construction of (3.3.4) and the other steps have
been discussed elsewhere, notably in [H1]. The interest of (3.3.7) is that
the space H*/)O(Sh(W),&;) has a natural rational structure over a
field F; containing the reflex field of Sh(WW') and contained in the Galois
closure F of F, cf. [H1]. It is easy to determine the fields F; explicitly,
but for our purposes here it suffices to work over F the refinement is
left to a future article (but the impatient reader can supply it in the
meantime). It follows that the right-hand side of (3.3.7) has a natural
rational structure over the field F(IT) = F - E(II). Let Q;(II) denote a

F(IT)-rational generator of the right-hand side of (3.3.7). Let
(3.3.9) Q. (1) =< Q,(I1), ,(I1) >

where the pairing on the right is that of (3.3.3). The positive real
constant @ s (II) is well-defined up to multiplication by a totally positive
totally real element of F(II).

We define ¢(&F, W) € R* to be the Deligne period of the rank one
motive M ({,+ w(tw)) attached to the algebraic Hecke character &+
and the indicated Tate twist, defined up to a factor in the Galois closure
F(anL,W) of the coefficient field of £+ w, as in §8 of [D]. In other words,
it is the vector Q(&,+ w) expressed as a multiple of the one-dimensional
F-vector space Mp(&x+ w)(tw), where Mp denotes Betti cohomology.
When F' is imaginary quadratic the definition is as in [H2]; in general
it is an explicit product of periods of abelian varieties with complex
multiplication by F.

The following conjecture is a simultaneous generalization of Shimura’s
conjectures for the quadratic periods of Hilbert modular forms, proved
(up to undetermined algebraic factors) in [HO, Yos|, and the conjectures
described in §2 of [H2], partially proved in [H3, H5] in many cases. It
is naturally based on the conjectural isomorphism of motives (3.2.4).

Conjecture 3.3.10. For each pair (i,w) € n X Xp there is a pos-
itive constant Q;,(II) € R, well determined up to multiplication
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by a totally positive totally real element of F(H), such that, for any
J € J(W), the quotient

(3.3.11) Q1) e F(I)*.

IL. Hie](w) Qiw - c(&F, W)

One can refine the definitions of the invariants @Q;(II) up to (Fy -
E(IT))*, ask that the @;,,(II) to be similarly refined, and then state a
conjecture on the Gal(Q/Q)-action on the quotients in (3.3.10). But,
for the reasons to be explained in §4.3, it is unlikely that such period
relations can be proved for general J by means of the theta correspon-
dence, even when the Q;,,(II) can be defined in terms of automorphic
forms. Since no other method is known for studying these invariants,
it seems pointless to make a more precise conjecture.

4. CENTRAL VALUES OF L-FUNCTIONS OF UNITARY GROUPS

4.1. Applications of local dichotomy. We have introduced the Eisen-
stein series F(e,s, ¢, x) in (1.3); the function ¢ = ¢(s) is a variable
element of the induced representation I,,(s,x) = ®)1,.(s, Xx,) where
®' is restricted tensor product and I,,(s,x,) is the local degenerate
principal series defined in §4 of [HKS]. If v is a finite prime of F'*
that splits in F' then I,,,(0, x,) is irreducible; for such v we define
R,(V;F,x) = I.s(0,x»). When v is finite but does not split, Kudla
and Sweet [KS] show there is a decomposition

(4.1.1) L(0,x) =R} ® R,
with RE = R, (VX x) in the notation of [HKS, 4.1 (ii)]. When v is real

the decomposition, due to Lee and Zhu [LZ], is more complicated:

(412) [n,v(07 X) = EBP*H]:TLRn(V?éD’q)'

The notation V* in (4.1.1) designates an n-dimensional hermitian
space, up to equivalence, with Hasse invariant equal to the sign; in
(4.1.1) VP17 is the hermitian space over C with signature (p, q). There
is therefore a decomposition

(413) In(0> X) = Dg ®v€S Rn(‘/U:X) ®U¢S Rn(‘/er?X)

where S runs over finite sets of places of F* that do not split in F,
and V,, is any n-dimensional hermitian space for v € S (that only finite
S are allowed corresponds to the restricted tensor product condition).
Thus any ¢ as above has the property that ¢(0) = Y 4 ¢s(0), with
905'(0) S In,U,S-

Let {V(v)} be a collection of n-dimensional hermitian spaces over
F,, with V(v) ==V, for all v outside a finite set S of non-split places.
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Say {V(v)} is coherent if there is a global n-dimensional hermitian
space V such that V,, =V (v) for all v, incoherent otherwise. The
decomposition (4.1.3) is refined (taking the signatures into account) as
a direct sum 7,,(0, x) = ®qv )3 dn({V (v)}, x) with the obvious notation.

Consider the theta correspondence between G' = U(V) and H =
UW @ —W), defined as in (1.3). There is an isomorphism

(4.1.4) 0, (Vy, 1) =R, (V)

where 1 is the trivial representation of V. The isomorphism (4.1.4)
induces a surjective map

(1.15) o S(V) = Ru(Vi)
where S(V},) is the Schwartz-Bruhat space S(Rp, ps W, @ V).

Theorem 4.1.6. (Ichino) Let ¢(s) be a section such that ¢(0) €
I,({V(v)},x) for a fized collection as above, with p(0) = ®,p,(0),
0, (0) = () for some @, € S(V,), ® = ®,D,. Then

(i) If {V(v)} is incoherent, then E(e,0,¢,x) = 0.
(i) If {V(v)} is coherent and attached to the global space V', then

(417) E<.707907X) = 9@(.)'
in the notation of (1.2.5).

