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Course suminary

The purpose of this course is to gradually introduce master students in mathematics to the
mathematical models underlying modern particle physics experiments. We will start with
some basic differential geometry, and give an account of (non-local) functional calculus
with bosonic and fermionic variables, followed by many physical examples of Lagrangian
variational problems: classical mechanics, general relativity, electromagnetism and Yang-
Mills theory. We will then describe the general methods of local variational calculus, so
called “jet bundle formalism”. We will explain how to find fundamental solutions of partial
differential operators with constant coefficients, and a description of various classical
examples (wave, Klein-Gordon). The Dirac equation solution will involve some basic
structure and representation theory of reductive groups, which are the building blocks
for symmetry in physics. In the above setting, we will explain the geometric definition
of classical matter and interaction particles from a mathematical viewpoint. We will
give a short account of quantum mechanics following von Neumann and pass rapidly to
the functional integral quantization, in a Dyson-Schwinger equation flavor. We will then
describe perturbative expansions and give a brief overview of the mathematical methods
underlying the renormalization procedure, including the Connes-Kreimer Hopf algebra
approach to BPHZ renormalization and Costello’s description of Wilson’s effective action
method. If time permits, we will describe roughly the BRST/BV method for quantizing
gauge theories.
Remark

Few prerequisites are necessary to follow this course (a bit of differential geometry and
commutative algebra). This course will provide the interested students necessary bases if
they wish to pursue on this topic and continue their studies for a thesis, for instance in
Paris VI.

1. Alexander Beilinson and Vladimir Drinfeld. Chiral algebras, volume 51 of American
Mathematical Society Colloquium Publications. American Mathematical Society,
Providence, RI, 2004.

2. Alain Connes and Matilde Marcolli. Noncommutative geometry, quantum fields
and motives, volume 55 of American Mathematical Society Colloquium Publications.
American Mathematical Society, Providence, RI, 2008.

3. Kevin Costello. Renormalization and effective field theory, 2009.

4. Andrzej Derdzinski. Geometry of the standard model of elementary particles. Texts
and Monographs in Physics. Springer-Verlag, Berlin, 1992.

11



12

10.

11.

CONTENTS

Bryce DeWitt. The global approach to quantum field theory. Vol. 1, 2, volume 114
of International Series of Monographs on Physics. The Clarendon Press Oxford
University Press, New York, 2003.

Gerald B. Folland.  Quantum field theory: a tourist guide for mathematicians,
volume 149 of Mathematical Surveys and Monographs. American Mathematical
Society, Providence, RI, 2008.

[. M. Gel'fand and G. E. Shilov. Generalized functions. Vol 1-4. Academic Press
[Harcourt Brace Jovanovich Publishers], New York, 1964 [1977].

Joseph Krasil’shchik and Alexander Verbovetsky. Homological methods in equations
of mathematical physics. arXiv, 1998.

F Paugam. Les mathématiques de la physique moderne. (in preparation)
http://people.math.jussieu. fr/~fpaugam/, 2009.

John von Neumann. Mathematical foundations of quantum mechanics. Prince-
ton Landmarks in Mathematics. Princeton University Press, Princeton, NJ, 1996.
Translated from the German and with a preface by Robert T. Beyer, Twelfth print-
ing, Princeton Paperbacks.

J. Zinn-Justin. Quantum field theory and critical phenomena, volume 85 of Inter-
national Series of Monographs on Physics. The Clarendon Press Oxford University
Press, New York, second edition, 1993. Oxford Science Publications.



Part 1

Mathematical preliminaries

13






Aims, means

This book is an applied pure mathematics textbook on quantum field theory. Its aim is to
introduce mathematicians to the mathematical methods of theoretical and experimental
quantum field theory, with an emphasis on

coordinate free presentations

of the mathematical objects in play, but also of the mathematical theories underlying
those mathematical objects. The main problem that we had to face when we started
this project, was the vast zoology of types of structures that appear in the mathematical
formalization of QFT. Here is the organizational pattern that we used to arrive to a locally
finitely presented book.

Our viewpoint on physics is very naive and reductionist ®: a physical theory is given
by a family of experiments and a model, i.e.

a mathematical machinery,

that explains these experiments. The main constraint on such a theory is that one must be
able to discuss it with collegues and students, so that they test it, correct it and improve
it with later developments. In this approach,

the word “Universe” has no useful meaning,

and this working hypothesis will allow us to spare our precious time: one only has ex-
periments, and models. We will mostly be interested by models, and refer to the physics
litterature for the description of the corresponding experiments. Some of the models we
present are theoretical extrapolations on usual physical models. They are either hoped
to be tested at some point, or only useful to uncover and prove nice mathematical the-
orems. We don’t care about these motivational aspects, because our interest is purely
mathematical.

There are various ways to ground a mathematical technology, and all of them are
based on some common metamathematical (i.e. natural) language, that can be used to
discuss the theory with collegues, in written or oral communication. One may ground the
presentation of mathematical structures on set theoretical considerations, with the main
role being given to the set theoretic membership sign €, and to the axiom of choice. This
approach gives general methods to prove

3We view this as a general fact on the geek’s approach to the problems of life: it is often reductionist,
which is sometimes good and efficient, but sometimes bad and counterproductive. In this book, we vote
for the potential efficience of the reductionist approach.

15
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existence results.

Our approach will be based on the language of (higher) category theory, in the spirit
of Lawvere and Ehresmann’s axiomatization program (see [Law05], [Law06], [Ehr81]),
because we found it better adapted to invariant and coordinate free presentations of
mathematical objects and mathematical theories. This categorical approach is based on
Yoneda’s lemma, that allows to prove general

unicity statements.

The combination of the categorical and set theoretical approach is morally necessary
to be able to prove that a mathematical problem is well posed (in a sense generalizing
Hadamard’s notion of well posed partial differential system), meaning that its solution
exists and is unique. A special occurence of this general nonsense is given by the following
statement of the part of logics called model theory (grounded by Goedel’s pioneering
work): a non-trivial coherent theory (coherent means here, with good finiteness properties)
admits, under the axiom of choice, at least a model. Once conveniently generalized to
the setting of higher categorical and homotopical logic, this result can be used to prove
existence results for solutions to the problems in play. Of course, given a problem, defining
precisely the coherence of its theory, and formulating it coherently is often much harder
than solving it, but the general idea that Yoneda gives unicity and coherence (plus axiom of
choice) gives existence can be a useful guide to look for nice formulations of the problems
we are interested in. In some sense, this general philosophy gives a way to reconcile
people working with categorical methods with people working with “more concrete®”
mathematical objects (and existence problems). Both notions are clearly needed to make
an ontologically non-void and interesting mathematical theory.

The rough idea of categorical mathematics is to define general mathematical objects
and theories not as sets with additional structures, but as objects of a (possibly higher)
category (in a metamathematical, i.e., linguistic sense), with a particular universal map-
ping property. Suppose given a notion of n-category for n > 0. All theories, types of
theories and their models (also called semantics) that will be considered in this book can
be classified, in a coordinate free fashion, by the following definition of a doctrine. The
coordinate definition of a given theory is usually called its syntax. We will often describe
theories using their syntax, but work with their semantics in a coordinate-free, higher
categorical fashion.

Definition. Let n > 1 be an integer. A doctrine is an (n + 1)-category D. A theory of
type D is an object C of D. A model for a theory of type D in another one is an object

M:C1—>C2

of the n-category Mor(Cy, Cy).

4Maybe it is worth recalling the evident fact that concreteness is a relative notion, that is directly
related to the sensibility and background of the working mathematician. A real number, for example, is
far from being a concrete object in the author’s viewpoint.
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The types of doctrines used in our presentation of quantum field theory are for example
given by:

the 2-category of categories with finite products (or more generally finite limits)
with product preserving functors between them and natural transformations, whose
theories are called algebraic theories. These will be used to formalize infinitesimals
in smooth differential calculus.

the 2-category of (nerves of) sites (categories with Grothendieck topology), whose
models are called sheaves, or spaces. These will be used to formalize differential
geometry on spaces of fields.

the 2-category of monoidal (resp. symmetric monoidal, resp. multi-) categories
with monoidal functors and monoidal natural transformations between them, whose
theories are called PROs (resp. PROPs, resp. multicategories). These will be used
to formalize fermionic differential calculus, local functional calculus and homotopical
Poisson reduction of general gauge theories.

the 2-category of Quillen’s model categories with Quillen adjunctions between them.
These will be used to formalize geometrically homotopical Poisson reduction of
general gauge theories and higher gauge field theories.

the >°2-category of oo-categories, that are useful to formalize deformation quanti-
zation of gauge theories; the difficulty to pass from *°1- to *°2-categories are not
bigger than those that have to be overcomed to pass to “°n-categories, and the gen-
eral theory is very useful for making devissages and classifying theories in the spirit
of the Baez and Dolan’s categorification program.

We will also encounter n-doctrines related to topological quantum field theories.

There is no good reason to restrict to doctrines for n = 1, because we may also be
interested by studying the relations between doctrines, their geometries, and so on.
These may only be studied in higher doctrines.

It is known that distilled axioms are pretty indigestible. We strongly suggest the
reader follow the complicated alembics of Chapters 1 and 2 simultaneously with respective
sections of more wholesome following chapters®.

We don’t aim at a complete account of all these theories, but we will present enough
of each of them to make our description of physical models mathematically clear and
consistent. There are many other ways to approach the mathematics of quantum field
theory. All of them have advantages on those used here. They were chosen because i am
more comfortable with them, and because i don’t see another path to cover all i wanted
to say in that book.

SExercice: find another occurence of this paragraph in the mathematical litterature.
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Chapter 1

A categorical toolbox

The reader can skip this chapter at first reading and refer to it when needed. We give here
a very short account of the tools from category theory that will be used along this book.
Some of these are not so standard outside of the category theory community, so that we re-
call them for later reference in other chapters. Mac Lane’s book [ML98], Grothendieck’s
seminar [AGV73] and Kashiwara-Schapira’s book [KS06] can also be excellent comple-
ments, for classical categorical results. Presentations of higher category theory may be
found in Baez and Dolan’s groundbreaking article [BD98], in Simpson’s textbook [Sim10],
in Cheng and Lauda’s introduction [CLO04] (see also [Rez09] and [Mall0]).

In all this chapter, we work with a broad notion of sets (also called classes). This will
lead us to problems only when one works with limits indexed by very big classes. We will
use standard techniques, when needed, to overcome this problem. The reader interested
by technical details can refer to the theory of Grothendieck universes [AGVT73].

1.1 Higher categories, doctrines and theories

In this section, we describe the basic constructions of higher category theory that we will
use along this book, by generalizing quite directly usual categorical methods. The reader
interested only by these may replace everywhere n by 1.

We first give a simple definition of a notion of n-category, following Simpson’s book
[Sim10]. One can find a finer axiomatic in [Sim01].

Definition 1.1.1. A theory of n-categories is supposed to have a notion of sum and
product. A O-category is a set. An n-category A is given by the following data:

1. (OB) a set Ob(A) of objects, compatible with sums and products of n-categories.

2. (MOR) for each pair (x,y) of objects, an (n — 1)-category Mor(z,y). One defines

Mor(A) = ] Mor(z,y)

z,y€ODb(A)

and by induction Mor*(A) := Mor(Mor(. .. (A))) for 0 < i < n. One has Mor’(A) :=
A and Mor"(A) is a set. Denote Mor(.A) = Ob(Mor(.A)). By construction, one has

19
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source and target maps
sit; : Mor'(A) — Mor' '(A)

that satisfy
SiSit1 = Sitiy1, tiSit1 = titiy1.

3. (ID) for each z € Ob(A), there should be a natural element 1, € Mor(z,z). This
gives morphisms

e; : Mor'(A) — Mor "' (A)

such that s;11e;(u) = u and t;1¢;(u) = u.

4. (EQUIV) on each set Mor’(.A), there is an equivalence relation ~ compatible with
the source and target maps. The induced equivalence relation on Mor'(z,y) is also
denoted ~.

5. (COMP) for any 0 < i < n and any three i — 1-morphisms u, v and w sharing the
same source and target, there is a well-defined composition map

(Mor'(u, v)/ ~) x (Mor'(v, w)/ ~) = (Mor*(u, w)/ ~)
which is associative and has the classes of identity morphisms as left and right units.

6. (EQC) Equivalence and composition are compatible: for any 0 < i < n and u,v €
Mor'(u, v), sharing the same source and target, then u ~ v if and only if there exists
f € Mor"**(u,v) and g € Mor"™ (v, u) such that fog ~ 1, and gof ~ 1,. This allows
one to define the category 7<;Mor’(u,v) with objects Mor'(u,v) and morphisms
between w, z € Mor’(u, v) given by equivalence classes in Mor't*(w, 2)/ ~.

An n-category is called strict if its composition laws all lift on morphisms (meaning that
all compositions maps are well defined and strictly associative). We will also sometimes
call an n-category weak if it is not strict.

We will give in Section 8.10 a sketch of proof of the following theorem, and some
examples of weak n-categories that play an important role in physics.

Theorem 1.1.2. In the ZFC aziomatic formulation of set theory, there exists a theory of
n-categories, for all n. The class of n-categories forms an (n + 1)-category nCAT.

Proof. We refer to Simpson’s book [Sim10] and Rezk’s paper [Rez09] for two different
constructions of a theory of n-categories. m

Simpson and Rezk actually define homotopical versions of higher categories, called
*n-categories. There is also a unicity result for these theories, due to Barwick and
Schommer-Pries [BS11].

All the higher categorical definition of this section are also adapted to this homotopical
setting, without changes. The reader is invited to specialize to the case where n = 1 to
get the usual notions of category theory.

The notion of n-category allows us to define a very general notion of type of structure
(in the sense of categorical logic), that we call a doctrine.
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Definition 1.1.3. A doctrine is an (n + 1)-category D of n-categories with additional
structures. A theory of type D is an object C of D. A model for a theory of type D in
another one is an object

M Cl — Cg
of the n-category Mor,(Cy,Cs).

The above definition is an extension of Lawvere’s terminology [Law06], that was used
in a special case. In the literature, a theory (or more precisely its generating data) is also
called a language and a syntax and the study of its models is called its semantics. The
idea of categorical logics is to define theories using a language and a syntax, but to study
their models through categorical methods, in order to have tools to compare theories and
treat them in a coordinate-free and invariant (or, as physicists would say, in a covariant)
way. Relating the above general notion to the explicit presentations of doctrines used by
Lawvere would involve a notion of generators and relations for doctrines of n-categories
(e.g., of n-monad in an n-category), that is out of the scope of these notes.

Definition 1.1.4. Let D be a doctrine. A presentation of D is the datum of a higher
doctrine £ and of two theories C; and Cy of type D such that there is an equivalence of

doctrines
D= MOYS(Cl, CQ)

identifying theories of type D with models of the theory C; in the theory Cs.

We now define the notion of tensor product of theories, that is a very useful tool to
define new theories from existing ones.

Definition 1.1.5. Let D C nCAT be a doctrine of higher categories with additional
structures. We say that D has internal homomorphisms if, for C; and Cy two theories,
the higher category Mor(Cy,Cs) is naturally equiped with the structure of an object of D.
If D is a doctrine with internal homomorphisms, and C; and Cy are two theories, their
Lawvere tensor product is the theory C; ® Co such that for all theory Cs, one has a natural
equivalence

Mor(Cy, Mor(Cs,Cs)) = Mor(C; ® Ca, Cs).

One may also use *°n-categories to study the homotopy theory of doctrines and theories
(structures up-to-homotopy), that plays an important role in physics. The corresponding
objects will be called co-doctrines and oco-theories. What we explain here is also adapted
to the homotopical setting. We refer to Section 8.11 for more details on this.

Many of the doctrines that we will use are given by 2-categories very close to the
2-category CAT of categories, that we now describe concretely. A category C is a strict
1-category. More precisely:

Definition 1.1.6. A category C is given by the following data:
1. aset Ob(C) called the objects of C,

2. for each pair of objects X, Y, a set Hom(X,Y") called the set of morphisms,
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3. for each object X a morphism idy € Hom(X, X) called the identity morphism,
4. for each triple of objects X,Y, Z, a composition law for morphisms
o:Hom(X,Y) x Hom(Y, Z) — Hom(X, 7).
One supposes moreover that this composition law is associative, i.e., fo(goh) = (fog)oh
and that the identity is a unit, i.e., foid = fetido f = f.

Definition 1.1.7. A functor F' : C; — Cy between two categories is given by the following
data:

1. for each object X of C;, an object F'(X) of Cs.
2. for each morphism f: X — Y of C;, a morphism F(f): F(X) — F(Y) of Cs.
One supposes moreover that F' is compatible with identities and composition, i.e.,
F(id) =id and F(f og) = F(f) o F(g).

A natural transformation ® : F' = G between two functors F, G : C; — Cs is given by the
datum, for every object X of C;, of a morphism ®x : F(X) — G(X), such that for every
morphism f: X — Y in Cy, the following diagram commutes:

Definition 1.1.8. The 2-category CAT is the strict 2-category whose:

1. objects are categories.
2. morphisms are functors.
3. 2-morphisms are natural transformations.

One of the most important tool of category theory is the notion of adjunction. We
first give a 2-categorical definition of this notion.