Remark 4.1.8. Part (i) of the above theorem is proved but not stated
explicitly in [12]. 2

4.2. Non-negativity of central values. In this subsection we take
m = n. Then the choice of a character y satisfying (1.1.1) determines
liftings to the metaplectic group for both G(A) and G’(A). The result-
ing Weil representation of G(A) x G'(A) was denoted wy, v, in §1. Here
we shall only need to make use the action of G(A), and we will denote
it simply by w, = ®w,,. Thus the choice of the additive character 1
is also understood implicitly and will not show up in our notations in
this subsection.

Recall the Rallis inner product formula (1.3.5). Our objective is
to show that the central L-value L(%,ﬂ', St, x) is non-negative. More

2More precisely, Ichino has pointed out that in comparison with the appendix to
[HK], which treats the incoherent Eisenstein series on symplectic similitude groups,
the unitary group version of Lemma A.1 is contained in (5.1) and Lemma 5.3 (and
the references cited there) in [I2]; Lemma A.2 (i) is by definition, Lemma A.2 (ii)
is in the proof of [I2, Prop. 6.2], and Lemma A.3 is contained in Lemma 5.1 and
Lemma 5.2 of [I2].
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generally we will try to show
1
S
L (5771-78157 X) >0

for any finite set S of places of F*. For this let us first re-write (1.3.5)
in the pre-normalization form

(4.2.1)
< 0¢(f)79$(.f) >= H ZU(O, fv7fv7§0v7XU) ' di(o)_lLS(%vﬂ-a StaX)

vES

where, in the notation of [L2], p.182, we have

(4.2.2) p=0(¢®0).

Also we are assuming that everything in sight is unramified for v ¢ S;
in particular f, is a unit vector for v ¢ S.

In order to avoid any confusion, for the rest of §4.2 we shall use (e, o)
to denote various inner products on unitary representations, and <
e e > to denote any invariant bilinear pairing between a representation
and its contragredient. As explained in Section 2 of [L2], we have

(428) 200 6o Forgor) = [ (onlon)60 ) Tulon) o F)dge

provided that the right hand side is absolutely convergent.

Remark 4.2.4. The matrix coefficient (wy, (¢v) @y, ¢»), which occurs in
the integrand in (4.2.3), depends only on w,, as an abstract representa-
tion in the following sense. Let F, F’ be any two realizations (models)
of the Weil representation w,,. Then there is a unitary intertwining
isomorphism F—F". If ¢, — ¢! under this intertwining map then by
definition

(W (90)Bus B0) = (Wy, (90) D B1)
Thus, in any calculation involving such matrix coefficients, we are free

to use any model for w,,, including the well known Fock models (when
v is archimedean) and lattice models when v is non-archimedean.

Instead of using (4.2.1) directly, we shall use a summation of such.
In other words, we shall choose suitable local vectors ¢,, f, (v € S),
apply (4.2.1), and then take the (finite) summation. The left hand
side of the resulting identity is then a sum of non-negative terms. The
unramified part, namely

1
HORIAICENTRY

of the right hand side, does not change in this process.
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For the right hand side of (4.2.3) to be non-zero, an a priori condi-
tion is that 7, has a non-zero theta lift to G’(F)"). The notion of this
local theta lift depends on the choice of x,. So we shall speak of the
Xo-theta lift when it is necessary to make this dependence explicit.

The above discussion makes it clear that it will be sufficient to prove
the following for every place v € S.

Statement 4.2.5. Suppose that w/ has a non-zero Xo-theta lift to
G'(F,\). There exists finitely many Schwartz functions ¢! and finitely
many vectors fI, such that

0< Zj/(}(m(wxv(gv) L) (mo(go) £, F)dg,

What we can prove so far is

Proposition 4.2.6. Statement 4.2.5 is valid at least for the following
cases:

(a) The place v is real and m, is in the discrete series (which is our
standing hypothesis).

(b) The place v is finite, and the extension F/F* splits at v.

(¢) The place v is finite, and the representation , is tempered.

The rest of this section is devoted to a proof of this proposition.

4.2.7. Archimedean places. Now assume v is archimedean so that G(F,")

U(p, q) for some p, ¢, and that m, is in the discrete series. Let U(p, q),
denote the set of discrete series representations of U(p,q). The con-
struction of [LL1], together with the uniqueness result of [Pa] prove that
theta correspondence gives rise to a bijection

(4271> U U(p> Q)d<—> U U<7a7 S)d

p+q=n r+s=n
In fact, both [L1] and [Pa] are phrased in terms of the pre-images of the
unitary groups in the metaplectic group. Of course, this differs from
our x,-theta lift by a simple shift of parameters. The explicit y,-theta
lift has been described in §2.

Assume that 7 has a non-zero x,-theta lift to G'(F,"), which we
denote by 7). Then G'(F,") = U(r, s), where the pair (r, s) is uniquely
determined by m,. The representation 7 is also in the discrete series.
We suppose 7, 7, are realized on the Hilbert spaces H, H' respectively.

Now the point is that the correspondence (4.2.7.1) is the one de-
scribed precisely in [L1], which used integrations of matrix coefficients.
Let

K, = U(p) x U(Q)? qu; = U(’I“, S)
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be maximal compact subgroups of G(F.)) = U(p,q) and G'(F}) =
U(r,s), respectively. Let H, C H be the finite dimensional subspace
on which K, acts by o.

The representation 7, contragredient to 7, is also unitary and belong
to the discrete series of G(F,). Suppose it it is realized on the space
V. Then ¢V is the lowest K,-type of m¥. Let’s say it is realized on the
subspace V,v.

Let e1,--- , e, be an orthonormal basis for H,. Let fi,---, f, € Vv
be the dual basis. We may assume that the inner product on V is
normalized so that fi,---, f, is an orthonormal basis for V,v. Let

n

(4.2.7.2) U (9) = D _(Tu(g)es ¢))

j=1

This is our canonical matrix coefficient which differs from that of
Flensted-Jensen [FJ] by a factor of n = dimo.
Let u,v € H,z,y € V. By Schur orthogonality we have

1
/ (70" (9),y) (70 (9)u, v)dg = <u, x>0,y >
G(F) d(m,)

where <, > is the canonical pairing between H and V', and d(m,) is the
formal degree of 7.

As a unitary representation, the Weil representation w,, is realized
on some Hilbert space ). We denote the subspace of smooth vectors by
S. (In a Schrodinger model one would have Y = L*(X) and S = S(X)
for some suitable space X).

Firstly suppose G'(F.") is compact (i.e. 7 =0 or s = 0), so that H’
is finite dimensional and we have the embedding

H®Vy CH @V CS

where Vi denote the subspace of K,-finite vectors in 7). If ¢ belongs
to the subspace H' ® V,v then we may write

b= ¢;® [ (¢; € H')
j=1

so that

1611 = g5l

For any v € H we have

L @00 Ol = S 0000) [ (w01 )l

ij G(F)
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1

= T D00 <wfi> <u >

That is
1
(4.2.7.3) /G(Fj)(wxu(g)ab, ) (mo(9)u, u) = m!l Z <u, fi > ¢l

Thus positivity is obvious. Obviously the above formula is also valid
when G(F.") is compact. It also follows that

(4.2.7.4)
| 0)0.0) - vml)ds = IR (@(rryor (1) compact)
G(FH) d(%)

Now return to the general case where neither G'(F,") or G(F.") is
necessarily compact. Then at least we have the embedding

H®V, CH@VCY
of Hilbert spaces. Let ¢ € S, and let
P.: Y—H @V,

be the orthogonal projection onto the closed subspace H' ® V,v. Then
we can write

P(¢)=) ¢;©f; (¢ €H)
j=1
By the same calculation as before we obtain the general formula

2
(1275) | n@o0) v og = LA
G(F)) d(m,)

Let o’ be the lowest K/-type of w. Let S, ,v C S be the finite
dimensional subspace of joint harmonics of type ¢’ @ ¥ (cf. [Ho|). In
[L1] it was shown that the projection operator Py is non-zero on the
subspace S/ ;v C S.

This proves Statement 4.2.5 for our real place v and discrete series
representation m,.

Note that almost exactly the same computation is valid in the non-
archimedean case, when 7, is in the discrete series.

4.2.8. Split (p-adic) places. Assume that the extension F'/FT splits at
the non-archimedean place v of F*. Then any irreducible admissible
unitary representation of G(F,") has a non-zero theta lift to G'(F.").
If Z is any vector space over F' then there is a natural decomposition

Zy=ZQF S =Z,®z,, dimg Z,=dim,s Z) = dimp+ Z
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Applying this to Z = W ®p V we obtain
(W@F V)UZXU@YL, dimFJ XU:dimF;rY;,:nz

This is a complete polarization with respect to the symplectic form
on (W ®p V),, i.e. both X, and Y, are totally isotropic subspaces.
Furthermore, we can (and will) identify X, with M, (F,), the space of
n by n matrices with entries in F,, on which G(F,}) ~ GL(n, F}") and
G'(F) ~ GL(n, Fy}) act by pre- and post-multiplications, respectively.

At the place v the Weil representation can be realized on S(M,, (F)")),
the space of Bruhat-Schartz functions on X,. The action of G(F.") ~
GL(n, F}}) is then given by

wy, (9)¢(x) = A(det(g))| det(g)|2 ¢(zg),

where A is a suitable unitary character of GL(1, F\).
Referring to Remark 4.2.4, we shall use this model to calculate the
matrix coefficients

(Wy (9)00, 90) (9 € G(E)))

We choose the Schwartz function ¢, as follows. Note that GL(n, F,")
is an open subset of M, (F,"). We choose an open compact subgroup
K C GL(n, F}) such that the vector f, in the space of 7, is fixed by K,
and that A(det(k)) = 1 for any k € K. We let ¢, be the characteristic
function of K. With these choices, it is now clear that

(W (9) o, b0) = { meas<K>O~’ (G0, b0), z;g

Here meas(K') denote the additive measure of K as a subset of M,,(F.").
It follows that

/G(F+)(Wv(9)¢v, 6)(75(9) fo, fo)dg = meas(K)? - (¢y, do)(fo, fo)

Thus the result is positive. This proves Statement 4.2.5 at the split
place v.

It remains to point out that case (c) of Proposition 4.2.6 is a direct
consequences of Appendices A and B below. In Theorem A.5 we take

G:H:G(Fj), TH = Wy, TG = Ty

By the estimate in Theorem 3.2 of [L0], we see that condition (b) of
Theorem A.5 is satisfied. On the other hand our representation m,
is assumed to be tempered so it is weakly contained in the regular
representation. Thus Theorem A.5 says that our local integral at v is
always non-negative. But then Proposition B.4.1 says it is positive for
some choice of data. Thus Proposition 4.2.6 is now proved.
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The following theorem is an almost immediate consequence:

Theorem 4.2.9. Let F* be a totally real field, F a totally imaginary
quadratic extension, G = U(W) a unitary group over FT as in §1.3,
and and 7 a cuspidal automorphic representation of G. Let x be a
Hecke character satisfying (1.1.1). Assume

(a) For every real place v, 7, is in the discrete series.

(b) For every finite place v of F* that does not split in F, either v
18 unramified in F and 7, is unramified, or m, is tempered.

Then
1
L(§7 , Sta X) > 0.
Proof. What we have shown so far implies that the product of global

terms on the right-hand side of 4.2.3 is positive:
1
dy(0) L3 (3, 7, St,x) > 0

In order to complete the proof, we need to show the following:
(1) dn(0)" > 0;
(2) For each prime v € S, the factor d,,,(0)~! > 0;
(3) For each prime v € S, the factor LU(%, Tu, Sty Xv) > 0;

Now d,,(s) is a product of Dirichlet series L(2s +n —r, 77?,7}+) with
real coefficients, and s = 0 is in each case in the closure of the range of
absolute convergence of the Euler product. This implies (1). Similarly,
cach local factor d, ,(s) is an Euler factor with real coefficients, or a
Gamma factor, and again s = 0 is to the right of all poles; thus (2)
follows.