Definition 1.1.9. Let &£ be a 2-category. An adjoint pair in £ is a pair
F:DsC:G
of morphisms, together with a pair of morphisms
t:le—>FoGande:GoF — 1p,
following the triangular equalities

(Gi) o (eG) = 1g and (Fe) o (iF) = 1p.
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We now define the notion of adjunction between functors that is better adapted to
homotopical generalizations. For n = 1, it is compatible with the above definition when
& = CAT is the 2-category of categories.

Definition 1.1.10. Let C and D be two n-categories. A pair of adjoint functors between
C and D is a pair
F:DsC:G

of functors together with a pair of morphisms of functors
i:le—> FoGande:GoF — 1p,
such that for all objects X € C and Y € D, the induced morphisms
Mor, (FY, X) = Moty (Y, GX)
are equivalences of (n — 1)-categories inverse of each other.

Ezample 1.1.11. The pair
F:GRP S SETS : G

given by the forgetful functor F' and the free group functor G is an adjoint pair in CAT.

We now define the notion of left and right Kan extensions, that are useful higher
categorical analogues of the notion of universal object in a category. These are useful to
formulate limits and colimits by their universal properties, and to discuss localization of
categories and derived functors, that are necessary tools for the formulation of homotopical
and homological algebra.

Definition 1.1.12. Let D be an (n + 1)-category forn > 1, F: C — D and f: C — ('
be morphisms between two objects of D. A (local) right right Kan extension of F along
f, if it exists, is a morphism

Ran;F = f,F : C' — D

equiped with a 2-morphism a : Ran;F o f = F that induces, for all G € Mor' (C’, D), an
equivalence of (n — 1)-categories

Moty (cr p) (G Rang F) = Moty c,py (f*G, F)
c > a*c ’

where f*: Mor(C’, D) — Mor(C, D) denotes composition by f. Similarly, one defines a
left Kan extension as a morphism

LangF = fF : C' — D
equiped with a natural equivalence

Mortyor(c,p) (F f7(—)) = Moty v py(Lang F, —).
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Remark 1.1.13. The notion of Kan extension may also be defined in a weaker “almost
cartesian closed” setting, where D is an n-category whose morphism (n — 1)-categories
Mor,(C, D) naturally form n-categories. This will be useful to simplify the treatment of
*1-Kan extensions, by using the fact fact that functors between two *1-categories also
form an *°1-category.

More concretely, a right Kan extension is a pair (RansF, a) composed of a morphism
Ran,F' : C" — D and a 2-morphism a : Ran;F o f = F giving a diagram

oo

Yy
\ lRa.an

D

such that for every pair (G,b) composed of a morphism G : C" — D and of a 2-morphism
b:Gof = F, there exists a 2-morphism ¢ : G = Ran¢F', such that the equivalence
b ~ a o ¢, visualized by the following diagrams

C ! " ~ O
RansF F ﬁb lG
”a &nf
h i D
D

is true up to a coherent system of higher isomorphisms.
We now define the notion of limits and colimits in n-categories, that will allow us to
define interesting doctrines.

Definition 1.1.14. Let D be an (n + 1)-category for n > 1, with a terminal object 1,
defined by the fact that for all object C of D, one has

M(Ca ]l) = lnCATa

where 1,,car is the n-category with only one k-morphism for all k. Let I and C be two
objects of D. A diagram in C is a morphism F' : I — C. Let f =1 : 1 — 1 be the
terminal morphism in D. The limit of F is defined as the right Kan extension

lim F' := Ran I
and the colimit of I' is defined as the left Kan extension
colim F' := Lan, F.

Here is a more concrete description of this notion, in the case where D = nCAT is the
(n + 1)-category of n-categories. Given a diagram in C and an object N of C, we denote
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cy : I — C the constant functor given by cy(X) = N. The functor N — cy identifies

with the composition
1* : Mor(1,C) — Mor(7,C)

with the final morphism 1: 7 — 1.

Definition 1.1.15. A cone from N to F (resp cocone from F' to N) is a 2-morphism
Y :ey = F (resp. ¢ F — cp).

A limit L = lim F for a functor F' : I — C is a universal cone, meaning a cone
Yy, ¢, — F such that for every other cone v : ¢y — F, there exists a factorization

CNLF

|
! %

Cr

that is “unique up to higher equivalence”, meaning that for all N, composition with
is an equivalence of (n — 2)-categories

V7 Moty rey (e, cn) = Moty ¢)(en, F).

In the case n = 1 of usual categories, the above map is simply a bijection between sets,
meaning that the above factorization is unique.

Inverting the sense of arrows, one identifies the notion of colimit L = colim F' with
that of universal cocone.

More concretely, in the case of categories, i.e., for n = 1, a cone is a family of morphisms
x : N — F(X) indexed by objects in I such that for every morphism f: X — Y in I,

the following diagram
N
>N
)5 I'Y)

commutes. A limit L = lim F' for a functor F' : I — C is a cone such that for every cone
1 from N to F', there is a unique morphism N — L that makes the diagram

F(X

A
;
F(X) ————F(Y)

commute.

Ezample 1.1.16. Limits (resp. colimits) indexed by discrete categories identify with prod-
ucts (resp. coproducts).
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We will call a limit or colimit in the (n + 1)-category of n-categories small if it is
indexed by an n-category whose (n—1)-truncation (given by identifying isomorphic (n—1)-
morphisms) is an object of the n-category (n—1)— CAT of small (n—1)-categories, defined
by induction from the category of small sets.

Proposition 1.1.17. Let C be an (n + 1)-category. For every object X of C, the functor
Mor(X,—) : C = nCAT
commutes with all small colimits.
Definition 1.1.18. Let C be an n-category. Its Yoneda dual n-categories are defined as
C" := Mor,,c,+(C, (n — 1)CAT) and C" := Mor, ,.(C”, (n — 1)CAT)

If X € C, we denote h* := Mor(X,—) € C" and hx := Mor(—, X) € CV the associated
functors.

The main interest of the Yoneda dual n-category is that it contains all small limits
and colimits, so that it is very similar to the n-category (n — 1)CAT. One may think of
it as a kind of limit or colimit completion of the given category.

Proposition 1.1.19. Let C be an n-category. Then its Yoneda duals
CY := Hom(C, SETS) and C" := Hom(C, SETS)

have all limits and colimits. Moreover, the embedding C — C" preserves limits and the
embedding C — (C)°P preserves colimits.

Proof. Follows from the definition of limits and colimits. O]

Definition 1.1.20. Let C; and Cy be two n-categories. A functor F : C; — Cy is fully
faithful if for every pair (X,Y") of objects of Cy, the corresponding morphism

Mor(F') : Mor, (X,Y) = Mor, (F(X), F(Y))
is an equivalence of (n — 1)-categories.

We now give a formulation of the higher Yoneda lemma, that is a reasonable hypothesis
to impose on the formalism. The case n = 1 is the usual Yoneda lemma.

Hypothesis 1 (Yoneda’s lemma). Let C be an n-category. The functors
cr — Cch cC — cY

Xr—>thner—>hX

are fully faithful, meaning that the morphisms of (n — 1)-categories
Mor,(X,Y) — Morgs (hY, h*) and Mor,(X,Y) — Mor,. (hx, hy)

are equivalences.
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The first example of doctrine is given by the notion of n-algebraic theory (see Lawvere’s
thesis [Law04] for the case n = 1). The generalization to higher dimension is useful for
the study of monoidal categories (see Sections 1.2 and 1.3).

Definition 1.1.21. The doctrine of finite product n-categories nFPCAT C nCAT is the
(n + 1)-category:

1. whose objects are n-categories 7 with finite products (and in particular, a final
object, given by the empty product).

2. whose morphisms are product preserving functors.

3. whose k-morphisms are usual k-morphisms for £ > 1.

If T € FPCAT is a theory, the set of generators of the monoid of isomorphism classes of
its objects is called its set of sorts, and its morphisms are also called its operations. An
algebraic theory is a theory T € FPCAT with only one sort, i.e., whose objects are all of
the form z*" for a fixed object x € 7 and r > 0.

Ezxample 1.1.22. The category Tgre oppposite to that of finitely generated free groups,
with group morphisms between them is called the theory of groups. A model G : Tare —
SETS is simply a group. The theory Tggp is single-sorted. The theory of rings (given by
the category opposite to that of free finitely generated rings) is also single sorted.

Ezample 1.1.23. More generally, given a set theoretic algebraic structure (rings, modules
over them, etc...) that admits a free construction, the corresponding theory T is given by
the opposite category to the category of free finitely generated objects, and models

M T — SETS

correspond exactly to the given type of structure on the set M({1}). An interesting
example is given by the algebraic theory AFFes of smooth rings, whose objects are smooth
affine spaces R” for varying n and whose morphisms f : R” — R™ are smooth functions.
A model of this theory

A : AFFcec — SETS

is called a smooth ring. These will be useful to formulate infinitesimal calculus on func-
tional spaces.

FEzample 1.1.24. The theory Trinas,Mop 0f commutative rings and modules, is the category
with finite products opposite to the category whose objects are pairs (A, M) composed of
a free finitely generated commutative ring and a free module on it, and whose morphisms
are pairs (f,¢) : (A, M) — (B, N) composed of a ring morphisms f : A — B and a
module morphisms ¢ : M — f*N :=4 N.

We now define the notion of sketch, that was first introduced by Ehresmann in [Ehr82].
This is a natural generalization of the notion of algebraic theory. Many theories we will
use are given by sketches. We refer to Barr-Wells [BW05] for an overview of sketches.
Remark that the original definition of Ehresmann uses graphs with partial compositions,
not categories. It is more elegant since it really gives a kind of generators and relations
presentation of categories, but generalizing it to higher dimension is not that easy, so that
we leave this charming exercice to the interested reader.
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Definition 1.1.25. Let (£,&) = ({I},{J}) be two classes of small n-categories, called
categories of indices. The doctrine of (£, €)-sketches is the (n + 1)-category:

1.

2.
3.

whose objects are triples (7, L,C), called sketches, composed of n-categories T,
equipped with a class £ of I-indexed cones for I € £ and a class C of J-indexed
cocones for J € €.

whose morphisms are functors that respect the given classes of cones and cocones.

whose k-morphisms are usual k-morphisms for k£ > 1.

A sketch (7,C, L) is called a full sketch if C and L are composed of colimit cocones and
limit cones indexed by categories [ € £ and J € €.

Example 1.1.26. 1. The doctrine FALG of algebraic theories identifies with the doc-

trine of (£, €)-sketches, with £ the class of all finite discrete categories (whose only
morphisms are identities) and € = (.

. The doctrine FPALG of finitely presented theories is defined as the doctrine of

(£, €)-sketches with £ the class of all finite discrete categories and € the class of
finite categories. An example of a full sketch for this doctrine is given by the category
of finitely presented algebras (coequalizers of two morphisms between free algebras)
for a given algebraic theory 7. For example, finitely presented groups or finitely
presented commutative unital R-algebras are theories of this kind.

The doctrine FLALG of finite limit theories is defined by setting £ to be the class
of finite categories and € be the class composed of the final category (one object
and one morphism). We will use the following example of finite limit theory in our
formalization of geometry on spaces of fields. Let 7 = OPEN¢~ be the category
of smooth open subsets U C R” for varying n with smooth maps between them.
Let C = {.} be the point (final object) and £ be the class of transversal pullback
diagrams. Recall that these are pullback diagrams

UsxyW—=V
"
v—"> w

such that for all z € U and y € V with f(x) = g(y), the tangent map spaces
are transversal, i.e., D, f(T,U) U Dyg(T,V') generate Ty,)W. This transversality
condition means that the fiber product, is a smooth open (because of the implicit
function theorem). A model

t
A: (OPENg, {.},— x —) = (SETS, {.}, — X —)
of this finite limit theory gives a smooth algebra

A|Arrese @ AFFeoo — SETS

so that one can think of it as a refinement of the notion of smooth algebra. We will
see in Proposition 2.2.5 that both objects are actually equivalent.
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1.2 Monoidal categories

We will start by defining the most general notion of monoidal category in a doctrinal
fashion, and then give more concrete definitions of particular examples.

Definition 1.2.1. Let D be the doctrine given by the (n+2)-category of (n+1)-categories
with finite products. Let (Tason, X) be the finitary algebraic theory of monoids, given by
the category with finite products opposite to that of finitely generated free monoids. The
theory & is defined as the tensor product of D-theories

. TRk
E = Thron-

in the sense of definition 1.1.5. A model of the theory &, with values in (nCAT, X) is
called a k-tuply monoidal n-category. A 1-monoidal n-category is also called a monoidal
n-category.

Concretely, a monoidal category is simply a product preserving morphism
(C,®) : (Taron, X) — (CAT, x)

with values in the (weak) 2-category of categories. It is thus the categorical analog of a
monoid.

The following theorem was first stated by Baez and Dolan in [BD98|. A complete
proof can be found in Lurie’s book [Lur09c¢|, Section 5.1.2.

Theorem 1.2.2. A k-monoidal n-category is equivalent to an (n + k)-category with only
one morphism in degrees smaller than k.

The following result was explained by Baez and Dolan in [BD98| and is fully proved
by Simpson in [Sim10], Chapter 23.

Theorem 1.2.3. A k-tuply monoidal n-category for k > n—+1 is equivalent to a k+1-tuply
monoidal n-category.

Remark that this doctrinal viewpoint looks quite abstract, but it has the advantage
of having a direct homotopical generalization, contrary to the one where one writes ex-
plicitely all diagrams. We now give Mac Lane’s compact presentation, that is based on
his coherence theorem (that says roughtly that fixing one associativity constraint for the
three terms tensor products is enough to fix uniquely all others, if a coherence among
these constraints, called the pentagonal axiom, is fulfilled). The next theorem may also
be taken as a definition, if one wants to avoid the use of higher categories.

Theorem 1.2.4. A monoidal category is given by a tuple
(C,®) = (C,®,1,un", un', as)
composed of

a) a category C,
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b) a bifunctor ® : C x C — C,
c) an object 1 of C called the unit object,
d) for each object A of C, two unity isomorphisms

um A®1 " Aanduny 1@ A "5 A
e) for each triple (A, B,C) of objects of C, an associativity isomorphism
asapc: A®(B®C)— (A® B)®C,

that are supposed to make the following diagrams commutative:

1. pentagonal axiom for associativity isomorphisms:

(A@B)@C)o D220 (Ag (Be ) D222 g ((B® C)® D)
aSA@B,C’,Dl lA@)aSB,C,D
(A® B)® (C® D) SAnCEp A® (B®(C®D))

1. compatibility of unity and associativity isomorphisms:

(A®1)® B SALE A®(1® B)
unlA& A%u“%
A® B

Proof. We refer to Lurie’s book [Lur09c|, Section 5.1.2 and Mac Lane’s book [ML9§],
Section VII.2. N

Definition 1.2.5. A monoidal category (C,®) is called

1. closed if it has internal homomorphisms, i.e., if for every pair (B, C') of objects of
C, the functor

A+— Hom(A® B,C)

is representable by an object Hom(B, C') of C.
2. strict if the associativity and unity transformations are equalities.

Example 1.2.6. 1. Any category with finite products is a monoidal category with monoidal
structure given by the product.
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2. The category MOD(K) of modules over a commutative unital ring K with its ordi-
nary tensor product is a closed monoidal category. If one works with the standard
construction of the tensor product as a quotient

M ®g N = K(MXN)/ ~hil

of the free module on the product by the bilinearity relations, the associativity iso-
morphisms are not equalities. Instead, they are given by the corresponding canonical
isomorphisms, uniquely determined by the universal property of tensor products.

3. The category (CAT, x) of categories with their product is monoidal.

4. The category (Endof(C), o) of endofunctors F': C — C of a given category, with its
monoidal structure given by composition, is a monoidal category.

Definition 1.2.7. Let (C,®) be a monoidal category. A monoid in C is a triple (A, i, 1)
composed of

1. an object A of C,
2. a multiplication morphism p: A® A — A,
3. a unit morphism 1: 1 — A,

such that for each object V of C, the above maps fulfill the usual associativity and unit
axiom with respect to the given associativity and unity isomorphisms in C. A comonoid
in (C,®) is a monoid in the opposite category (C?,®). A (left) module over a monoid
(A, u,1) in C is a pair (M, pup) composed of an object M of C and a morphism i, :
A® M — M that is compatible with the multiplication ;4 on A. A comodule over a
comonoid is a module over the corresponding monoid in the opposite category.

Ezample 1.2.8. 1. In the monoidal category (SETS, x ), a monoid is simply an ordinary
monoid.

2. In the monoidal category (MOD(K), ®) for K a commutative unital ring, a monoid
A is simply a (not necessarily commutative) K-algebra. A module over A in
(MoD(K),®) is then an ordinary module over A. A comonoid A is a coalgebra
and a comodule over it is a comodule in the usual sense.

3. In the monoidal category (Endof(C), o) of endofunctors of a category C, a monoid
is called a monad (or a triple) and a comonoid is called a comonad. If

F:DsC: G

is an adjunction, the endofunctor A = F o G : C — C is equipped with natural unit
1:1Id¢ — A and multiplication morphisms p: Ao A — A that makes it a monad.
The functor B = G o F : D — D is equipped with natural counit 1: B — Id¢ and
comultiplication morphisms A : B — B o B that makes it a comonad.
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Definition 1.2.9. The doctrine MONCAT is defined as the 2-category:
1. whose objects are monoidal categories,

2. whose morphisms are monoidal functors, i.e., functors F' : C; — Cy equipped with
natural isomorphisms

u:lp — F(le) and pxy : F(X)@ F(Y) > F(X®Y)
that fulfill natural compatibility conditions with respect to the monoidal structures.