Finally, the finite primes in S are either split in F'/FT or satisfy
hypothesis (b). First assume v € S is split. Then

L’U(87 7T'U7 St? X'U) - L’U(S7 7r'U7 X'U)L'U<87 7T1\)/7 X;1)7

where 7, is viewed as a representation of G(F,) ~ GL(n,F,") and
the Euler factors on the right-hand side are the principal Euler fac-
tors for GL(n). Since m, is unitary, by hypothesis (b), it follows from
the Tadi¢ classification of unitary representations of GL(n) [T] that
Ly(s,my,, St, x,) is an Euler factor with real coefficients, and moreover
that s = % is again to the right of all poles. If now v € S is not split, we
apply hypothesis (b). If 7, is unramified, there was no need to include
v in S; thus we may assume 7, tempered. Let w denote the prime
of F' dividing v. The formal base change I, of 7, to GL(n, F},) then

satisfies 1T, —II,, o ¢ = II,,. Since II,, is tempered, and in particular
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unitary, it follows that L, (s, m,, St, x») = L(s, I, xw) is again an Eu-
ler factor with real coefficients, and that s = % is again to the right of
all poles. This proves (3) and thus completes the proof of the theorem.

O

4.2.10. Remarks on the remaining places, and positivity of L-values for
GL(n). The only remaining possibility (for Statement 4.2.5) is the case
where v is non-archimedean and F/FT remain a non-split quadratic
extension at v, and where 7, is possibly non-tempered.

One approach is to carefully choose the local Schwartz functions
in a suitable model for the Weil representation. Up to this point we
have constructed some rather curious type of matrix coefficients which
undoubtedly will play a role in the non-negativity question and beyond.
We hope to return to these points soon in an upcoming work.

In any case, by combining the local calculations that have been car-
ried out so far with the main result of [Lab], relating cuspidal coho-
mological automorphic representations of GL(n) with discrete series
L-packets of unitary groups, we obtain

Theorem 4.2.11. Let F* be a totally real field, F a totally imagi-
nary quadratic extension, and 11 a cohomological cuspidal automorphic
representation of GL(n, F') that satisfies IV = T1¢. Let x be a Hekce
character satisfying (1.1.1). Assume the extension F/FT is unramified
at all finite places. Moreover, assume that, if 11, s ramified at some
finite place w of F then w splits over F*. Then

L(%,H,St,x) > 0.

The point is that under the hypotheses on IT and F//F*, [Lab| shows
that IT admits a functorial descent 7 to any unitary group G'= U (W)
over F'that is quasi-split at all finite places. The functoriality condition
implies that

L(s, 11, St, x) = L(s,m, St, x).

The ramification hypotheses then imply that 7 satisfies conditions (a)
and (b) of 4.2.9, and the theorem is a consequence.

Remark 4.2.12. Remarks on functoriality.

As a special case of the generalized Ramanujan conjecture, it is ex-
pected that condition (a) in 4.2.9 implies condition (b), cf. 2.3.4. As
indicated in §2.3, this can be deduced from results proved in [HT] and
[HL] when 7 is locally a discrete series representation at some finite
place v that splits in F'/F*. Indeed, under these hypotheses, m admits
a base change to GL(n,F), and after an additional quadratic base
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change one can reduce to the situation of 4.2.11, where it’s no longer
important whether or not the local components are tempered where
the automorphic representation is ramified. When n is odd, one can
similarly apply the results of [Shin]. In the remaining cases, Clozel has
recently proved that m, is tempered at unramified places, but condition
(b) is specifically for ramified places.

Dihua Jiang has pointed out to the authors that the result of 4.2.11
can be deduced, without the extraneous ramification hypotheses, by
a functoriality argument. Indeed, he has observed that the condition
IV = II¢ implies that the automorphic induction II* := Alp/p+(II) to
an automorphic representation of GL(2n, F'T) is self-dual of symplectic
type. Hence II™ admits a functorial descent to an automorphic rep-
resentation mo of SO(2n + 1, F'*). This can be proved either by the
L-function method of Ginzburg-Rallis-Soudry or by the twisted trace
formula, as in Arthur’s forthcoming book. Once one has mp, the theo-
rem follows from the main result of [LR1]. The proof here is of course
quite different.

4.3. Rationality of the theta lift. Notation is as in 2.3. In par-
ticular, we assume there is a cuspidal automorphic representation II
of GL(n), fixed for the remainder of this section, that descends to a
discrete series L-packet on the unitary group G.

We return to the setting of §1 and (3.2). Choose ¢ = ®¢, €
S(X(Ap+)) as in (1.2). For all but finitely many places v, the local
extension F,/F; and the local groups G(F,") and G’'(F,") are unram-
ified, so that W, contains a self-dual lattice L, with integral complete
polarization

L,=L,nX,eL,NY,

and ¢, is the characteristic function of L, N X,. Let S be the set of
places of F'* where these conditions are not satisfied.

Let Coh(Il), m¢, and ﬂjf be as in §3.2; in particular, for any o €
Coh(1I1),

(4.3.1) dim Homgyay(o @ nf, A°(GU)) = 1

Fix 71t = o@7; (we usually refer to 7 rather than 77) and let a denote
a generator of the one-dimensional space (4.3.1). The representation
W}“ of G(Ay) is assumed to have a model over the number field F(r)
which by [BHR] can be taken to be either a CM field or a totally real
field. (Actually we should write F'(7}) instead of F'(7), but we ignore
this distinction). We may assume « to be F(m)-rational in the sense of
[H2]. In other words, if 7 C ¢ is the minimal K-type, the one carrying



THETA CORRESPONDENCES FOR CLOSE UNITARY GROUPS 31

the cohomology, then, for any vector vy € w7 (F(r)) and any F()-
rational vector v., € T, (Voo @ vy) defines an F(7)-rational coherent
cohomology class with respect to a canonical trivialization, cf. [H2],
p.113. Similarly, we let a¥ be a generator of

HO?TLGU(A)((U &® W}r>\/, AO(GU)>

which is also one-dimensional and has image in the automorphic forms
of coherent cohomological type.
We say ¢ is algebraic if in (1.3.3) the term

(4.3.2) [1Z.(s for £20 0000 € F(m,x)

vES

whenever s is an integer and ®,, f, and ®, f’ are the images, under o and
aV, respectively, of F'(r) rational vectors in 7 and 7¥.% The vector vy is
taken to be a fixed non-zero rational element of 7. For example, one can
let ¥, denote a highest weight vector for an appropriate choice of simple
roots of the maximal compact subgroup of G(FY); 0 is then defined
over a finite Galois extension F’ of F(m, x), and v, can be taken to be
the trace of 0., down to F(m, ). Moreover, , is obtained from ¢, ® ¢,
as in (4.3.2), and ¢n is fixed relative to v, so that the corresponding
product of local zeta integrals does not vanish. The condition (4.3.2)
is natural at finite primes but ad hoc at archimedean primes, because
one should be able to calculate the values of the archimedean local
zeta integrals more precisely; however, the condition will suffice for the
following discussion.

Algebraicity in the sense just defined is stable under multiplication
by a scalar in F'(m), because F'(7) is either CM or totally real. We as-
sume the multiplicity one hypothesis (3.2.12) for m and 7" := ©,/(V, 7).
Then as f and f° vary among F(7)-rational vectors and ¢ varies
among algebraic Schwartz-Bruhat functions (i.e., ¢; varies), the space
of 0455(f)(g’) defines an F(, X) Q?-rational structure, say Re(n’) on
on the G'(A)-representation 7. Indeed, the action of G(Af) xG'(Ay)
on the Schwartz-Bruhat space stablhzes a F(m) - Q%-rational structure
(the coefficients have to include Q® because of the dependence on the
choice of additive character; cf. the errata to [H3] in [H5]).

On the other hand, 7 inherits a second G'(A)-equivariant F'(r)-
rational structure, say R(7’), from coherent cohomology, as in §3.3.

3This is not consistent with the hypotheses made in §1.3 that local and global
inner products are compatible. We therefore drop this hypothesis, which was pri-
marily made for convenience in studying the positivity of the central value. The
formula (1.3.5) remains true without this compatibility hypothesis, and this is what
we are using in the subsequent discussion.
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It follows from Schur’s Lemma that there is a scalar ¢(m) € C*, well
defined up to F (7, x) - Q¥ such that

(4.3.3) Ro(") = e(m)R(7").

To express the scalars ¢(m) in terms of period invariants, we return to
the setting of the earlier sections. In what follows, we use the splitting
character x to identify G ~ G and G’ ~ G’', and likewise identify the
Harish-Chandra parameters and infinitesimal characters. Let [J(n) be
the set of functions J : ¥ — P(n), so that

(4.3.4) Jm)=J[smw)

where W runs over all equivalence classes of hermitian spaces over
F ®g R. In other words, W runs over all collections of signatures
(Tw, Sw;w € X). If w € X lies above v € X1, we let )\, denote the
infinitesimal character of the discrete series representation m,. As in
(2.2.2), we can identify

(4.3.5) Jm) =[],

In this way, the involution # of §2.2 becomes an involution
0:J(n) —J(n).

Let J(me) € J(W) C J(n) correspond to the element 7., of the L-
packet Il o (notation as in §2.3) under the bijection 4.3.5, and define
J(rl,) € J(V) analogously. It follows from the discussion in §2 that,
if ©,(V,m) # 0, then

(4.3.6) 0(J(ms0)) = J(7l).

o

Assume ¢ is an algebraic Schwartz-Bruhat function. The left-hand
side of (1.3.5) is then

(1hs) |e(m)|? ———=

The right-hand side is, by (4.3.2), an F(r, x)-multiple of
1

() 4,(0) L5 7. 5t.%)

We now invoke conjectures to rewrite both (lhs) and (rhs) in simpler
terms. Conjecture 3.3.10 implies that (lhs) can be rewritten

Hicstmyw) Qiw  c(&f,V)
HiGJ(woo)(w) Qiw (& W)

(4.3.7) (@ P T

w
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A special case of Klingen’s theorem on special values of L-functions

of Hecke characters of totally real fields implies that d,(0) is an F-

rational multiple of (2m')w, where d = [F* : Q]. To determine the

right hand side of (1.3.5) up to algebraic factors, we apply Deligne’s
conjecture [D] on critical values. This has been worked out in detail in
[H2] in terms of the hypothetical invariants @); . when d = 1. In what
follows, when v € ¥t we write w(v) its extension to an element of the
CM type 2.

Conjecture 4.3.8. Hypotheses are as above. There is a function sy,
Yt — {0,...,n} and an abelian period p(sm,) € C*, well defined up to
algebraic multiples, so that (27?2')’%(”’1)2[1(%,#, St, x) is an algebraic
multiple of

st1,x (w(v))

p(£H,x) : H H Qi,w(v)-

vext i=1

When F* = Q an exact formula can be found in [H4, ?], though
notation is different; what is here called y is there called o* = «a/|a/,
and the x there is trivial (or rather incorporated into 7). In particular,
k = 0 and & is the archimedean weight of the product « of x and an ap-
propriate power of the norm character. The integer s = sy, (w), where
w is here the unique real embedding of Q, is determined by the Hodge
structure of the motive Mp/g pr(Il). Instead of []7_; @; the result is
there stated in terms of Petersson norms of the form @, (II), defined
as in (3.3) in terms of differential forms €2; on an appropriate Shimura
variety, where J is chosen so that 2, is holomorphic. In general, the
central character &y of II is a Hecke character of F' satisfying