3. whose 2-morphisms are monoidal natural transformations, i.e., natural transfor-
mations ¢ : F = G between monoidal functors compatible with the additional
structure.

The monoidal analog of Lawvere’s algebraic theories (see definition 1.1.21) is given by
the following notion.

Definition 1.2.10. Theories for the doctrine MONCAT given by strict monoidal cate-
gories whose objects are all of the form z®" for a fixed object x and n > 0 are called
linear theories.

Example 1.2.11. The simplest non-trivial linear theory is the strict monoidal category
(A,+) of finite ordered sets (finite ordinals) with increasing maps between them and
monoidal structure given by the sum of ordinals. A model

M:(A+)— (C,®)

in a monoidal category is simply a monoid in (C,®).
One can easily define a notion of multilinear theory as a linear theory with many

generators. We refer to Leinster’s book for a complete account of these theories [Lei04].

Definition 1.2.12. A PRO is a triple (C,®,.S) composed of a strict monoidal category
(C,®) and a set S such that:

1. the monoid of objects of C is isomorphic to the free monoid on S, and

2. for any elements by, ...,b,, and aq,...,a, of S, the natural map

H (Home(a; @ . ... ®a,a;) x --- x Home(al @ ... ® ar, ay))

1 kn
Qy...,ap

— Home(by @ ... @by, a1 @ ... ® ay)

is a bijection, where the union is over all n,ky,...,k, € N and af € S such that
there is an equality of formal sequences

(at,....a%, ... al, ... ak) = (b, ... D).

n’
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A morphism of PROs is a pair (F, f) composed of a monoidal functor F': (C;,®) — (C2, ®)
and a map of sets f : S; — S5 such that the map on monoids of objects is the result of
applying the free monoid functor to f.

On usually thinks of a PRO (also called a multicategory) as a category C, equipped
with families of multilinear operations Home(ay, ..., a,;b) with composition maps for
multilinear operations that fulfill natural associativity and unit conditions.

Definition 1.2.13. A category C enriched over a monoidal category (V,®) is given by
the following data:

1. a class Ob(C) of objects.

2. for each pair (X,Y) of objects, an object Hom(X,Y) in V.

3. for each object X, a morphism idyx : I — Hom(X, X) in V.

4. for each triple (X,Y, Z) of objects, a composition morphism
Hom(X,Y) ® Hom(Y, Z) — Hom(X, Z)

with the usual associativity and unit conditions for composition (with respect to the given
monoidal structure).

Example 1.2.14. 1. A monoidal category with internal homomorphisms is enriched over
itself. In particular, the monoidal category (MOD(K), ®) is enriched over itself.

2. A category enriched over the monoidal category (CAT, x) of categories is a strict 2-
category. More generally, a category enriched over the monoidal category (nCAT, x)
is a strict (n + 1)-category.

1.3 Symmetric monoidal categories

Definition 1.3.1. Let D be the doctrine given by the (n+2)-category of (n+1)-categories
with finite products. Let & := (Tcaron, X) be the finitary algebraic theory of commuta-
tive unital monoids, given by the category with finite products opposite to that of finitely
generated free commutative unital monoids. A symmetric monoidal n-category is a model
for the theory £ in the (n + 1)-category nCAT.

We use general Definition 1.2.1 to define braided monoidal categories.
Definition 1.3.2. A braided monoidal category is a 2-tuply monoidal category.

The following result is very similar to what was explained in the setting of monoidal
structures in Theorem 1.2.3.

Proposition 1.3.3. There is an equivalence of (n + 1)-categories between symmetric
monoidal n-categories and k-tuply monoidal categories for k > n + 1. In particular, a
3-tuply monoidal category is a symmetric monoidal category.
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We now give a theorem that may be used as a more concrete definition.
Theorem 1.3.4. A braided monoidal category is a tuple
(C,®) = (C,®,1,un", un', as, com)

such that (C,®, 1,un”,un’, as) is a monoidal category, equipped with the following addi-
tional datum:

f) for each pair (A, B) of objects of C, a commutation isomorphism (also called a braiding)

ComA7B:A®B;>B®A,

that is supposed to make the following diagrams commutative:

1. hexagonal axiom for compatibility between the commutation and the associativity iso-
morphisms:

A (B (0)—== (B (C)® A

(A® B)®C B® (C® A)

m\ m

(B®A)®C—>Ba(Ax ()

1. compatibility between units and commutation:

un” o com = un'.

A symmetric monoidal category is a braided monoidal category that further fulfils

v. the idempotency of the commutation isomorphism:

comy g o0 comp 4 = ida.

Proof. We refer to Lurie’s book [Lur09c|, Section 5.1.2. O

We now introduce an important finiteness condition on an object of a monoidal cate-
gory: that of having a monoidal dual.

Definition 1.3.5. Let (C,®) be a monoidal category. A dual pair in (C,®) is given by a
pair (A, AY) of objects of C and two morphisms

i1 =>A"Aande: AR AY —> 1
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fulfilling the triangle equalities meaning that the composite maps

ALY A AV e A4 4

AV AL AV 9 A @ AVATES 4V

are the identities. One then calls A" a right dual of A and A a left dual of AY. A monoidal
category whose objects both have left and right duals is called rigid.

A dual pair can be seen as an adjoint pair in the sense of definition 1.1.9, in the
“delooped” 2-category B(C,®), with only one object, morphisms given by objects of C
(whose composition is given by the tensor product) and 2-morphisms given by morphisms
in C (with their usual composition).

Remark 1.3.6. Rigid braided monoidal categories have a well defined notion of trace for
endomorphisms. Indeed, if (A, AY) is a dual pair with unit i : 1 - AY ® A and counit
e: A® AY — 1, one can define a trace map

Tr : End(A) — End(1)

by the composition

To(f) = 1—> AV @ A—2% L AV A Ag AV .1,

Example 1.3.7. 1. Any category with finite products is symmetric monoidal with ® =
X.

2. The category (MOD(K),®) of modules over a commutative unital ring is closed
symmetric monoidal with monoidal structure given by the usual tensor product of
modules and the canonical associativity, unit and commutativity constraints. These
constraints are constructed by applying the universal property

Bil(M, N; K) = Hom(M ® N, K)

of the tensor product. The internal homomorphism objects Hom(M, N) are given
by the natural module structure on the set Homyjop(x) (M, N) of module morphisms.

3. The category MOD z4(K) of finite dimensional modules over a commutative field K
is a closed and rigid symmetric monoidal category, i.e., it has duals and internal
homomorphisms. The trace of and endomorphism f : M — M in the monoidal
sense gives its usual trace in End(1) = K.

4. The category Cob(n) of oriented (n—1)-dimensional manifolds with morphisms given
by oriented cobordisms ON = M [] M’ between them (with N an n-dimensional
manifold with boundary) is a rigid monoidal category, with duality given by M"Y :=
M the orientation reversing operation.
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An important motivation for introducing the formalism of symmetric monoidal cate-
gories is given by the following example, that plays a crucial role in physics.

Example 1.3.8. The categories MOD,(K) and MOD,(K) of Z-graded and Z/2-graded

modules over a commutative unital ring K are symmetric monoidal categories. Objects
of MoD,(K) (resp. MOD,(K)) are direct sums

V= @kezvk (resp. V= @kezﬂvk)

of K-modules and morphisms between them are linear maps respecting the grading. If
a € V¥ is a homogeneous element of a graded module V, we denote deg(a) := k its
degree. The tensor product of two graded modules V' and W is defined as the graded
module given by the usual tensor product of the underlying modules, equipped with the
grading
(VW) =V @ Wi

The tensor product is associative with unit 1 = K in degree 0, and with the usual
associativity isomorphisms of K-modules. The main difference with the tensor category
(MoD(K), ®) of usual modules is given by the non-trivial commutation isomorphisms

comyw VW =WV
defined by extending by linearity the rule
v @w s (—1)des®desy) @ )

One thus obtains symmetric monoidal categories (MOD,(K), ®) and (MOD4(K), ®) that
are moreover closed, i.e., have internal homomorphisms. Once one has fixed the symmetric
monoidal category (MOD,, ®,as,un,com), one gets the following canonical additional
constructions for free. The internal homomorphism object in (MODy, ®) is given by the
usual module

_HOIH(V, W) = —Homl\'IOD(K)(‘/’ W)
of all linear maps, equipped with the grading
Homyop, (1) (VW) = @pezHom™ (V, W)

where the degree n component Hom"(V, W) is the set of all linear maps f : V' — W such
that f(V*) c W*+", There is a natural evaluation morphism on the underlying modules

ev : Homyopy(M,N) ® M — N

Mob(K)

and one only has to check that it is compatible with the grading to show that, for every
U € MobD,(K), there is a natural bijection

Homiop, (x) (U, Hom(V, W)) = Homyiop, () (U @ V, W).

One can check that the tensor product of two internal homomorphisms f : V' — W and
f':V — W' is given by the Koszul sign rule on homogeneous components:

(f®@gvew) = (-1 (1) @ g(w).
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Definition 1.3.9. If (C,®) is symmetric monoidal, a commutative monoid in C is a
monoid (A, p, 1) that fulfills the commutativity condition

[ O Comy 4 = M.

We denote ALGe (resp. CALGc) the category of monoids (resp. commutative monoids)
in C. These will also be called algebras and commutative algebras in C.

Ezample 1.3.10. 1. Commutative monoids in the symmetric monoidal category (SETS, X )
are simply commutative monoids.

2. Commutative monoids in the symmetric monoidal category (MOD(Z),®) of Z-
modules with their usual tensor product are ordinary commutative unital rings.

3. Commutative monoids in the symmetric monoidal category (MoD,(K), ®) of graded
K-modules are called graded commutative K-algebras. Commutative algebras in
(MoD,(K), ®) are called (commutative) super-algebras over K. One can find more
on super-algebras in [DM99]. Recall that the commutativity of a super algebra
uses the commutation isomorphism of the tensor category (MoD4(K),®), so that
it actually means a graded commutativity: (A, u) is commutative if gocomy 4 = p,

which means
a.b = (—1)desl@desyp g

If (C,®) is symmetric monoidal, A is a commutative monoid in C, and M is a left
A-module, one can put on M a right A-module structure p” : M ® A — M defined
by uh, = ph; o comy 4. We will implicitly use this right A-module structure in the
forthcoming.

The left and right module structures are really different if the commutation isomor-
phism is non-trivial, e.g., in the category MoD,(K) of graded modules. This is a key
point of the formalism of symmetric monoidal categories: the sign nightmares are hidden
in the monoidal structure, so that one can compute with generalized algebras as if they
were just ordinary algebras.

Definition 1.3.11. Let (C, ®) be a symmetric monoidal category with small colimits and
V € C. The symmetric algebra of V is the free commutative monoid in C defined by

Sym(V) := H Ve /S,.

n>0

If F: CALGe — C is the forgetful functor, for every commutative monoid B in C, one
has a natural isomorphism

Hom¢(V, F(B)) = Homcae, (Sym(V), B).
Definition 1.3.12. The doctrine SMONCAT is defined as the 2-category:

1. whose objects are symmetric monoidal categories.
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2. whose morphisms are monoidal functors that are compatible with the commutativity
constraint.

3. whose 2-morphisms are monoidal natural transformations.

Ezample 1.3.13. The symmetric monoidal category Cob(n) of cobordisms, whose ob-
jects are oriented (n — 1)-dimensional manifolds, morphisms are oriented cobordisms and
monoidal structure is the disjoint union, can be thought as a theory for the doctrine
SMOoONCAT, called the theory of topological quantum field theories. Its models

M : (Cob(n), []) = (€. ®)

are called (Atiyah-type) topological quantum field theories. Its higher categorical exten-
sion Cobe,(n), as described by Baez-Dolan and refined by Lurie, is in some sense very
simple because it is the free symmetric monoidal *°n-category with fully dualizable ob-
jects on one object (the point), as shown by Lurie in [Lur09a] (full dualizability is a higher
categorical analog of monoidal dualizability).

The analog of Lawvere’s algebraic theories (see definition 1.1.21) in the doctrine
SMONCAT is given by the notion of PROP. We refer to [Val04] and [Mer10] for a full
account of this theory.

Definition 1.3.14. A PROP is a strict symmetric monoidal category whose objects are
all of the form z®" for a single object x and n > 0. A wheeled PROP is a rigid PROP,
i.e., a strict symmetric monoidal category with duals generated by a single object x.

There is a nice combinatorial way to encode PROPs, given by the notion of properad,
that clarifies the fact that PROPs are theories of multilinear operations with multiple
input and multiple output. Among them, theories with simple outputs are called operads.
We refer to [Val04] for a full account of properad theory and to [LV10] and [Fre09] for a
full account of operad theory.

Let (V,®) be a symmetric monoidal category with finite sums.

Definition 1.3.15. An S-bimodule in V is a sum M =[], -, M(n,m) whose generic
element M(n, m) is both a left S,-module and a right S,,-module in V. An S-module is
a sum M = [], 5, M(n) whose generic element M(n) is a left S,-module.

Definition 1.3.16. A properad (resp. wheeled properad) P in V is a PROP (resp. a
wheeled PROP) (C, ®) enriched over (V,®). Its underlying S-bimodule is

P(n,m) := Hom(n,m).

An operad in V is a PROP (C, ®) enriched over (V, ®) with finite sums whose S-bimodule
is of the form

P(n,m)=@ lim  Hom(n;,1)®---® Hom(n,,, 1).

ni+-+nm=n

We denote PROPERADS(V, ®), WPROPERADS(V, ®) and OPERADS(V, ®) the categories
of properads, wheeled properads, and operads in V.
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Definition 1.3.17. An algebra over a properad (resp. over an operad) in V is a model
M:(P,®,1) = (V,®,1)

in the doctrine SMONCAT), of symmetric monoidal categories enriched over V. More
concretely,

1. if one defines the endomorphism properad of an object M € V by
End(M)(n, m) := Hom(M®", M®"),

an algebra over a properad P is the datum of a family of S, x S,,-equivariant
morphisms

P(n,m) — End(M)(n,m)

that is compatible with tensor products and composition of morphisms.
2. if one defines the endomorphism operad of an object M €V by
End(M)(n) := Hom(M®", M),
an algebra over an operad P is the datum of a family of S,-equivariant morphisms
P(n) — End(M)(n)
that is compatible with tensor products and composition of morphisms.

Example 1.3.18. e The operad Comu in (VECTy, ®) given by Comu(n) = k = Lyger,
is the commutative operad, whose algebras are commutative (unital) algebras in
VECT,. More generally, representations of Comu in a symmetric monoidal category
(C,®) are algebras (i.e., commutative monoids) in (C, ®).

e The operad Assu in (C,®) is given by Assu(n) = 1[S,]. Algebras over Assu are as-
sociative unital algebras (i.e., non-commutative monoids) in (C,®). The morphism
Assu — Comu sends o € §,, to 1.

e The operad Ass is given by Ass(0) = 0 and Ass(n) = 1[S,] for n > 1. Its algebras
are non-unital associative algebras.

e The operad Lie C Ass is given by Lie(n) = Ind§7nZ(V), where V' is the representation
of Z/nZ given by its action on a primitive n-th root of unity. Lie has as algebras
Lie algebras (not easy to prove).

One can also define operads by generators and relations, starting with S-modules and
using the free operad construction. There is also a purely combinatorial description of
properads in terms of S-bimodules. We only give this description for operads, referring
to [Val04] for the case of properads.

Every S-module M defines an endofunctor M : V — V, called the Schur functor, by
the formula .

M) =[] M(n) @s, VE".

n>0
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The composite of two S-modules M and N is the S-module
Mo N = &p>M(n) ®ys, N°"
and the unit S-module is given by M (0) = 1.

Proposition 1.3.19. The composition product gives S-modules a monoidal category struc-
ture

(S—Mobn(V),o,1).
The Schur functor is a strict monoidal functor

(S—Mod(V),o) — (Endof(V),o0)

M — M

Remark that an operad naturally defines a monad on V), because the Schur functor is
strictly monoidal.

Proposition 1.3.20. The functor

OPERADS(V,®) — Mon(S — MoD, o, 1)
(P, ®) — (P(n))nz0

from the category of operads to the category of monoids in the monoidal category of S-
modules has a left adjoint.

Using the above adjunction, we will also call operad a monoid in the monoidal category
of S-modules.

1.4 Grothendieck topologies

The category of sheaves for a given Grothendieck topology on a category C is essentially
defined to improve on the category of presheaves (i.e., the Yoneda dual C¥). Recall that
the Yoneda embedding

C — CY := Hom(C®, SETS)

is fully faithful and sends all limits to limits. The problem is that it does not respect
colimits. Consider the example of the category OPENx of open subsets of a given topo-
logical space X. If U and V are two open subsets, their union can be described as the
colimit
vuv=u [] v
UxxV

If U+ U := Hom(—, U) denotes the Yoneda embedding for C = OPENy, one usually has
a map

in the category C¥, but this is not an isomorphism. If one works in the category SH(OPEN, 7)
of sheaves on X, this becomes an isomorphism.
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Definition 1.4.1. Let C be a category with finite limits. A Grothendieck topology T on
C is the datum of families of morphisms {f; : U; — U}, called covering families, and
denoted Covy, such that the following holds:

1. (Identity) The identity map {id : U — U} belongs to Covy.