I’Zﬁl :£H ocC

One can thus view & as an automorphic representation of GL(1)p
satisfying Hypotheses 2.3.1. As in §3.1, there is thus an associated
motive M (&) over F' of rank one over the coefficient field F (&) C
E(IT), and for w € ¥p we define Hodge numbers (p(w),g(w)) as in
(3.1.7(c)); the subscript i is superfluous. Following 2.4.10 of [H2], we
denote them (P, Q,). Then for each w € £, we define sy, (w) to be
the unique integer in {0, 1, ..., n} such that

n —

K .
(439) S mzn(QSH,X(w)+1 — R — Qwapsn,x(w) - Pu))

One can provide explicit formulas for the abelian period, which incor-
porates all powers of 27i and certain products of periods of the Hecke
character o and the central character of II. For example, in [H4] we
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have
n(l-k) s
p(s) =7 (2mi) > g(ao)’p(a”, 1
where s = Sy o+(w) when w is the complex embedding denoted 1 in
[H4]. Comparing the formulas for the two sides of (1.3.5), we thus
obtain a conjectural formula for |c(7)|?:

—@—H@s )n—25

Conjecture 4.3.10. Up to algebraic multiples, we have

J ) Qz w SH’X(w)
le(m)[* = p(sy) et : Qi
* H Hz reJ(nly)(w) Qz K7 H

wEE 1=1

When d = 1 this has been proved in certain cases in [H5], up to
an undetermined archimedean zeta factor that depends only on Il
and this is used to confirm Deligne’s conjecture for these L-functions
up to the same undetermined archimedean factor. The proofs in [H5],
following [H3], are based on an analysis of the theta correspondence via
seesaw pairs and properties of coherent cohomology. But even when
d =1 it seems to be completely impossible to prove this conjecture in
general using automorphic techniques. In the cases treated in [H3, H5],
the representation 7’ is always of holomorphic type, all the @;,,’s on the
right-hand side of the formula in Conjecture 4.3.10 cancel and one finds
that |c(m)|? is a product of abelian periods. These are products that
arise in the intermediate steps of the rationality testing of the theta
lifts, and occur as periods of automorphic forms on smaller groups. In
general, however, there is no reason for the );.’s to cancel, so the
conjecture implies that the transcendental part of ¢(7) involves some
non-trivial product of );,’s. But these are periods of automorphic
representations of GL(n) and cannot be expected to occur in theta
correspondences on unitary groups of size less than n. It thus appears
that Conjecture 4.3.10 in general can only be obtained as a consequence
of Deligne’s conjecture, and not vice versa.

APPENDIX A. NONNEGATIVITY OF INTEGRALS OF CERTAIN
POSITIVE DEFINITE FUNCTIONS

Let H be a locally compact Hausdorff topological group, with a fixed
left invariant Haar measure u!;. Denote by Ag its modula function,
which is defined by

/H Feh™) dply (2) = A (h) /H F@) duly (), for all f € Cu(H), h € H.
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Here and henceforth, “C.” stands for the space of compactly supported
(complex valued) continuous functions. Then
Wy = Ay iy

is a right invariant Haar measure. Set

_1 1
p = Ay iy = Ay
Then

(A1) /H Fa) duly(z) = /H F(x) dply (), for all f € Co(H).

Let ¢ be a continuous complex-valued function on H. Recall that ¢
is said to be positive definite, or equivalently, of positive type, if

> adolhy hi) 2 0,

i=1 j=1
forallm > 1, ¢y, o, -+, ¢, in C, and hq, ho, -+, hy, in H. By the GNS
construction (named after Gelfand, Naimark and Segal), ¢ is positive
definite if and only if

(A.2) ¢(h) = (mu(h)(€),§), heH,

for some vector £ in a unitary representation my of H [BHV, Theorem
C.4.3 and Theorem C.4.10].

Assume that ¢ is positive definite and integrable (with respect to the
measure 1% ). It follows from (A.1) and (A.2) that

(A3) /H o(x) dply (z) € R.
The inequality
(A4) /H o) dpy(z) > 0

holds in many cases, but not in general. The purpose of this note is
to prove (A.4) in a special case which is interesting in representation
theory and automorphic forms.
Let GG be a locally compact Hausdorff topological group, with a com-
pact subgroup K and a closed subgroup P such that G = KP.
Denote by Ag and Ap the modular function of G and P, respectively.
Write

peE P,
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and extend it to a left K-invariant function on G, which is still denoted
by 4, by the formula

6(kp) =0d(p), ke K, peP.

Under this general setting, Harish-Chandra’s basic spherical function
= is still defined by

(9) = Exrlg) = / 53 (gk) dk, g€ G,

K
where “dk” is the normalized Haar measure on K.

The following is our main result in this appendix, which generalizes
[He, Theorem 2.1].

[1]

Theorem A.5. Let g be a unitary representation of G which is weakly
contained in the reqular representation. Let H be a closed subgroup of
G and let Ty be a unitary representation of H. Let
k
Uy = ZUZ Ru; €T = 7TH®(7TG|H).
i=1
Assume that
(a) v1,v9, -+, v are all K-finite,
(b) and the function (my(h)u;,u;) Z(h) € L'(H; 1Y), i,5 = 1,2, , k.
Then the function

(A.6) (m(h)ux, ur) € LN(H; ),
and its integral
(A7) /H (e (R, ) dnly (h) > 0.

Let m; and 7 be two unitary representations of GG. Recall that
7 is said to be weakly contained in my if for all v € m;, the matrix
coefficient (my(g)v,v) is contained in the closure (with respect to the
topology of uniform convergence on compacta) of the space spanned
by {(m2(g)v", ") | v" € ma}.

Theorem A.5 is easily reduced to the case when G is o-compact.
Therefore, without lose of generality, we assume in the remaining part
of this note that G is o-compact.

The following lemma is elementary and known ([BHV, Page 421,
Remark F.1.2 (ix)]).

Lemma A.8. Assume that my is weakly contained in wo. Let vy, vg, -+ v €
m. Then there is a family of vectors

{ui,r,n}1§i§k71§r7n<oo
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i my such that
nlggo z;(ﬂ-Q(g)ui,T,na uj,r,n> — <7T1(g)vi7 Uj>7 1,] = ]-7 27 e 7ka

uniformly on compact subsets of GG.

Denote by K the set of equivalence classes of finite dimensional ir-
reducible unitary representations of K. For every 7 € K , write 7 (7)
for the 7-isotypic component of V', which is automatically a closed
subspace of 7. Let S be a finite subset of K. Set

m (S) = Dresm1 (7')7

and
ds = Z deg(7)%.
TES
A vector in m(S) is said to be of type S.

Recall that the left and right regular representations are canoni-
cally isomorphic (so there is no confusion when we refer to the regular
representation in Theorem A.5). We work with the right regular repre-
sentation. It is realized on the Hilbert space L*(G; uf,), and the action
is given by the right translation R.

Lemma A.9. Let g and vi,vy, -+ ,vp € g be as in Theorem A.5.
Assume that all vy, vy, -+ v, are of type S. Then there is a family of
vectors

{fi,r,n}lﬁigk,lgr,n<oo

in C.(G) C L*(G; ), all have type S, such that
(A.10)  lim Zl<R9fi,r,nafj,r,n> = (ma(g)vi,vy), 14,5=1,2,---k,

uniformly on compact subsets of G.

Proof. This is a consequence of Lemma A.8 by applying the orthogonal
projection map
L*(G; ney) = LG ) (5)-
O

The following lemma is a formal generalization of a fundamental
result of Cowling, Haagerup and Howe [CHH, Theorem 2|. Although
in [CHH], the theorem is only stated for G’ semisimple algebraic, and
G = KP an Iwasawa decomposition, the same proof works in our
general setting. So we omit the proof.
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Lemma A.11. Assume that ng is a unitary representation of G which
15 weakly contained in the reqular representation. Then

[(m(g)u, v)| < dsllul] [[v]| Z(g),
for all u,v € mg(S) and g € G.

Now(A.6) is a direct consequence of Lemma A.11.
Fix a family {f;,,} as in Lemma A.9. Take i = j and ¢ = 1 in
(A.12), we get

1 . 2: 2 ': o e
12 3 ol =l =120k

By Lemma A.11, we have that

ds
2

Y (R fimms Fiaa)l <Y dsll firall 1 fimnl E(9) < = (lloil P+ lv;11*)Z(g)-
r=1 r=1

Now Lebesgue’s dominated convergence theorem applies and we have
| (mthys, ) dity b
H
= [ S tmuthyus ) (mahyos, ) )
1,

:Z 11_)111 /( UZ,U] Z Rhfzrmf]rn d:uH<h)
i,j e JH r=1

—gim Y / S i ()it ) (R fims o) iy (1)
n—00 — Ju Iy

Therefore, to prove (A.7), it suffices to show that for all fi, fo, -, fx €
C.(G), we have

/HZ<7TH(h)UuUj> (Rufi, ;) dul (R) >0
or, equivalently,
(SUNS > ) ) 01 iy 1) i) > 0
Lemma A.14. Let f € C.(G). If for all g € G,

(A.15) / f(gh)ifl% diy(h) > 0,
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then
| 1@ @) =0,

Proof. Let p be a positive-valued continuous function on G such that
Ag(h

(A.16) p(xh) = i )p(x), re G, heH.

~ Aq(h)

Such a function always exists [R, Chapter 8, Section 1]. There is a
positive Borel measure p on G/ H such that (see [BHV, Theorem B.1.4])

| 1@t = [ B [ o™ wh) ddy () o)

Now the lemma follows from (A.16) and (A.15). O

Fix an arbitrary g € G. By Lemma A.14, (A.13) is implied by

/H /H Db, ug) fi(gah) F(g) iy () AG' (g2) ﬁzig dpi () > 0,

or equivalently,
|| S ek mueyus) Flar 5 A (oh) Ay @) ddy () diy ) = 0.

By changing of variable, this is the same as

1

— 1 _1
| Sy, maa)u) b F o) Ay (1) At 0) dihy (1) dila) = 0,
i,J
The left hand side of the above equality equals to

([ 3 oty [ 3 flammnte),

which is obviously nonnegative. This finishes the proof of (A.7).

APPENDIX B. MATRIX COEFFICIENT INTEGRALS AND THETA
CORRESPONDENCE

B.1. Oscillator representations of Jacobi groups. Let ky be a
fixed local field of characteristic zero, and let k/kq be a quadratic ex-
tension, with “-” the nontrivial Galois element. For global applications,
the split case of k = kg x kg is included.

Fix ¢ = +1. Let F be an e-hermitian k-module, i.e., it is a free
k-module of finite rank, equipped with a non-degenerate ky-bilinear
map

(,):ExE—k



40 MICHAEL HARRIS, JIAN-SHU LI, AND BINYONG SUN

such that
(u,v) = e(v,u), (au,v) =alu,v), a€k uvek.
Similarly, let £’ be an e-skew hermitian k-module. Then
E:=F®F
is a skew hermitian module under the form
(u@u v @) = (u,v) - {u, ).
Denote by
H(E) :=E x kg

the associated Heisenberg group, whose multiplication is given by
1
(u,t) (v, t") = (u+u, t+t + étrk/ko (u,u')).

The unitary group (or general linear group in the split case) U(FE) act
on H(E) as group automorphisms through its action on E. We define
the corresponding Jacobi group to be the semidirect product

I (E) == U(E) x H(E).

Fix a nontrivial unitary character ¢) : k — C. By a unitary oscillator
representation of Jg (F), we mean a unitary representation of Jpg/ (E)
whose restriction to H(E) is irreducible of central character ¢). The
underlying smooth representation of a unitary oscillator representation
is called a smooth oscillator representation. Write

Qg (E) = {equivalence classes of unitary oscillator representations of Jp/ (E)}
= {equivalence classes of smooth oscillator representations of Jg/ (E)}.