2. (Refinement) If {f; : U; — U} belongs to Covy and {g;; : U;; — U;} belong to
Covy,, then the composed covering family {f; 0 ¢;; : U;; — U} belongs to Covy.

3. (Base change) If {f; : U; — U} belongs to Covy and f : V' — U is a morphism,
then {f; Xy f : U; xg V — V} belongs to Covy.

4. (Local nature) If { f; : U; — U} belongs to Covy and {f; : V; = U} is a small family
of arbitrary morphisms such that f; xy f; : U; xg V; = U; belongs to Covy,, then
{f;} belongs to Covy.

A category C equipped with a Grothendieck topology 7 is called a site.

We remark that, for this definition to make sense one needs the fiber products that
appear in it to exist in the given category. A more flexible and general definition in terms
of sieves can be found in [KS06].

Suppose that we work on the category C = OPENx of open subsets of a given topo-
logical space X, with inclusion morphisms and its ordinary topology. The base change
axiom then says that a covering of U C X induces a covering of its open subsets. The
local character means that families of coverings of elements of a given covering induce a
(refined) covering.

Definition 1.4.2. Let (C,7) be a category with Grothendieck topology. A functor X :
C? — SETS is called a sheaf if the sequence

X(0) ﬁHiX(Ui) :sz X(U; xv Uj)

is exact. The category of sheaves is denoted SH(C, 7).

One can think of a sheaf in this sense as something analogous to the continuous
functions on a topological space. A continuous function on an open set is uniquely defined
by a family of continuous functions on the open subsets of a given covering, whose values
are equal on their intersections.

Since sheaves are given by a limit preservation property, they can be seen as models
of a sketch (see Definition 1.1.25) with underlying category C.

From now on, one further supposes that the topology is sub-canonical, meaning that
for all U € C, Hom(—,U) : C°®? — SETS is a sheaf for the given topology.

We now describe in full generality the problem solved by Grothendieck topologies.

Definition 1.4.3. Let (C,7) be a site. The nerves of coverings associated to 7 in C are
defined by
N({UZ — U}) = {Nj = Ui1 Xy« - XUUin} — U.
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Theorem 1.4.4. Let (C,7) be a site with a sub-canonical topology. The Yoneda functor
C — SH(C,T)
1s a fully faithful embedding that preserves general limits, and sends the nerves

N{U, - U})={N;=U;, xy---xg U;,} = U
of covering families to colimits.

This means that, contrary to the Yoneda embedding C — CV, the embedding of C
in the category SH(C,T) preserves coverings. This will be essential for the definition
of “varieties” modeled on objects in C, by pasting of representable functors along open
coverings.

1.5 Categorical infinitesimal calculus

In this section, we use Quillen’s tangent category [Qui70] (see also the nlab website) to
give a purely categorical definition of the main tools of differential calculus. The main
advantage of this abstract approach is that it is very concise and allows us to deal at once
with all the generalized geometric situations we will use.

Remark that one can generalize directly this approach to the higher categorical situa-
tion of doctrines and theories, by replacing everywhere the category C by an *°n-category,
and the category of abelian groups in C/A by the stabilization Stab(C/A) (see Section
8.7). We refer to Section 9.6 for an example of a concrete application of this general idea
to differential calculus in homotopical geometry. This can be useful for studying the defor-
mation theory of higher categories with additional structures, often used in homological
mirror symmetry for example, but this would take us too far.

In the following, we work with categories that do not necessarily admit finite limits.

Definition 1.5.1. Let C be a category with final object 0.

1. An abelian group object in C is a triple (A, u,0) composed of an object A of C, a
multiplication morphism p: A x A — A and an identity morphism 0 : 0 — A that
define a functor

Hom(—, A) : C — GRAB

from C to the category of abelian groups.

2. A torsor over an abelian group object (A, p,0) is a pair (B, p) composed of an
object B of C and an action morphism p : A x B — B that induce and action of
Hom(—, A) : C - GRAB on Hom(—, B) : C — SETS and such that the morphism

(p,id): Ax B— BxB

is an isomorphism.
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The categorical definition of square zero extensions can be found on the nlab contribu-
tive website.

Definition 1.5.2. Let I be the category with two objects and a morphism between them.
Let C be a category.

1. The arrow category [I,C] is the category whose objects are morphisms B — A in C
and whose morphisms are given by commutative squares.

2. The tangent category TC is the category of abelian group objects in the arrow
category [I,C], whose objects are triples

(B—Apu:BxaB— B,0:A— B),
and whose morphisms are commutative squares

B—— D

|,

AT W

such that the induced morphism B — f*B’ := A x4 B’ is a morphism of abelian
group objects over A. The fiber of TC at A is denoted MOD(A) and called the

category of modules over A.
3. A left adjoint to the domain functor

dom : TC — C
[B— Al — B

is called a cotangent functor and denoted Q' : C — TC.
Example 1.5.3. If C = RINGS is the category of commutative unital rings, we will see in
Theorem 2.3.4 that its tangent category TC is equivalent to the category MOD of pairs

(A, M), composed of a ring A and an A-module M. The corresponding arrow in C/A is
given by the square zero extension

p:Ad M — A

In this setting, the value of the cotangent functor on A € C is simply the module of Kéhler
forms, given by the square zero extension

A I/IP=(AQ A)/I* — A,

with zero section induced by pj: A - AR A, a— a® 1.
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Ezample 1.5.4. The category C = OPENZL does not have many pullbacks, meaning that it
is hard to take amalgamed sums of smooth opens. This implies that for every A € C, there
are not many abelian group objects p: B — A in C/A. We will now show that the only
such object is given by the identity map id4 : A — A. Indeed, suppose given an abelian
cogroup object p* : 'V — U. This means that one has a section 0* : U — V, so that
p* 'V — U is injective. Moreover, it is open and closed because 0* is a continuous section
of V'— U. This means that V' is a connected component of U. Denote U = V[[W. In
this case, the amalgamed sum exists and is given by

vlfo=v]IIw]]V

The comultiplication p* : U — UJJU has a section idy[J0*, so that it is an open and
1% 1%

closed map, and sends U to a connected component of the above disjoint sum. This
implies that U = V. We conclude that the tangent category TC is equal to C, and that
the cotangent functor Q! : C — TC is just the identity functor. This shows why the use of
generalized algebras is necessary to define an interesting categorical differential calculus
in smooth geometry.

Definition 1.5.5. Let C be a category. Let M — A be a module over A. A section
D : A— M is called an M-valued derivation. We denote Der(A, M) the set of M-valued
derivations.

By definition, if there exists a cotangent module QY one has
Der(A, M) = Homyop(a) (24, M).

We now refine the tangent category construction to define higher infinitesimal thick-
enings.

Definition 1.5.6. Let C be a category.
1. The first thickening category Th'C is the category of torsors
(C—Ap:Bx,C—C)
in the arrow category [I,C] over objects (B — A, u,0) of TC.

2. The n-th thickening category Th"C is the category of objects D — A in the arrow
category [I,C]| such that there exists a sequence

D=C,—C,.1—--—Cy=A
with all C;,; — C; in Th'C.
3. Given A € C, a left adjoint to the forgetful functor

Th"C/A — C/A
[B— Al — [B—A4]

is called an infinitesimal thickening functor and denoted Th"™ : C/A — Th"C/A.
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4. In particular, the functor
Jet” :=Th" o A* : C — Th"C,
where A*(A) := [A]] A — A] is the codiagonal map, is called the jet functor.

Proposition 1.5.7. Let C be a category with pullbacks and A € C. There is a natural
1somorphism
Jet'A =5 QY

in Th'C/A.

Proof. By definition, [Jet'A — A] is the infinitesimal thickening of the codiagonal map
[A]IA — A]. In particular, it has two retractions, denoted dy,d; : A — Jet'A. One
can consider dy as a trivialization of the torsor Jet' A — A over an abelian group object,
giving Jet' A — A the structure of an abelian group object over A, equiped with a section
di : A — Jet' A. With this structure, it fulfils the universal property of the abelian group
object [ — A], so that both are isomorphic. O

Definition 1.5.8. Let (LEGOS, T) be a site and X € SH(LEGOS, 7) be a space. suppose
that there exists a thickening functor Th* on SH(LEGOS, 7). Let C'— M be a morphism
of spaces. The relative k-th jet space Jet®(C'//M) — M is defined as the space

Jet"(C/M) == C x p; Jet*(M).

We now define the notion of Grothendieck connection, that is a kind of infinitesimal
pasting (i.e., descent) datum. Let (LEGOS,7) be a site and X € SH(LEGOS,T) be a
space. suppose that there exists a first thickening functor Th* on SH(LEGOS, 7). Denote
X® := Th'(Ax-) the first infinitesimal thickening of Ay2 : X — X x X and X{¥ :=
Th'(Axs) the first infinitesimal thickening of Ays : X — X x X x X. Let p1,py : X2 = X
be the two natural projections and let py 9, pa 3, p13 : X* — X x X the natural projections.
We will also denote py, p2, p3 : X2 — X the natural projections.

Definition 1.5.9. Let C' — X be a space morphism. A Grothendieck connection on
C — X is the datum of an isomorphism

A ZpTC|X(2) ;) p;C‘X(z)

over X @ that reduces to identity on X by pullback along X — X®). Given a Grothendieck
connection on C' — X, one can pull it back to X:g?) through the projections p; ;, getting
isomorphisms

Ai,j 2p;kC|X§2) — p;k-(;"x?()z).

The curvature of the connection A : piCixe) - p3Cx@ is the isomorphism

N et . ~
FA = A173 e} A2,3 e} ALQ : pTC|X§2) — pTC|X§2) .
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This notion of connection actually generalizes to any kind of geometrical object on X
that has a natural notion of pull-back, for example a linear connection on a vector bundle,
a G-equivariant connection on a G-bundle, etc...

Ezample 1.5.10. Let X = R and C = R? equipped with their polynomial algebras of
functions Ox = R|z] and O¢ = R[z,u]. We work in the category C of R-algebras. One
then has
Jet'Ox 1= R[z, 10]/(z — 70)?,
Oprc = Rl o, ul /(2 — 20)?, Opse = Rlao, z,ul/(x — 20)
A connection on C' must be identity on X i.e., modulo (z —x). The trivial Grothendieck
connection on C' — X is given by the isomorphism

id : p;C = piC.
If A€ (z—ux0)is an element (that represents a differential form on X), then e : v +— u+A

is also a Grothendieck connection on C, whose inverse isomorphism is u +— u — A.

Definition 1.5.11. Let (LEGOS, 7) be a site with amalgamated sums, C be the opposite
category LEGOS?, and X € SH(LEGOS, T) be a sheaf. A morphism U — T in LEGOS

that is an object of Th"(C) for some n is called an infinitesimal thickening. One says that
X is

1. formally smooth (resp. formally unramified, resp. formally étale) if for every in-
finitesimal thickening U — T', the natural map

X(T)— X(U)
is surjective (resp. injective, resp. bijective);
2. locally finitely presented if X commutes with directed limits;

3. smooth (resp. unramified, resp. étale) if it is locally finitely presented and formally
smooth (resp. formally unramified, resp. formally étale).

Definition 1.5.12. Let (LEGOS, 7) be a site with amalgamated sums and X € SH(LEGOS, 7)
be a sheaf. The De Rham space of X is the sheaf associated to the presheaf whose points
with values in T" € LEGOS are defined by

Xpr(T) == X(T')/ ~ing

where © ~j,; y : T — X if there exists an infinitesimal thickening U — T such that
z)y = yjv. We denote ppr : X — Xppr the natural projection map.

Remark 1.5.13. We may also define the De Rham space as the quotient of X by the action
of the groupoid II" (X)) of pairs of points (x,y) € X2(T) that are infinitesimally close,
i.e., such that there exists a thickening S — T with z)y = y;y. This is a subgroupoid of
the groupoid Pairs(X) whose arrows are pairs of points in X, with composition

(z,y) o (y,2) = (z, 2).
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Both groupoids are related to the fundamental groupoid II;(X) of paths in X up to
homotopy. An action of the groupoid Pairs(X) on a bundle £ — X is equivalent to a
trivialization of E. An action of the groupoid II;(X) on E is a parallel transport for
the elements of the fibers of £ along (homotopy classes of) paths in X. The groupoid
Hil"f (X) is intermediary between these two groupoids: an action of it on a bundle £ — X
is equivalent to a parallel transport for elements of the fibers of E along infinitesimal paths
in X. More concretely, it is an integrable connection. The relation with the fundamental
groupoid is given by the fact that a connection on a path is simply a differential equation,
and that solving the corresponding cauchy problem allows to define a parallel transport
along paths. If one has a parallel transport along paths, one also morally gets, by passing
to the infinitesimal limit, a connection.

Remark 1.5.14. One may also define the de Rham space as the space m(II"/ (X)) of
connected components of the co-groupoid of infinitesimal simplices in X, whose degree n
component is

M2 (X),(U) == {(t, ;) € T(U) x X(T"), t : U — T thickening , Vi, j, ;) = Tj}-
We refer to Section 9.3 for more details.

Definition 1.5.15. Let (LEGOS, 7) be a site with amalgamated sums and X € SH(LEGOS, 7)
be a sheatf.

1. A crystal of space on X is a space morphism Z — Xpg.

2. A crystal of space Z — Xppg is called a crystal of varieties over X if its pullback
Z Xxp, X — X is a variety in VAR(LEGOS, 7).

3. A crystal of module M over X is a module over the space Xpg, i.e., an object
Xpr — M of the tangent category T (SH(LEGOS, 7)°).

The category of crystal of varieties (resp. crystal of modules) over X is denoted VAR i/ X
(resp. MOD¢i5(X)).

Proposition 1.5.16. Let (LEGOS,T) be a site with amalgamated sums. Let X be a
formally smooth space in SH(LEGOS, 7). There is a natural adjunction

Phr : MOD¢.is(X) = MoOD(X) @ ppr .«

between modules on X and crystals of modules on X. More generally, there is a natural
adjunction

Ppr :SP/Xpr S Sp/X : ppR -
One denotes Jet(C/X) — Xpr the crystal of space over X given by ppr.(C), and also
(by extension), the corresponding variety Jet(C/X) = php(ppr+C) — X.
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Chapter 2

Generalized spaces and their
differential calculus

The aim of this chapter is to present flexible tools to do differential geometry on spaces
of fields, i.e., on spaces of “functions” between generalized “spaces”. These tools will be
used all along this book.

Let us describe our general approach in the particular case of differential geometry.
There are essentially two viewpoints in the modern approach to differential geometry:
the punctual and the functional viewpoint. Let OPEN¢~ be the category of open subsets
V C R” for varying n with smooth maps between them. Let U C R™ be such an open
subset.

1. The punctual approach is based on the study of the functor of points

U: OPENZ, — SETS
V.  — Hom(V,U)

of U parametrized by other geometric spaces V' (e.g., a point, an interval, etc...);
2. The functional approach is based on the study of the functor of functions

OU): OPENex — SETS
V. — Hom(U,V)

on U with values in other geometric spaces V' (e.g., the real or complex numbers).

Remark that these two approaches are equivalent if we vary U and V' symmetrically. The
main idea is the same in both situations: one generalizes spaces by using contravariant

functors
X : OPENZ%, — SETS

that commute with some prescribed limit cones (e.g., those given by nerves of coverings;
this gives sheaves on Grothendieck sites), and one generalizes functions by using covariant

functors
A : OPENg — SETS

49
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that commute with some prescribed limit cones (e.g., those given by finite products or
transversal fiber products; this gives generalized algebras in the sense of Lawvere and
Dubuc). Both these construction are naturally formalized in the setting of doctrines
explained in Section 1.1, and in particular, using sketches (see Definition 1.1.25).

The punctual approach has been systematically developed by Grothendieck and his
school (see [Gro60] and [AGVT73]) in algebraic geometry. In differential geometry, it is
called the diffeological approach, and was developped by Chen [Che77], Souriau [Sou97]
and Iglesias Zeimour [I1Z99], with applications to classical mechanics (see [BH08] for a
survey). The functional approach is widely used in analysis and physics, with deep roots
in functional analytic methods. It has also been developed on more categorical and
logical grounds after Lawvere’s thesis [Law04]. A particular combination of the functional
and punctual approach in classical differential geometry is called synthetic differential
geometry. It has been developed following Lawvere’s ideas [Law79] by Moerdijk-Reyes in
[IMRI1] and Kock [Koc06]. It has also been used in analytic geometry by Dubuc, Taubin
and Zilber (see [DT83], [DZ94] and [Zil90]), in a way that is closer to our presentation.

Our aim is to have flexible tools to do differential geometry on spaces of fields (i.e.,
spaces of “functions” between “spaces”, in a generalized sense). The punctual approach
gives a well behaved notion of differential form, and the functional approach gives a
well behaved notion of vector field. We will use a combination of the punctual and
functional approach that is optimal for our purpose of studying with geometrical tools
the mathematics of classical and quantum field theories.

We give here an axiomatic presentation that works in all the examples of geometric
situations that will be used in this book.

2.1 Generalized spaces

We first recall some results about categories and sites from Chapter 1.

Let (LEGOS,T) be a site (category with a Grothendieck topology) whose objects,
called legos, will be the basic building blocks for our generalized spaces. Let LEGOSY :=
Hom(LEGOS?, SETS) be the Yoneda dual category. One has a fully faithful embedding

LEcos — LEcos”
X — X

where
X = Hom(—, X) : LEGOS” — SETS

is the contravariant functor naturally associated to X. The Yoneda dual category has all
limits (e.g. fiber products) and colimits (e.g. quotients) and also internal homomorphisms,
so that it could be a nice category to do geometry. However, the natural embedding
LEGOS — LEGOS” does not preserve finite colimits given by pastings of open subspaces.
For example, if LEGOS is the category OPEN x of open subsets of a given topological space
X, and one looks at a union

UzMU%zMII%CX

Ui1NUs
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of open subsets of X, the natural morphism in LEGOS" given by

U [ e=v=0]] U
ﬂ;{@ UiNU2

is usually not an isomorphism. The notion of sheaf for a Grothendieck topology was
introduced exactly to solve this problem: the above natural morphism, with colimits
taken in the category SH(LEGOS, 7), is indeed an isomorphism.

We will thus work with generalized spaces given by sheaves on Grothendieck sites. We
now define varieties as generalized spaces that can be obtained by pasting legos.

Definition 2.1.1. Let (LEGOS, 7) be a site and let f : X — Y be a morphism of sheaves
on (LEGOS, T).

e If X and Y are representable in LEGOS, one says that f is open if it is injective on
points and it is the image of a morphism

for {U; LN Y} a covering family for 7.

e In general, one says that f is open if it is injective on points and it is universally
open, meaning that, for every x : U — Y, with U representable, the fiber

nyQJZXXYQ—)Q

is isomorphic to the embedding W C U of an open subset of the representable space
U.

e A wariety is a space X that has an open covering by representable spaces, meaning
that there exists a family f; : U; — X of open morphisms with U; € LEGOS such

that the map
IIs:1v—x

is an epimorphism of sheaves.
We denote VAR(LEGOSs, 7) C SH(LEGOS, 7) the category of varieties.

Definition 2.1.2. For (LEGOS,T) the following sites, the corresponding varieties are
called:

e C¥-manifolds for k < oo, if LEGOS is the category OPENg« of open subsets of R”
for varying n with C*-maps between them, and 7 is the usual topology;

e Ck-manifolds with corners for k < oo, if LEGOS is the category OPENci of open
subsets of R” for varying n with smooth maps between them (recall that for U C R”,
amap f: U — R is C¥ if there exists an open U C R™ with U = U N R? and a
Ck-function f: U — R such that f|U = f), and 7 is the usual topology;
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o real analytic manifolds if LEGOS is the category OPEN,,, g of open subsets of R" with
real analytic maps between them and 7,, is the usual analytic topology generated
by subsets of the form

Upg =A{z € U; |f(2)] <lg(2)[}
for f,g € O(U);

e complex analytic manifolds if LEGOS is the category STEINc of Stein open subsets U
of C"™ with analytic maps between them and 7,, the usual analytic topology defined
as in the real analytic case;

e schemes if LEGOS is the category AFFy := CALG, of affine schemes (opposite the
category of commutative unital rings), equipped with the topology generated by the
localization maps Spec(A[f~1]) — Spec(A);

e algebraic varieties (schemes of finite type) if LEGOS is the category AFFJ’ dual to
the category CALG? of Z-algebras of finite type (quotients A = Z[ X4, ..., X,]/I of
some polynomial algebra with finitely many variables).

To be able to define differential invariants using a categorical setting for infinitesimal
thickenings as in Section 1.5, one needs at least to have the following condition.

Definition 2.1.3. A Grothendieck site (LEGOS, T) is called differentially convenient if
LEGOS has finite coproducts and an initial object.

In the above examples, the only differentially convenient sites are the categories of
schemes. Indeed, the pasting of two open subsets U and V of R™ (or C") for n > 0 along
a point can’t be described by an open subset of R™ for any m > 0. An example of an
infinitesimal thickening in the setting of schemes is given by the embedding

Spec(R) — Spec(R[x]/(x?))

of a point in its first infinitesimal neighborhood. Its importance for the algebraic formu-
lation of differential calculus was emphasized by Weil. We will see later in this section
how to improve on the above examples of sites to get infinitesimals in all the situations
of definition 2.1.2.

The most standard example of a generalized geometrical setting, with spaces defined
as sheaves on a site, is given by the theory of diffeology, which was developed by J. W.
Smith [Smi66] and K. T. Chen [Che77], and used in the physical setting by J.-M. Souriau
to explain the geometric methods used by physicists to study variational problems (see
[Sou97] and [I1Z99] for references and historical background, and [BHO8] for an overview).

Definition 2.1.4. Let OPEN¢~ be the category of open subsets of R” for varying n with
smooth maps between them and 7 be the usual topology on open subsets. The category
of diffeologies (also called smooth spaces) is the category SH(OPENge, T).
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Definition 2.1.5. An ordinary smooth manifold is a topological space X and a family
of open embeddings f; : U; — X, with U; C R"™ open subsets, such that for every pair
(Ui, Uj), the continuous map

Fitew, © Fivinw; U 0 F7H(F(U5) = U0 7 (£(U)))

is a smooth map (i.e., a morphism in OPEN¢e). The family (f; : U; — R");¢s is called
an atlas. An atlas maximal for atlas inclusion is called a maximal atlas. A morphism
of manifolds is a continuous map that induces a morphism of maximal atlases (in the
obvious sense). We denote VARZZ"*Y the category of ordinary smooth manifolds.

We now check, on a simple example, that our notion of variety corresponds to the
usual one.

Theorem 2.1.6. The map

ordinary

VAR — SH(OPEN¢, T)
M — [U — HOmVARZgg'Lnary (U7 M)]
18 a fully faithful embedding of smooth varieties in diffeologies and it induces an equivalence
of categories
VARSZ™ Y = VAR(OPENges, 7).

ordinary

Proof. There is a natural Grothendieck topology 7 on the category VAR w with cov-
ering families given by open morphisms f; : U; — M that cover M with U € LEGcos. We
can thus use the natural fully faithful embedding

VARordmary — SH (VARordznary’ 7_) )

If U; — M is a covering family, one defines its nerve system N({U; — X}) to be the

inductive system of all finite fiber products N; = U;, X - -+ Xar U;,. Remark that all its

objects are legos. The inductive limit lim /V; is equal to M, by definition of our notion of
_>

variety. There is a natural functor
SH(VARZI™™ 1) — SH(OPENee, 7)

sending X to its evaluation on legos. If Y € SH(VARord’"”y,T) is a sheaf, for every
ordinary manifold X = lim N; given by the limit of the nerve of a covering, one has
3

Y (X) = Homgy,,,(X,Y) = Homgy,,, (lim N;,Y) =1lm Homy,s(N;,Y) = hm Y (N;),
7 3 —J
so that Y (X) is determined by the values Y'(N;) of Y on some legos. Applying the same
reasoning to morphisms, one concludes that the above functor is fully faithful. Remark
that in both categories, varieties are defined as inductive limits of nerves for the same
topology with same covering opens in OPEN¢~. One thus gets an equivalence

VAR(VARSL™Y 1) 5 VAR(OPEN¢, 7).



54CHAPTER 2. GENERALIZED SPACES AND THEIR DIFFERENTIAL CALCULUS
To prove the theorem, it remains to show that the natural functor
VARordznaT’y N VAR(VAROTdmaTy, 7_)

is essentially surjective, since it is already fully faithful. Let X be a variety in VAR(VARGZZ™™Y 7).,
By hypothesis, we have a family f; : U; = X of open embeddings of legos U; € LEGOS

such that
H U, — X

is a sheaf epimorphism. This means that X = lim U; in the category of sheaves. By
g

hypothesis, all maps U; — X are open, so that the maps of the nerve inductive system
N; = N;({U; — X}) of legos are open. Let X be the topological space given by X =
th in Top. One has open embeddings U; C X that are smoothly compatible, so

ordmary

that X is a variety. In fact, X is the inductive limit th in the category VAR w

The main properties of sheaves for a Grothendieck topology, given in theorem 1.4.4, is
that their colimits along nerves of coverings correspond to actual colimits in the original
category. This shows that X = X and concludes the proof. O]

We now recall, for comparison purposes, the notion of locally ringed space. Remark
that it allows the introduction of infinitesimal thickenings, that can be used for a categor-
ical formulation of differential calculus. We refer to [Gro60] for more details. The main
drawbacks of this category are the following:

e it is algebraic in nature (i.e., germs are local rings), so that it is not always well
adapted to the functorial statement of non-algebraic equations of analysis.

e it does not have a notion of internal homomorphisms, i.e., the locally ringed space
of morphisms between locally ringed spaces does not exist in general.

We will see in Section 2.2 another more natural path to the functorial definition of differ-
ential invariants.

Definition 2.1.7. A locally ringed space consists of a pairs (X, Ox) composed of a topo-
logical space X and a sheaf of functions Oy, with germs given by local rings. A morphism
of locally ringed spaces is given by a pair

(fv fﬂ) : (X7 OX) — (Y7OY)

with f : X — Y a continuous map and f* : f~'Oy — Ox a morphism of sheaves of
rings (meaning for each open U C Y, morphisms f%: Oy (U) — Ox(f~'(U)), compatible
with restrictions) such that the corresponding morphism of germs is local (i.e. sends the
maximal ideal of one ring into the maximal ideal of the other) at every point of X.

The category of locally ringed spaces contains all kinds of varieties, and has a special
auto-duality property: their varieties are not more complicated than them.
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Proposition 2.1.8. Let LRSPACES be the category of locally ringed spaces. FEquip LRSPACES
with its standard topology T given by open immersions compatible with the sheaves of func-
tions.

e [f VAR C LRSPACES is a full subcategory with fiber products (but not necessarily
stable by fiber products in LRSPACES) with a well defined restriction of the standard
topology T, the natural functor

VAR — VAR(VAR, 7)
1s fully faithful.

o All categories of varieties described in definition 2.1.2 embed fully faithfully in the
category of locally ringed spaces.

Proof. The first statement follows directly from the local nature of locally ringed spaces.
The second one can be checked locally, in which case it is clear because one has enough
functions (the fact that germs are local is not easy to prove, though). O

We now define algebraic varieties relative to a symmetric monoidal category.
Definition 2.1.9. Let (C,®) be a symmetric monoidal category and denote
LEGOS¢ := ALGY

the category dual to commutative C-algebras. Let A be a commutative algebra in (C, ®).
The functor Spec(A) € LEGOS” given by

Spec(A) : LEGOSY = ALGe — SETS
B — Hom(A, B)

is called the spectrum of A.

It is possible, following Toen and Vaquié in [TV09b], to define a Zariski topology on
LEGOS by generalizing a known characterization of Zariski opens in ordinary schemes
(monomorphisms of spaces that are flat and finitely presented).

Definition 2.1.10. An algebra morphism f : A — B (or the corresponding morphism
Spec(B) — Spec(A)) is called a Zariski open if it is a flat and finitely presented monomor-
phism:

1. (monomorphism) for every algebra C, Spec(B)(C) C Spec(A)(C),

2. (flat) the base change functor — ®4 B : MOD(A) — MoD(B) is left exact (i.e.,
commutes with finite limits), and

3. (finitely presented) if Spec , (B) denotes Spec(B) restricted to A-algebras, Spec , (B)
commutes with filtered inductive limits.
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A family of morphisms {f; : Spec(A;) — Spec(A)}icr is called a Zariski covering if all its
elements are Zariski open and moreover

4. there exists a finite subset J C [ such that the functor

[[ - ®4 A, : Mop(4) — [[ Mon(4;)

i€J =
is conservative (i.e., preserves isomorphisms).

The Zariski topology on LEGOSe is the Grothendieck topology generated by Zariski cov-
erings. The corresponding varieties and spaces are called schemes and spaces relative to
(C,®) and their categories are denoted SCH(C,®) and SH(C, ®).

Example 2.1.11. 1. Usual schemes are schemes relative to the symmetric monoidal cat-
egory (MOD(Z), ®) of abelian groups. This result was proved by Grothendieck in
EGA [Gro67].

2. Super and graded schemes are schemes relative to the symmetric monoidal categories
(MoOD4(Z),®) and (MOD,(Z), ®).

3. If (X,0) is a locally ringed space, schemes relative to the symmetric monoidal
category (QCoh(X),®) of quasi-coherent sheaves on X (cokernels of morphisms of
arbitrary free modules) are called relative schemes on X.

We now explain how to use contravariant constructions on a site (LEGOS, 7) to define
contravariant constructions (e.g. differential forms) on spaces in SH(LEGOS, 7). These

contravariant constructions apply to all the geometric sites (LEGOS, 7) we will use in this
book.

Definition 2.1.12. Suppose given a category C and a site (LEGOS, 7). Let
2 :LEGOS?” = C

be a sheaf for the topology 7 with values in C, that we will call a differential geometric
construction on LEGOS. Let X € SH(LEGOS,7) be a space, and let LEGOS/X denote
the category of morphisms z : U, — X where U, € LEGOS. The differential geometric
construction Q(X) induced on X is defined as the inverse limit in C (supposed to exist)

Q(X) = lim QU,).

«— z€Lecos/X

More generally, if 7 : U — X is an open morphism of spaces, one can define Q(U). This
gives (if it exists) a sheaf on X for the topology induced by 7

Q: SH(LEGOS, T7)/X — C.
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Ezxample 2.1.13. Let (LEGOS,T) = (OPENc¢«, 7) be the usual topology on smooth legos
and let
Q=0Q': OPENZ. — VECTR
be the sheaf of differential 1-forms. If X : OPENe~ — SETS is a diffeology, a differential
1-form on X is the datum, for each z : U — X of a differential form [z*w] on U, i.e., a
section of T*U = U x (R™)* — U, such that if f : # — y is a morphism, i.e., a commutative
diagram
Up—— X,

%

fflyw] = r*w.

one has

One can define similarly differential n-forms and the De Rham complex
(€%, d)

of the diffeology X. This example of course generalizes to any kind of spaces whose
local models (i.e., LEGOS) have a well behaved (i.e., local and contravariant) notion of
differential form. Remark that the De Rham complex of a space of maps Hom(X,Y)
between two smooth varieties has a nice description (up to quasi-isomorphism) in terms
of iterated integrals, that is due to Chen [Che77] in the very particular case of the circle
X = S', and much more recently to Ginot-Tradler-Zeinalian [GTZ09] in general. This
description roughly says that there is a natural iterated integral quasi-isomorphism of
differential graded algebras (see Section 8.8 for a definition of this notion)

ity : CHy (2" (M)) — Q*(Hom(X, M))

that gives a concrete combinatorial description of the De Rham cohomology of the map-
ping space in terms of the higher Hochschild homology (whose definition is out of the
scope of these notes) of differential forms on M.

Remark 2.1.14. One can go one step further by defining the notion of a locally trivial
bundle on a space. Let GRPD be the 2-category of groupoids (i.e., categories with only
invertible morphisms). The idea is to use the sheaf

Q= BuN: LEGOS?” — C = GRPD

with value in the 2-category of groupoids. A bundle B over a diffeology X is the following
datum:

e for cach point x : U — X, a bundle [z*B] — X,
e for each morphism f : x — y of points, an isomorphism
i fly'B] <> [2 B
of bundles on U,
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e for each commutative triangle

of points, an isomorphism
i [Ty — dgof

e and so on...

Of course, one can not continue to write down all the commutative diagrams in play by
hand and there is a nice mathematical theory to treat properly this type of geometrical
notion, called homotopical geometry. We will come back to this example in Chapter 9.

2.2 Generalized algebras

Recall that if X and Y are sets, one defines the X-indexed product of Y by

[TY = Homgers (X, Y).
X

In particular, [ [, X is always equal to the one point set {.} = Hom(), X). More generally,
an empty product in a given category is a final object.

Up to now, we have considered spaces defined as sheaves X on some Grothendieck site
(LEGOS, 7), meaning contravariant functors

X : LEGos?? — SETS

that respect nerves of coverings in 7. In particular, a given lego U gives a space
U := Hom(—,U)

also called the functor of points of U. The main problem with this approach are the
following:

1. Classical categories of legos (e.g., the category OPEN¢~ of smooth open subsets of
R™) are usually not rich enough to contain infinitesimal thickenings, that play a
central role in the categorical approach to differential calculus, presented in Section
1.5. This has to do with the fact that the types of function algebras that we have on
legos are not general enough to allow the definition of infinitesimal thickenings, so
that the corresponding differential invariants (e.g., the tangent category) are trivial.
See Example 1.5.4 for a more precise explanation.
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2. Given a smooth function f : U — R on an open subset of R", one would like the
zero set space Z(f) C U, defined by the formula

Z(f): OPENZ — SETS
1% — Z(f)U) ={x:V = U, fox=0}

to be representable by a lego whose algebra of functions ought to be something like
c=W)/(f).

The most natural way to solve the above problems by enriching a category of legos
was discovered by Lawvere in [Law04]. One can simply embed it in the opposite category

LEGOS = ALGY, .o Of a category ALGpgaos of covariant functors

A : LEGOS — SETS

that respect some prescribed categorical structures (e.g., limits). Of course, one would like
to have a natural Grothendieck topology 7 induced by 7 and a fully faithful embedding
of Grothendieck sites

(LEGOS, 7) — (LEGOS, T),

to get back the usual notion of varieties. We will use sketches (see Definition 1.1.25) to
solve this problem of “adding infinitesimals and solution spaces to legos”.

The following example is due to Lawvere’s [Law79], and was used by Dubuc [Dub81]
and Moerdijk-Reyes [MR91] to describe generalized smooth spaces.