The group of unitary characters on U(E) acts simply transitively on
Qg (E) by tensor product. Since every character of U(E) factor through
the determinant map, we get an action of the group Kkl of unitary char-
acters of

k' ={zck|zz=1}

on the set Qg (F).
B.2. Kudla characters of oscillator representations. Assume that
n :=rank F > 0.

Let E be a nonzero split e-hermitian k-module. For any maximal
isotropic free submodule X of F|

X=XV
is a maximal isotropic free submodule of

E = E@k E,,
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and is also a subgroup of the Heisenberg group H(E). Let w € Qp/(E),
and view it a smooth oscillator representation. Then up to scalar, there
is a unique nonzero continuous linear functional

)\XICNO—>(C

which is X-invariant. Denote by Px(F) the parabolic subgroup of

U(FE) preserving X. Since it normalizes X, there is a unique character
Ko X PX(E) — C*
such that
Ax € HomPX(E)(@,m@X).
We conclude from [HKS] that xg x is uniquely of the form
o (p) = det(plx)| ¥ raldet(ply)), p € Px(E).
where n' = ranky F’, and kg € E;(n’ ). Here
k() == {x € K | Xlx = el
and €k, is the quadratic character of k' whose kernel is
{zz | x € k*}.

We call kg the Kudla character of w. It is independent of X.
We use the doubling method to define Kudla characters in general.

Write F_ := FE as a k-module, equipped with the e-hermitian form
which is negative to the one on E. Assume that
E=E®E._.

Then Jg/ (E) and Jg (E_) are commuting subgroups of J g (E).
Let w € Qg (E), there is a unique w € Qp/(E) such that as unitary
representations of Jp/ (E) x Jp (E_),

& WwRw_
for some w_ € Qg (E_). We define the Kudla character
Ky 1= Kg.

When FE already splits, this definition is consistent with the previous
one. Clearly

Ry_ = Ry-

For every x € 1;\1, we have that

rau(@) = X () wulo).
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Kudla characters establish a one-one correspondence
Qp(E) < kX (n)).

B.3. Degenerate principal series. We continue with the notation
of the last section. Assume that

X :={(v,v) € E|veE}
Let @ = w®w_ and Ax be as before. We have a group isomorphism
Jp(E) = Jp(E-), (z,u,t)— (z,u,—t).
Formally write
w:={v|veuw},

viewed as a complex vector space by

cv:=cv, ceC,vew.

As usual, it is a representation of Jg/(FE) which is contragredient to w.
Denote by &, j the character of Jg/ (E) given by

(z,u,t) — K,(det(x)).
It is important to observe that as representations of Jg/ (E),
W =W Rw,Js

and the linear functional Ay can be identified (up to scalar) with

BEWwRW @Ky = C, u®T® 1 (u,v).

Recall that
Ax € HOHIPX(E) (CNU, HQX)a

and
ks.x (p) = |det(p| )| mu(det(plx)), p € Px(E).

Frobenius reciprocity produces a U(FE)-intertwining continuous linear
map
n' —n
2
Here for every character y of k*, and every s € C, I(x, s) is the nor-

Ax : @0 — I(Ky, 80), with sg =

malized induction consisting of all smooth functions f on U(F) such
that

f(pg) = x(det(p|x)) [det(p|x)["*2 f(g), p € Px,g € U(E).
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Note that the diagram

URV—URVRL ~ ~

wew — WO R K,y ZW
(B.3.1) Cwl lAX
COO(U(E)) \the restriction map I(Ii, S[))

commutes, where ¢* is the matrix coefficient map given by
Cuzn(9) = (w(g)u, v).

Proposition B.3.2. Fiz rky € E;(n) Let EY, E}, ---, E} be repre-
sentatives of equivalent classes of e-skew hermitian k-modules of rank
n. Let w; € Qp(FE), with Kudla character kg. Then Ax(w;), i =
1,2,--- ,k are pairwise inequivalent irreducible subrepresentations of

I(ko,0), and
k
I(K,(), O) = @AX(@)
i=1

Note that £ = 1 if k splits, £ = 2 if k is a nonarchimedean local field,
and k=n+1if k=C.

The following is a direct consequence of (B.3.1) and Proposition
B.3.2.

Corollary B.3.3. Fiz kg € E;(n) Let By, E, ---, Ej. be representa-
tives of equivalent classes of e-skew hermitian k-modules of dimension
n. Let w; € Qp/(E), with Kudla character k. Then

k

@ font (wi X (Dz)

i=1
is dense in C*(U(E)).

B.4. Theta correspondences and matrix coefficient integrals.
Assume that n = n/. Let w be a smooth oscillator representation of
Jg/(E) as before. Let 7 be the underlying smooth representation of a
tempered irreducible unitary representation of U(£). By [Su, Theorem
1.2] and the method of [LO, Theorem 3.2], we know that

wRLRTRT — LY (U(E)),
uRvRu @V = (9 (w(g)u,v) (t(g)u,v"))

is a well defined continuous linear map.
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Proposition B.4.1. The space Homyg)(w®n, C) is nonzero if and
only if

(B.42) / (o)) (x(g)e, ) dg #0

for some u € w and v € .

Proof. The “if” part is trivial. Now assume that all matrix coefficient
integrals in (B.4.2) vanish.

Let E}, Ey, -+, B} and w; € Qg/(E) be as in Corollary B.3.3. As-
sume that £’ = F] and w = w;. Corollary B.3.3 implies that the
integral in (B.4.2) does not vanish identically for some (E!,w;). Then
i # 1 and

HOII’IU(E) (wz@m, (C) 7é 0.
Now theta dichotomy implies that

Homy () (w®m, C) = 0.
This finishes the proof. 0
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