Ezample 2.2.1. Here is an example of Lawvere’s algebraic theory (see Definition 1.1.21)
related to (generalized) differential geometry: For k < oo, let AFFer be the category with
objects the affine spaces R” for varying n > 0 and with morphisms the C*-maps between
them. It is a full finite product sketch, i.e., a category with finite products. A model

A AFFqr — SETS

for this theory (i.e., a product preserving functor) is called a (finitary) C*-algebra. We
denote ALGg@” the category of C*-algebras. Ome can think of a Ck-algebra A as a set
A(R), equipped with operations

[/]: AR)" = A(R)

associated with smooth functions f : R® — R. In particular, A(R) is equipped with an
R-algebra structure induced by the one on R, since the operations

+: RxR — R
Xx: RxR — R
o: {} —- R
1: {} —- R

are all C*-maps. If OPENg+ denotes the category of open subsets in R” for n > 0 with
C*-maps between them, there is a fully faithful embedding

Ct: OPENE — Arcl)”

U —  [R" — Homex (U, R")]
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that sends transversal fiber products (i.e., the products that are well defined in this cat-
egory) to pushouts. This category is the one usually used by people working in synthetic
differential geometry (see e.g., Moerdijk-Reyes [MR91]), because it contains algebras of
the form R[e]/(e?), that play the role of infinitesimal thickenings. If we denote OPENcx
the category of open subset of R} with smooth morphisms between them, there is also a
fully faithful embedding

k . op fin
Cl: OPENCi — ALGy,

One can actually show that if U C R’} is an open subset, one has

CL(U) = lim C*(0)
UoU
where the limit is taken in ALGgi" and indexed by open subsets U C R™ such that
U c UNR? (see [MRI1], Chapter 1). One can also use finer notions of morphisms
between open subset of R"} with corners (see [Joy09] for a survey of the different possible
definitions). Each of these notions give a corresponding theory of C*-ring with corners.

A drawback of the theory of smooth rings described in the previous example is that
it has no a priori topology and one has to fix a topology on the category of smooth rings
(by using the Zariski topology on finitely generated rings, for example). We now give
another way of defining a notion of generalized algebra that allows the direct definition
of a Grothendieck topology on their opposite category. We are inspired here by Dubuc’s
work on synthetic analytic geometry, with Taubin and Zilber (see [DT83], [DZ94], [Zil90]).

Definition 2.2.2. A differential geometric context is a tuple
C = (Lecos, 7, £,¢,L,C)

composed of a Grothendieck site (LEGOS, ), two classes £ and € of small categories, and
an (£, €)-sketch (LEGOS, £, C), that are compatible in the following sense: cones in £ and
cocones in C are stable by pullbacks along covering maps. A model

A : (LEGos, L,C) — SETS

is called a generalized algebra (in the given differential geometric context). If U € LEGOS,
we denote O(U) the corresponding generalized algebra of functions given by

OU)(V) := Hom(U, V).

A generalized algebra is called local if it sends covering nerves to colimits. We denote
ALGc the category of generalized algebras.

Theorem 2.2.3. Let C = (LEGOS, 7, £,&, L,C) be a differential geometric context. We
denote Spec(A) an object of LEGOS := ALGg. The families

{Spec(A4;) — Spec(A)}jes
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whose pullback along any map Spec(O(U)) — Spec(A), for U € LEGOS, is induced from
covering family {U; — U}jes in 7, form a Grothendieck topology T on LEGOS. The
natural functor

(LEGOS, T) — (LEGOS, T)

1s a fully faithful embedding of sites compatible with the topology and induces an embedding
VAR(LEGOS, 7) — VAR(LEGOS, T)
of the corresponding categories of varieties.

We now illustrate the above construction by defining a natural category of generalized
C*, complex and real analytic rings, equipped with a Grothendieck topology.

Ezample 2.2.4. Let £ be the classes of finite categories and € = {1} the final category.
The doctrine of (£, €)-sketches is called the doctrine of (pointed) finite limit sketches. Let
LEGOS be one of the following categories:

1. open subsets U C R™ with C*-maps between them, for varying n, and some fixed
0<k<oo,

2. open subsets U C R™ with real analytic maps between them,
3. open subsets U C C" with complex analytic maps between them.

Equip LEGOS with its usual topology, the class L of transversal pullbacks and the class C
composed of its final object. The corresponding algebras are respectively called C*-rings,
real analytic rings and complex analytic rings. Let (LEGOS,7T) be the corresponding
category of generalized affine spaces. The natural functor

LEGos” — SH(LEGOS, 7)

is a fully faithful embedding that extends to the corresponding category of varieties. The
categories of sheaves thus constructed are called the category of C¥-spaces and generalized
real and complex analytic spaces respectively. The main advantages of the category of
generalized spaces on ordinary varieties are the following:

1. generalized algebras contain infinitesimal objects, like R[¢|/(¢?) for example in the
smooth case. This allows us to use the methods of categorical infinitesimal calculus
(see Section 1.5) to define their differential invariants.

2. one can define the solution algebra O(U)/(f) for a given equation f = 0 with
feoW).

3. generalized spaces contain spaces of functions Hom(X, Y) between two given spaces.
This is important since spaces of functions, called spaces of fields by physicists, are
omnipresent in physics.
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A nice result is that finitary smooth algebras are equivalent to smooth algebras. This
result is not true anymore in the holomorphic or algebraic case, and is deeply related to
the fact that smooth manifolds have partition of unity.

Proposition 2.2.5. Let ALGe= be the category of smooth algebras, given by functors
t
A : (OPENgss, — X —) = (SETS, — X —)

that commute with transversal fiber products. Let ALGéZ} be the category of finitary smooth

algebras, given by functors
A : (AFF(ee, X) — (SETS, X)
on the category of smooth affine spaces R™ commuting with products. The natural functor
ALGew — ALGLY
s an equivalence.

Proof. This result follows from the two following facts:

. t
1. if A e ALGéfQ is a finitary smooth algebra and U x W is a transversal fiber product,
1%

one has

AU X W) 2 AU) ) AW),

where A(U) := Hom,, rin (O(U), A). This allows us to construct a left inverse to
oo

the above natural functor.

2. the finitary smooth algebra of functions on an open subset U C R" identifies nat-
urally with the localization C*°(R™)[f~!] of the algebra of functions on the affine
space along a given smooth function f : R" — R.

]

We now describe various types of semianalytic spaces, that play an important role
in algebraic analysis. We are inspired here by non-archimedean analytic geometry (see
[Ber90] and [Hub96]), and by the theory of real semianalytic and subanalytic sets (see
[Gab96], [Loj93], [BMS8S]).

Ezxample 2.2.6. Let LEGOS be one of the following categories:

1. relatively compact complex rational domains U C C" = A defined by finite inter-
sections of domains

Upg = {x € C", [f(z)] <lg(2)l},

for f and g analytic, with overconvergent functions (i.e., functions that are analytic
on the closure Uy,).
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2. relatively compact rational domains U C C" stable by complex conjugation o (i.e.,
relatively compact domains U in the real Berkovich affine space A = C" /o), with
overconvergent real analytic functions on them.

Equip LEGOS with the Grothendieck topology generated by usual coverings by rational
domains, and with the class of limit cones given by transversal pullbacks. The corre-
sponding algebras are called (overconvergent) complex and real semianalytic algebras and
the corresponding varieties are called (overconvergent) semianalytic spaces. These can be
equiped with their natural Grothendieck topology, induced by the usual one (and given
by finite coverings). Remark that complex subanalytic subsets, defined as projections of
relatively compact constructible domains (in the algebra generated by rational domains
for complement, union and intersection), along affine projections A% = X x C* — X
identify naturally with Gabrielov real subanalytic subsets ! of the complex space X. To
get a similar result in the real semianalytic setting, one needs to add etale coverings
(working with projections of etale constructible subsets). Remark also that the space of
points of the semianalytic site on a given semianalytic space is something like a real or
complex analytic version of the Zariski-Riemann space of a ring (see [HK94]).

2.3 Differential invariants

We now describe the concrete implementations of the tools of categorical infinitesimal
calculus, presented in Section 1.5, in the differential geometric situations that will be in
use in our description of physical systems.

2.3.1 Algebraic differential invariants

We essentially follow Lychagin [Lyc93] and Toen-Vezzosi [TV08] here.

Definition 2.3.2. A symmetric monoidal category (V,®) is called pre-additive if the
initial and final object coincide (we denote it 0), the natural map

M&N — M x N,

given by (m,n) — (m,0)®(0,n) is an isomorphism, and the monoidal structure commutes
with finite direct sums.

From now on, we denote (V,®) a pre-additive symmetric monoidal category. Let
ALGy be the category of commutative monoids in V. These are the basic building blocks
of (generalized) algebraic varieties, as explained in Definition 2.1.10.

Lemma 2.3.3. Let A € ALGy be a commutative monoid in V and M € MOD(A) be a
module (in the usual sense of symmetric monoidal categories). The direct sum A @ M is
naturally equipped with a commutative monoid structure such that the projection A& M —
A is a monoid morphism.

'Remark due to Gabrielov: use that |f| = c is constructible and log |e/| = Re(f)
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Proof. The multiplication map on A ® M is defined by the formula
pasm : (AGM)Q(ABM)ZARAGAIMeMIADMOIM - A M
given by combining the four morphisms

pwBb0: AR A— A M,
Oduhy,: A@M — Ad M,
whyy U - M@A—AG M, and -’
0:M®M— M.

The unit 1: 1 — A @ M is given by 14 & 0. This makes A & M a commutative monoid
in V such that the projection A @® M — A is a monoid morphism. O

Theorem 2.3.4. Let MODy, be the category of pairs (A, M) composed of a commutative
monoid A and a module M over it, with morphisms given by pairs (f, f*) : (A, M) —
(B,N) of a monoid morphism f : A — B and an A-module morphism f*: M — f.N
(where f.N is N seen as an A-module).

1. the functor
MobDpy — TALGy
(A, M) — [A®M — A

that sends a module over a monoid to the corresponding square zero extension is an
equivalence.

2. The category Th" ALGy is the subcategory of [I,C] whose objects are quotient mor-
phisms A — A/I, with kernel a nilpotent ideal I (i.e. nilpotent sub A-module of A)
of order n+1 (i.e., fulfilling I"*1 =0).

3. The jet functor Jet" : C — Th"C is given by the corresponding ordinary jet algebra:
Jet"(A) = (A® A)/I"
where I 1s the kernel of the multiplication map m : A® A — A.

Remark that Jet"A is naturally equipped with two A-algebra structures denoted d
and d;.

Definition 2.3.5. The A-module of internal vector fields is defined by
©4 := Hom (2}, A).
The A-module of differential operators of order n is defined by
D1 i= Hom,y(Jet” (4), dy), A).
One defines a composition operation
D % D — Dy
by D1 ® Dy +— Dy o Dy := Dy odyo Dy : Jet"(A) — A. The A-module of differential

operators is the colimit
D, := colim ,, DY}.
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The intuition behind the definition of derivations in a our general situation is the
following: a homomorphism D : A — M in C will be called a derivation if

D(fg) = D(f)g+ fD(g).

To be mathematically correct, we need to compute derivations internally and using the
tensor structure.

Proposition 2.3.6. Let M be an A-module. The internal derivation object Der(A, M) is
the kernel of the inner Leibniz morphism (defined by adjunction of inner homomorphisms
with the tensor product)

Leibniz : Hom(A, M) Hom(A® A, M)

D|—>(Do,u, MlMo(idA(X)D)—i—,urMo(D@idA))

In particular, on has © 4 = Der(A, A).

Remark that for C = MoD,(K) the symmetric monoidal category of graded modules,
the Leibniz condition can be expressed as a graded Leibniz rule by definition of the right
A-module structure on M above. More precisely, an internal morphism D : A — M is a
graded derivation if it fulfills the graded Leibniz rule

D(ab) = D(a)b + (—1)deD) ey D(p),

The restriction of this construction to the category MoD4(K) of super modules gives the
notion of super-derivation.

We carefully inform the reader that if A = C*(R) is the algebra of smooth function
on R, then in QY, one has

dexp(x) # exp(z)dz.

This shows that contrary to the notion of derivation, that is a purely algebraic and depends
only on the algebra of function, and not on the kind of geometry one is working with
(smooth, analytic, algebraic, etc...), differential forms depend on the type of geometry in
play. We refer to Section 2.3.18 for a solution to this problem.
Remark that if the category C is linear over a commutative ring K, © 4 is endowed
with a Lie bracket
[.,.] :O4 R0, — 0Oy

induced by the commutator of endomorphisms in Hom(A, A). There is also a natural
action

[.,.]2@A®A—>A

and its is compatible with the above bracket and induces for each 0 € ©4 a derivation
0: A — A. All the above datum is called the A-Lie algebroid structure on © 4.
Recall from [BD04], 2.9.1 some basics on Lie algebroids.
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Definition 2.3.7. A Lie algebroid over A is an A-module L equipped with a bracket
[,.]: L® L — L and an A-linear anchor map 7: L — ©4
that fulfills for every x,y,2z € L and a € A:
1. Jacobi’s identity: [z, [y, z]] = [[z,v], 2] + [y, [, 2]],
2. anti-commutativity: [z,y] = —[y, 2],
3. compatibility of the anchor with the Lie bracket: [z,ay] = 7(z)(a).y + alz, y].

An L-module is an A-module M with an action of L compatible with the L-action on A:
for every a € A, m € M and = € L, one has

1. z(am) = z(a)m + a(zm),
2. (ax)m = a(xm) (left module structure) or (az)m = x(am) (left module structure).
The tangent Lie algebroid © 4 is clearly the final Lie A-algebroid.

Proposition 2.3.8. If A is smooth (meaning that QY is a projective A-module of finite
type), then Da (resp. DY) is the enveloping algebra of the Lie-A-algebroid © 4 of vector
fields: if B is an associative A-algebra in (C, ®) equipped with an A-linear mapi: ©4 — B
(that induces the adjoint © s-action on B) such that the inclusion A C B is a morphism
of left (resp. right) © 4-modules, there exists a unique morphism

DA — B
(resp. DY — B)

extending i : © 4 — B.

Definition 2.3.9. Let A be an algebra in (C,®). A (left) D4-module is an object of M
in C, equipped with a left multiplication

pry i Da@ M — M
that is compatible with the multiplication in D 4.

Proposition 2.3.10. Suppose that A is smooth, so that D, is the enveloping algebra of
the A-algebroid © 4 of vector fields. The category of left Da-modules is equipped with a
symmetric monoidal structure (MOD(D,), ®) defined by

MOIN = MUN
with the Da-module structure induced by the action of derivations 0 € O 4 by

dm®n) =9(m)@n+me Jd(n).



2.3. DIFFERENTIAL INVARIANTS 67

Proof. The action above is compatible with the action of functions on vector fields and
with the Lie bracket of vector fields, so that it extends to an action of Dy since A is
smooth by Proposition 2.3.8. O]

Definition 2.3.11. A differential complez is a graded A-module M equipped with a D%’-
linear morphism d : M ®4 Dy — M ®4 Da[l]. Let (Diffmody,(A), ®) be the symmetric
monoidal category of differential complexes. The algebra of differential forms on A is the
free algebra in (Diffmody,(A), ®) on the De Rham differential d : A — QY given by the
symmetric algebra

X d
O = Sym(Diﬁmoddg(A),®) ([{)1 - lex]) .

1

We now recall the basic properties of differential forms.

Theorem 2.3.12. The natural map

©.4 — Hom, (0}, A)
extends to a morphism

i ©4 — Hompigmod, (4) (€24, 234 [1])
called the interior product map (its images are odd derivations of Q% ). The natural map
©4 — Hom(A, A)
extends to a morphism
L : ©4 — Homyjop, () (2%, %),
called the Lie derivative. One has “Cartan’s formula”
Lxw =ix(dw) + d(ixw).

Proof. One can consider the monoidal category (Diffmody,iqy(A), ®) composed of graded
A-differential-modules M equipped with a triple of differential operators

L

) d
M—— M.

~_ @@
%

Recall that the Lie derivative is defined by Lx(f) = X(f) on functions f € A and
by (Lxw)(Y) = w([X,Y]) on 1-forms w € QY. One then has, for every X € 64, an
isomorphism

Lx Lx
) d Y%

(QZa da iX? LX) = Sym(Diﬁmodtridg(A),®)

and the equality ix(df) = X(f) implies Cartan’s formula by extension to the symmetric
algebra. ]
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Ezample 2.3.13. In (C,®) = (VECTg, ®), for A = R[X}, ..., X,], the interior product of
a k + 1-form with a vector field is a k-form given by

in(Xl, . ,Xk) = OJ(X,Xl, ce ,Xk)

It can be computed explicitely by using that iy is a derivation and that it is known on
1-forms. The Lie derivative can be computed explicitely using the Leibniz rule for the
exterior differential

d(w An) = d(w) A+ (=1)w A d(n),

the Leibniz rule for the interior product
ix(wAn) =ix(w) An+ (=1)*w Aix(n),

and Cartan’s formula
wa = Zx(dCU) + d(@Xw)

We now describe the natural geometrical setting for the functor of point approach to
algebraic partial differential equations.

Definition 2.3.14. Let A be an algebra in (C,®). Algebras in the monoidal category
(Mop(Da4), ®)
are called Dy4-algebras, and their category is denoted ALGp,.

Recall from Beilinson and Drinfeld’s book [BD04], Section 2.3.2, the existence of uni-
versal D-algebras, called algebraic jet algebras. This way of looking at infinite jets shows
that they are typically finite dimensional objects (D-algebras of finite type), contrary to
the preconceived idea of a large part of the mathematical community.

Proposition 2.3.15. Let A be an algebra in (C,®) and ALGp be the category of commu-
tative unital D 4-algebras. The functor

Forget : ALGp — ALG(A)

that sends a Dyr-algebra to the underlying A-algebra has a right adjoint called the algebraic
jet algebra Jetq,(B).

Proof. The algebra Jety,(B) is given by the quotient of the symmetric algebra
Sym* (D4 ®4 B)
in the symmetric monoidal category (MoD(D), ®), by the ideal generated by the elements
01®@r.1®7ry —1®riry) € Sym*(D®4 B) +D®y B

and
1®1lp—1)eD® B+ A,

r; € B, 0 € D, 15 the unit of B. ]
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Ezxample 2.3.16. If A = R[X] is the ring of polynomial functions on R and B = Rz, u| is
the algebra of coordinates on the trivial algebraic bundle 7 : C = R* — R = M, one gets
as jet algebra

Jet(B) = Rz, ug, ..., Up, . ..]

the infinite polynomial algebra with action of 0, given by
Oplly = Ujy1.

It corresponds to the algebraic jet bundle 7., : Jet(C') — M. A section of the bundle
7w :C — M is a polynomial P € R[z] and the jet map

T(M,C) — T(M, Jet(C))

is given by sending P(z) € I'(M, C') = R|x] to its taylor expansion

given by

(JooP)(x) = (Q?P(:L'))nzo =

Remark 2.3.17. One can apply directly the methods of algebraic differential calculus
presented in this section to the symmetric monoidal category (MoD(Ox), ®0, ) of quasi-
coherent modules over a variety (X, Ox) to define covariant differential invariants (vector
fields, differential operators). However, algebraic methods don’t give the right result in
general for contravariant constructions (differential forms, jets). Indeed, one only gets this
way Kahler differentials and jets, that are not enough for the study of smooth equations.
This problem can be overcome at least in three ways:

1. one can do categorical infinitesimal calculus in a full subcategory of the category of
locally ringed spaces. This will be explained in Proposition 2.3.22.

2. one can restrict the functors of differential calculus (derivations, differential opera-
tors) to a category of geometric modules. This is the approach used by Nestruev
[Nes03].

3. one can work with smooth algebras, as will be explained in Section 2.3.18; we will
use this approach because it is optimal for our purposes.

2.3.18 Smooth differential invariants

Having studied the algebraic case in the previous section, we now show that the formal-
ism of categorical infinitesimal calculus given in Section 1.5 gives back ordinary smooth
differential calculus on smooth varieties. This is the purpose of the following theorem.
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Theorem 2.3.19. Let

C*(M): AFFee — SETS
R™  — C®(M,R")

be the smooth algebra of functions on a smooth variety M.

1. There is a fully faithful monoidal embedding of the category of vector bundles on M
in the category MoOD(C*®(M)) of modules over the corresponding smooth algebra.

2. The C*°(M)-module QY (M) of ordinary differential forms on M identifies with the
module of differential forms QY in the sense of definition 1.5.6.

3. The smooth algebra C*(J"M) of smooth functions on ordinary jet space for smooth
functions on M identifies with the smooth algebra Jet"(C>*(M)) in the sense of
definition 1.5.6.

4. If C — M is a smooth bundle, the C>(M)-algebra C*=(Jet"(C/M)) identifies with
the smooth algebra of jets in the category of smooth C*°(M)-algebras in the sense of
definition 1.5.6.

Proof. If E — M is a vector bundle, with zero section 0 : M — E, we may describe the
smooth algebra C*(M) as the quotient of C*°(E) by the class Z of functions f : E — R
such that f o0 is the zero function. The functor

(VECT(M), X5, ®) —  (MOD(C®(M)),d,®)
[E — M] = [C®(E)/I? — C®(M)]

is fully faithful and bimonoidal. This means that it sends the fiber product E x,; E to the
relative fiber product of smooth algebras, which corresponds to the sum of modules, and
the tensor product of vector bundles to the pointed tensor product of smooth algebras.
Differential forms in the sense of Definition 1.5.6 are given by the smooth algebra

Qy; :=C®(M x M)/TIx

over C*°(M) defined by the square of the diagonal ideal. The identification with usual
differential forms may be done by choosing one of the projection to make this algebra a
module, and by trivializing on a small open subset. The proof of the other results are of
a similar nature and are left to the reader. O]

Example 2.3.20. Let M = R and consider the trivial bundle C'= M x R on M. The k-th
jet bundle for C'— M is (non-canonically) identified with the space

Jeth(C/M) = M x RIT)/(T™1) 2 M x R,

whose coordinates (z,u;);—o.. play the role of formal derivatives (i.e., coefficients of the
taylor series) of the “functional variable” uy. The canonical section C' — Jet®(C/M)
corresponds geometrically to the map

Jr: (M, C) — ['(M, JetFC)
[z— f(z)] — |z Z?:o g;{ (JU).(XfI)Z ,

7!
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that sends a real valued function to its truncated Taylor series. The infinite jet space
identifies with
Jet(C/M) =M x R".

Its functions given by smooth functions that depend on finitely many coordinates. It is
naturally a crystal of smooth varieties over M (in the sense of Definition 1.5.15).

Example 2.3.21. More generally, if M = R"™ and C' = M x R™, one gets the smooth
algebra bundle

Jet'C' = M x ®izoSym’((R™)")/((R™)")"1) = M x &_Sym'((R™)"),

with coordinates (z,u,) for x € X and u, € R, o being a multi-index in N with |o| < k.
The jet map corresponds to higher dimensional Taylor series

e (M, C) — ['(M, Jet*C)
oo @) = o D@ @) 55

where multi-index notations are understood.

Remark that one can prove more generally that categories of spaces given by locally
ringed spaces can also be treated with the methods of Section 1.5. The reader used to
this setting can thus just use the differential invariants he is used to work with in this
setting (in particular, in the smooth, complex analytic or algebraic setting).

Proposition 2.3.22. Let K be a commutative unital ring and VAR be a full subcategory
of the category of locally ringed spaces (X, Ox) in K-algebras. Suppose further that:

1. For every quasi-coherent sheaf M on X € VAR, the square zero extension
X(M) = (X, OX @M)
15 also in VAR.

2. For every quasi-coherent ideal T C Ox on X € VAR, the support
(supp(Ox/I),0x/I) C (X, Ox)
18 in VAR.

Let MODv,y be the category of pairs (X, M) composed of a space X and a quasi-coherent
module over X, with morphisms given by pairs (f, f*) : (X, M) — (Y, N)) composed of a
morphism f : X —Y and an Oy-morphism f*: N — f.M.

1. the functor
MoODyyy —  T(VARP)
(X, M) = [X(M) = X]

1s an equivalence.
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2. The category Th™ (VARP) is opposite to the category of closed immersionsi: X — Y
such that the kernel T of i* : Oy — i,Ox is nilpotent of order n + 1.

Corollary 2.3.23. Let VAR be a full subcategory of the category of locally ringed spaces
as in the Proposition 2.3.22. The categorical differential invariants Q% , Jet"(Ox) and
Dx defined in the Section 1.5 identify with the ordinary differential invariants of the
corresponding locally ringed space, as they were defined by Grothendieck in [Gro67].

2.3.24 Super and graded geometry

We now explain how to use our formalism of categorical infinitesimal calculus in the
super and graded setting, to define differential invariants of supermanifolds, that play
a fundamental role in the description of mathematical models of field theory (e.g. in
quantum electrodynamics, to cite the most famous one).

Definition 2.3.25. The category of smooth open superspaces is the category OPENjw
whose objets are pairs U™™ = (U,R™), with U C R" an open subset, and whose mor-
phisms are given by the set

Hom (U™, VM) = Homp, s (C(V, A'RY),C(U, A"R™))

of morphisms of real superalgebras. The category of smooth affine superspaces is the full
subcategory AFFS.. C OPENS. given by pairs R"™ = (R R™),

Definition 2.3.26. A smooth super-diffeology is a sheaf on the site (OPEN}«, 7) of smooth
open superspaces. A variety relative to this site is called a supermanifold.

Proposition 2.3.27. A morphism f : U™ — VL of superspaces induces a smooth map
|f| : U — V between the underlying open sets and a commutative diagram

Um|n S Uk|l

o Jo ol s

gmlo VL prklo
The product of two smooth open superspaces (U, R™) and (V,R') is given by (U x V, R™*1),
Proof. Remark first that if A = C>(U, A*R™), then the odd and even parts of A are
A° = C®(U,A*R™) and A' = C>(U, A”*'R™).

The subset A° C A is a subalgebra and the subset A! is a sub-A%module. If we consider
the ideal (A') C A generated by Al, we get a quotient algebra

Al = A/(AD),
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that is exactly isomorphic to C*(U) = C>®(U™). This construction is functorial in
morphisms of open superspaces. This implies that a morphism U™™ — V*I between
open superspaces induces a diagram of superalgebras

gmin L gl
0 0
gmlo YL gkl
The product of usual open subsets U C R"® and V C R* is U x V, and we have
C*(U) @ N'R™ = C>®(U, AN"R™)
so that U™ x RO™ 2 y»im We also have
ANR™ @ NR™ =2 AR
Combining these results, we get
Urlm x VEL = (7 x yyntkm,

This implies in particular that there is a natural projection U™™ — U™ given by the
morphism C*(U) — C*®(U, A*R™). This projection is functorial in U™ meaning that
there is a commutative diagram

p P

Um|0 /] Uk\()

because p o 0 = idympo and |[f| =po foO. O
A diagram
Um|n
Vk|l Wr\s

is called transversal if the tangent superspace TW'l is generated by TU™™ U TV*IE.
Definition 2.3.28. A finitary smooth superalgebra is a functor
A : (AFFjw, xX) — (SETS, X)

that preserves finite products. A smooth superalgebra is a functor

t
A : (OPEN{w,— X —) — (SETS, — x —)
that sends finite transversal fiber products to fiber products. We denote ALGé’o]:in and

ALG{~ the categories of finitary and general smooth superalgebras. If A is a given
superalgebra, we denote A° := A(R'?) and A! := A(R),
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Since R™" 2 (RU%)™ x (ROM)™ if A is a given superalgebra, one has by definition
A(R™m) 2 (A%)™ x (AN

Definition 2.3.29. A smooth superspace is a sheaf on the site (ALGZZ,T) of smooth
open superspaces. A variety relative to this site is called a super-variety or smooth super-
scheme.

Proposition 2.3.30. The forgetful functor

ALGie —  ALGy
A = AR

has a right adjoint geom called the geometrization functor. Moreover, there is a well

defined functor
ALGje — ALGgw
A AV UM A(U™MO)]

and for each A, functorial morphisms 0 : A° — A andp : A — AY of smooth superalgebras
such that p o0 = id go.

Proof. If A is a real superalgebra, one defines its geometrization by
geom(A)(U"™) .= Hom s (C(U, A"R™), A).

This is a smooth superalgebra by construction. The map A — A° is fonctorial because of
Proposition 2.3.27: a morphism f : U™" — V¥ induces a natural map |f| : U™° — VKO,
The morphisms of functors 0 : A — A and p : A — A° are induced by the maps
0: U0 — Umm and p : U™M™ — U (that are also functorial by loc. cit.). O

Proposition 2.3.31. The maps A : U — A(U™') and A° : U — A(U™) induce a functor

mod : ALG¢~ — MOD(ALGex)
A = [A= AY

with values in smooth modules. This functor has a left adjoint, denoted M — Sym(M]1]).

Proof. Both functors A and A° commute with transversal pullbacks and are thus smooth
algebras. Remark that the underlying algebra of A is the set A(R') = A° x A', with
multiplication induced by the map

x: RIxRIM - R,
(x1,01), (9,02) — (x129, 210 + 2201).

The zero morphism 0 : UM% — U™, the projection p : U™ — U™°, and the addition

+: UM X UM 2 U — U
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given by sending (u, 1, 65) to (u,6; +6s) are all functorial in U, and make U"! an abelian
group object over U. This implies that A is an abelian group object over A°. In particular,
its addition is given by

+ (A x o A)(U) =2 AU™ X UMY — A(UT0) = A(U).

We have thus shown that mod(A) is indeed a smooth module. The left adjoint to mod
must fulfil
Hom ey, (Sym(M[1]), B) = Homyopeo. (M, mod(B)).

Concretely, if M — A is the structure map, it is given by
Sym(M1])(U"") = (A N geommiamM)) (U) x (RS M),

where geom(A(R)) — A is the natural adjunction map and M also denotes its underlying
A(R)-module. By construction, Sym(M][1]) commutes with transversal fiber products.
The adjunction morphism Sym(mod(B)[1]) — B is defined by the following: first, recall
that mod(B) = [M — A] is given by M = B! and A = B°, and the desired map is given
on the odd part by the multiplication map

2% 1
NagwM — M = B'.

There is also a natural multiplication morphism of real algebras
NawmM — B(R)
that corresponds to a morphism of smooth algebras
geom (NG5 M) — B,
Since BY is an A-algebra through the identity map A = B°, we get by extension of scalars
a morphism of smooth algebras

A ®  geom(AYp M) — B°.
geom(A(R))

The other adjunction morphism M — mod(Sym(M [1]) associated to a module [M — A]
is given by the natural morphism A — Sym(M[1])° and the map M — /\i*(EM , given

more precisely by the map of sets
M(U) = AU) x M — (A geom% ) geom(/\i,*(R)M)> (U) x (N M).
Attention! O

Proposition 2.3.32. Let M be a smooth manifold and Q3; be the cotangent bundle of
M. Let ;, := geom(I'(M,\*Qj,)) be the smooth superalgebra of differential forms on
M. There is a natural isomorphism

Hom (R, M) = Spec(Q23,).
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Proof. Remark that Q}, = Sym,, (€2},[1]), where Q}; is the smooth module of differential
forms. Let A be a smooth superalgebra. One has

HOHIALGEDO (97\47 A)
HomALGéoo (SymoM (Q}w [1]), A)
Homongso (2345 mod(A))
Homa o (Onr, A).

Spec(€4,)(A)

R 1R 1R i

Now we may also compute the other side of the desired isomorphism. Remark that
A= (C®(R"M)® A)°. Indeed, we have by definition

(€= © A(U"") = (CX(RO) @ A)U™) = AU = AUT),

so that
Hom(R", M)(A) := Homaues,, (Oun,C(R) @ A),
= Homaigew (Onr, (C(R) @ A)°),
=~ HOHIALGCOO (OM7 A)?
which concludes the proof. O]

It is easy to generalize superspaces to spaces equiped with an additional linear structure
(for example Z-graded spaces). We explain shortly this generalization, that will be useful
in our study of gauge theories.

Definition 2.3.33. Let (LEGOS,7) be a site equiped with a class of transversal fiber
products, and C = (C,Cy, ®) be a symmetric monoidal category (C,®) equiped with a full
subcategory C° and a functor

O(—,Sym(—)): LeEcos xC —  ALc(C,®)
(U, FE) —  O(U,Sym(FE)),

such that O(—, Sym(E)) is a sheaf for all E. The category LEGOS® of C-enriched legos is
the category of pairs (U, E') composed of a lego U, of an object E of Cy, with morphisms
f:(UE)— (V,F) given by morphisms of C-algebras

ST OV, Sym(F)) — O(U,Sym(E)).

Definition 2.3.34. A C-enriched algebra modeled on LEGOS is a set-valued functor on
LEGOS® that commutes with transversal fiber products. We denote ALGyqosc the cate-
gory of C-enriched algebras, equiped with the Grothendieck topology induced by 7.

All the sites LEGOS described in this chapter have a natural notion of transersal
pullback. The above definition specializes to our definition of smooth superalgebras if
we work with the monoidal category (VECTS, VECTS™, ®) of super vector spaces, the
subcategory VECT?® of odd vector spaces, and with the site of smooth open sets.
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Definition 2.3.35. The category of smooth graded algebras is defined as the category
ALGZOO = ALGC,OPENQOO

of C-enriched smooth algebras, where C = (VECT, VECT®, ®) is the monoidal category
of graded real vector spaces, equiped with the subcategory VECTT of spaces with no
degree zero part.

A fake function on a graded smooth space is a morphism
S X — Al

where A'(A) = A is the space of all elements in the graded algebra A. A real valued
function on a graded smooth space is a morphism

S: X >R

where R(A) := A° is the space of degree zero elements in the graded algebra A.
Ezample 2.3.36. Let M be a variety and Q*(M) be its algebra of differential form, seen
as a smooth super-algebra. Then a fake smooth function

f : Spec®(Q*(M)) — A'
is simply a differential form w in Q*(M), and a smooth function

f : Spec’ (2 (M) - B

is a differential form w in Q%*(M). If now Q*(M) is considered as a smooth graded algebra,
fake smooth functions don’t change but a smooth function

f : Spec?('(M)) — B

is an ordinary function f on M (of degree 0).

We finish by giving the example that gives the main motivation to study super-spaces
by their functors of points.

Erample 2.3.37. Let p : S — M be a vector bundle of a smooth manifold M. The
super-algebra
OHS = F(M, /\*S)

has a natural smooth super-algebra structure. Its spectrum is the corresponding geometric
odd bundle
Ip : ILS := Spec(Ons) — M.

This bundle has no non-trivial sections, i.e., I'(M,ILS) = {0}, because a C*°(M )-algebra
morphism

Ous = D(M, A*S) — C=(M)



7TSCHAPTER 2. GENERALIZED SPACES AND THEIR DIFFERENTIAL CALCULUS

is necessarily trivial on the generators of the exterior algebra. Physicists, and among
them, DeWitt in [DeWO03], solve this problem by using points of I'(M, I1S) with values in
the free odd algebra on a countable number of generators

—

A=Ay = NRE)

(of course, his formulation is a bit different of ours, but the idea is the same). These are
given by C*°(M)-algebra morphisms

Ons — C*(M) ® A,

and since A has also odd components, one can find plenty of them. There is no reason to
choose this coefficient algebra and not another one, so that the natural space of section
T'(M, S) must really be thought of as the functor on super-algebras

A—T(M,S)(A)

as we did in this whole chapter.



Chapter 3

Functorial analysis

In this chapter, we give a translation of the classical methods of the analysis of linear
partial differential equations in the language used in this book. We will describe in
Chapters 10 and 11 a coordinate free approach to partial differential equations, very
much in the spirit of the functor of points approach to resolution of equations. One needs
both approaches to understand well the models of mathematical physics.

The analysis of partial differential equations can be based on the notion of well posed
problem, that was introduced by Hadamard. Roughly speaking, a partial differential
equation E with initial/boundary value f in a topological space of functions F is called
well-posed if

1. there exists a solution to E around the given initial value,
2. this solution is unique,
3. the solution depends continuously on the initial value f.

The most general result on this problem is the Cauchy-Kowalewskaya theorem that
states that any reasonable real-analytic non-linear partial differential equation has a
unique solution depending analytically on the given analytic initial condition. In the
case of evolution equations, one also often asks for a persistence condition (the solution
remains in the same functional space as the initial condition).

The main method of the analysis of partial differential equations is to construct a
large space F of generalized functions (for example Schwartz distributions) in which the
existence of a weak solution for a given type of equation is assured, and to find a subspace
H (for example a Sobolev space) in which the uniqueness is guaranteed. The existence
and unicity can be proved by invoking a fixed point theorem. Existence can also be proved
by a compacity criterion (by extracting a converging sub-sequence of a given sequence).
Being in H is then often seen as a regularity condition on solutions, that can be proved by
a priori estimates on the operator. In the case of non-linear equations, one can also use the
local inversion theorem and perturbative methods, seeing the equation as a perturbation
of a linear one by a non-linear term multiplied by a small parameter. We refer to Evans’
textbook for a general overview of the analysis of non-linear equations [Eva98], and to
Kriegl-Michor [KM97] for an approach to general non-linear analysis using convenient

79
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locally convex topological vector spaces (including the implicit function theorem) that is
conceptually close to ours.

In this Chapter, we will mostly be interested by the existence of solutions. For this
purpose, we introduce in Sections 3.1 and 3.2, abstract notions of functionals and distri-
butions, that are more flexible than the usual ones, because they are also adapted to the
non-linear setting. We will thus use them extensively.

3.1 Functionals and functional derivatives

To illustrate the general definitions of spaces we have given in Section 2.1, we will use
them to define a flexible notion of functional and distribution on a function space. The
idea of distribution is already at the heart of Dirac’s work on quantum mechanics [Dir82].

We first recall from Bourbaki [Bou70] the definition of partially defined functions
between sets.

Definition 3.1.1. A span f : X — Y between two sets is an arbitrary map I'y =+ X x Y.
A correspondence f: X — Y between two sets is a span given by a subset I'y C X x Y.
A partially defined function f: X — Y between two sets is a correspondence I'y C X x Y
whose projection on X is injective, with image denoted D; and called the domain of
definition of f. The set of correspondences (resp. partially defined functions) f: X — Y
is denoted Homcor(X,Y) (resp. Homp,r(X,Y)). The category of spans f : X — Y is
denoted Morg,,(X,Y).

Proposition 3.1.2. Sets with correspondences (resp. partially defined functions) between
them form a category, denoted COR (resp. PAR). Sets with spans between them form a
2-category, denoted SPAN.

Proof. For f: X =Y and g:Y — Z two spans given by I'y - X xY and I'y = Y x Z,
we denote g o f the span given by the fiber product I'y xy I'y C X XY x Z — X x Z.
By construction, one has a natural isomorphisms

if,9.h
L(hogyor = T'ho(gor)

and the universal property of fiber product imply that these isomorphisms fulfil the natural
coherence condition to make SPAN a 2-category. For correspondences, the inclusion Ry C
X xY allows one to define composition as the projection in X x Z of the span composition
Ifogof f: X =Y and g: Y — Z. This reduces that 2-categorical structure to a usual
category structure. O]

We now define a general notion of functional, that is very close to the notion of
functional used by physicists: they usually write down a formula without taking too
much care of its definition domain.

Definition 3.1.3. Let (LEGOS, 7) be a site and X and Y in SH(LEGOS, 7) be two spaces.
A correspondence (resp. partially defined function) between X and Y is is given by a

functorial family
fu: X(U)—=Y(U)
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of partially defined functions (resp. correspondences) indexed by U € LEGOS. The
definition domain of a correspondence f is the sheaf D, associated to the presheaf U —
D¢(U). For C = COR, PAR, the sheaf Hom,(X,Y) is the sheaf associated to the presheaf

U +— Home(X x U, Y).

Sheaves with correspondences and partially defined functions between them form a cate-
gories, denoted respectively COR(LEGOS, 7) and PAR(LEGOS, 7).

We now define the notion of functional, that plays an important role in physics.

Definition 3.1.4. Let (LEGOS, 7) be asite, X, Y and Z in SH(LEGOS, 7) be three spaces.
A partially defined function (resp. correspondence)

f:Hom(X,Y) - Z

is called a functional (resp. multivalued functional) on the function space Hom(X,Y)
with values in 7.

The general geometrical setting presented in Chapter 2 for differential calculus on
spaces of functions can be applied directly to functionals.

Definition 3.1.5. Let C = (LEGOS, 7, -) be a differential geometric setting, with cat-
egory of algebras ALG and category of spaces Sp := SH(ALG?, SETS). Suppose given a
free algebra Ale] in one variable, and denote D, the space

Dy.(A) := Spec(Ale]/(e"1)).

The k-th jet bundle of a space X is the space
Jet*(X) := Hom(Dy, X) — Jet’(X) = X.
The k-th derivative of a span f : X — Y is the jet span
Jet®(f) : JetF(X) — Jet*(Y)

with graph Jet®(T's) — Jet*(X) x Jet*(Y). In particular, the k-th derivative of a partially
defined function f: X — Y has definition domain Jetk(Df).

The jet space of a mapping space may be computed more explicitely.

3.2 Smooth functionals and distributions

Definition 3.2.1. Consider the site (OPEN¢~, 7) whose objects are open subsets U C R¥
for varying k, with morphisms given by smooth maps between them, equipped with its
ordinary topology 7. Let £ C R™ be an open subset and consider the space C*(£2, R™) of
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smooth R™-valued functions on €2, whose U-points are given by the set of parametrized
smooth functions

C™(Q2,R™)(U) := Home (2 x U, R™).
We denote C*(Q2) := C™(2,R). Let R be the smooth affine line, defined by R(U) :=
Homee (U, R). A functional
[C(Q,R™) = R

is called a smooth functional.

Ezample 3.2.2. Let Q C R™ be an open subset. Let L : Q x R[zy,...,z,] = R be a mea-
surable function (called Lagrangian density) that depends on 2 but also on finitely many
multi-indexed coordinates in  (formal partial derivatives of the dependent variable). The
corresponding smooth (action) functional

S C*(Q) — R
o(z,u) — [, Lz, o(x,u),0.0(x,u))dz

has a definition domain given (for example) by Lebesgue’s dominated derivation condition

V3, locally on U, there exists g € L*(2) such that }
Dqy(U) = , N '
D0 = {sts:) 8L, 0), D, )| < gl

The above example shows that the definition domain of a functional is usually very
deeply related to the formula that defines the functional and that it is a hard analyst
work to find a common definition domain for a large class of functionals. This work can
be overcome in linear analysis but becomes really hard in non-linear analysis. General
functionals give a natural setting to work with formulas without taking too much care of
their definition domain at first sight, but the analyst’s work needs to be done at some
point to be sure that the definition domain is, at least, non-empty.

We now show that functionals in our sense are stable by the usual limit operation.

Proposition 3.2.3. Let C™°(Q) be the function space on an open subset Q C R* and
(fn 1 €() = R)nxo
be a family of smooth functionals. Then the limait
f=lim f,:C¥(Q) » R
15 a well defined functional.

Proof. For U C R™ an open subset, we define

D)= {pecx@@)| i ez A ma 0

and lim,, . fn(p) exists

Then f is a well defined functional with (possibly empty) definition domain D . [
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Proposition 3.2.4. Let 2 C R" be an open subset. A smooth functional
f:C*(Q) =R

1s uniquely defined by the datum (f{.},Qf) of the corresponding set theoretic (partially
defined) function
f{_} : COO(Q) — R

and the definition domain D, C X.

Proof. Indeed, for every u € U, there is a unique morphism {.} — U that sends the point
to u. The commutativity of the diagram

C=(Q)(U) L~ R(U)

| |

00 Ty
) —R{-})
implies that if ¢ : Q@ x U — R is a point in D,(U), then one has

fu(@)(u) = fry(p(=,u))

in R(U) := C*(U), which shows that the values of f are uniquely determined by the
values of the ordinary function fiy : C>*(£2) — R. The definition domain is contained in
the set

D;(U) = {p(w,u)Vu,p(—,u) € Dy, , and u— fry(o(w,u)) € C*(U)}.
[l

We now define a refined class of functionals, using the category of smooth algebras.
This class is useful to make differential calculus on functionals a purely algebraic theory,
with help of the tools of categorical infinitesimal calculus, described in Section 1.5.

Definition 3.2.5. Consider the site (ALG¢ ;,,7) whose objects are spectra Spec(A) of
finitely presented smooth algebras, equipped with their Zariski topology 7. For €2 C R”
an open subset, we denote C*°(Q2,R™) the space of smooth R™-valued functions on €2,
whose A-points are given by the set of parametrized smooth functions

C*(2,R™)(A) := ((C=(2) ® A)(R))".

We denote C*(Q2) := C™(2,R). Let R be the refined smooth affine line, defined by
R(A) := A(R). A functional
f:C®(Q,R™) =R

is called a refined smooth functional.
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Proposition 3.2.6. Smooth functionals and refined smooth functionals are related by two
natural maps

Proof. 1t is enough to treat the case m = 1. Suppose given a refined smooth functional
f:C*(L,R) =R

One can evaluate it on the smooth algebras A = C*(U), for any U C R*. For such an
algebra, the natural isomorphism

Cr(Q)RCU)=C(QxU)
of smooth algebras implies that one has the equalities
C*(Q,R)(A) =C*(Q,R)(U) and R(A) =R(U).

This thus gives a map f — f from refined smooth functionals to usual smooth functionals.
Now suppose given a smooth functional

f:C*(L,R) = R.
For a finitely presented smooth algebra A, and a presentation p : C*°(R¥) — A, the refined

functional f : C*(Q2,R) — R that we are seeking for should give a commutative diagram
of partially defined functions

> (Q x RF) — = C(RF)
(C=(2) ® A)(R) — A(R)

with frx = fre. Suppose first that f is a fully defined function. The two vertical maps
induced by p being surjective, we have to define f4 by the formula

fa(r) = p(frr(T)),

where & € p~'({z}). Remark that any two presentations of A can be refined to another
one through a commutative diagram

COO (Rkl—‘rkg) COO(Rkl) ,

| |

C=(R*) A
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so that the above definition does not depend on the chosen presentation for A. Any
morphism A : A — B between smooth algebras induces a commutative diagram

C>® (Rkl +k2)
|

> (RH1) C>(R*2)
L
A B

that gives a functoriality morphism h : f4 — fg. We thus have fully defined a refined
function

f:C®(Q,R) = R.

If f is only partially defined, it domain of definition D¢ can be computed from the definition
domain D, and is given by the intersection

De(A):= [ p(Dy(RY) C (C*(Q) © A)(R)
p:C®(RF)— A

indexed by presentations of A. m

Remark 3.2.7. The above result remains true, with essentially the same proof, if one works
with finitely presented non-finitary smooth algebras, defined in Section 2.2, as covariant
functors

A : OPEN¢gx — SETS

that respect transversal products and final objects. The finite presentation condition
on such an algebra A means that there exists U C R* and a finitely generated ideal
I C C*(U) such that A = C>*(U)/I as non-finitary smooth algebra.

Definition 3.2.8. Let 2 C R" be an open subset. A distribution is a smooth R-linear
functional

fiCP(LR™) = R
such that the definition domain of the underlying function f{; contains C2°(Q2, R™). It is
called compactly supported if it has full definition domain Qf{'} = C>(Q2,R™). We denote

C=(€2,R™) the space of distributions and C_*°(£2, R™) the space of compactly supported
distributions.

Example 3.2.9. Let 2 C R™ be an open subset and f : {2 — R"™ be a measurable function.
Suppose given a non-degenerate symmetric pairing (e.g., the Euclidean or Lorentzian
bilinear form)
(—,—):R"®@R™ — R.
Then the functional
fo CO(LR™) — R
¥

p(au) = [o(f(2), oz, u))d
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is a distribution with definition domain given (for example) by Lebesgue’s dominated
derivation condition

B locally on U, there exists g(x) € L'(2) such that
A0) = ot for all u, |(f(x), p(x,w)]| < g(x) |

Remark that the classical functional associated to the refined functional f is f itself, with
definition domain Dj.

Ezxample 3.2.10. Let €2 C R™ be an open subset and zg € 2 be a fixed point. Then the
functional
0o CZ(Q) — R
@(qu) = QD(I(),U)
is a compactly supported distribution with full definition domain C*(€2).

We now compare our approach to distributions and functionals to the usual approach
that uses functional analytic methods and topological vector spaces. Our setting is much
more flexible since we are completely free of choosing definition domains for the function-
als we use, but the comparison is however useful to relate our work to what is usually
done in mathematical physics books. We will also need these results for perturbative
computations.

Proposition 3.2.11. A distribution f : C*(2,R™) — R is an ordinary distribution if its
definition domain contains the subspace C°(2, R™) C C°(2,R™) of properly supported
functions, defined by

locally on U,
Cr(Q,R™)(U) :=  w(z,u) | there exists a compact subset K C € such that
for all u, supp(p(—,u)) C K

Proof. A distribution is an R-linear continuous function on the topological vector space
C2°(2) equipped with the topology given by the family of seminorms

Nici(p) ==Y sup [dasp()]
la|<k zeK

indexed by compact subsets K C () and integers k € N. A properly supported function
o(x,u) defines a smooth function between open subsets of locally convex vector spaces

p:U—CX(Q)

and its composition with a continuous linear (thus smooth) functional f : C2°(2) — R
defines a smooth function foy : U — R. This shows that if f is an ordinary distribution,
then f gives a well defined natural transformation f : C°(2,R™) — R. Conversely, if
[ is a distribution in our sense, it defines a linear function fy : C°(2) — R that is
automatically continuous because it sends smooth functions ¢ : U — C°(£2) to smooth
functions f(¢) : U — R. Indeed, if ¢, : @ — R is a sequence of smooth maps that
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converges in the topological vector space C2°(£2), one can find a smooth family ¢ : RxQ —
R in C7(Q2, R™)(R) and a family of points u,, € R converging to 0 such that

(=, un) = (=) and ¢(=,0) = lim @, ().
The functoriality of f in all inclusions {.} C R implies that
lim f () = lim F(6(u)) = lim F(6()) = F((0)) = F(lim g,
which finishes the proof. 0
We can now formulate in our setting an important result of distribution theory.

Theorem 3.2.12 (Schwartz kernel theorem). Let ; C R™ and Qy C R™ be two open
subsets. There 1s a natural linear isomorphism

HomR(Q;O(Ql X QQaR%R) ; BIIR(QZO<917R)?QSO(Q%R)ag)
between ordinary distributions on 2y X Qo and bilinear ordinary distributions.

Definition 3.2.13. Let £ — M be a vector bundle over a smooth variety. Let I',(M™", E") C
T.(M™, E™) be the subspace given by properly supported sections. The space of distribu-
tional polynomials is defined by

n’

OI]Z%\Z,E) = GanoHomR(Ep(an E"),R)s

where (—)g, denotes the coinvariants by the action of S,,. The space of distributional
formal power series is defined by

Ogg’gfg = H Homg (L, (M", E"),R)s, .

n>0

Proposition 3.2.14. The natural map

Oftiiey —  Orarp) = Hompw(D(M, E),R)

)=

anan — [s: M — E]— anan(S X -0t X S)
is injective and compatible with the natural algebra structures on both sides. Let Oy C
Oru,p) be the algebra of functionals on I'(M, E) defined in 0 € I'(M, E), mg C O be the
tdeal of functions that annihilate at 0. Denote
(’30 = lim Oy /mg
the corresponding completion. The natural map
formal A
OF(M,E) — Oo

15 injective and compatible with the algebra structures on both sides.
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Proof. The injectivity of the first map follows from the result of linear algebra that says
that a multilinear function on a module over a ring of characteristic 0 is uniquely de-
termined by the corresponding homogeneous functional (e.g., a bilinear form is uniquely
determined by the corresponding quadratic form). To be more precise, we follow Douady
[Dou66] by defining, for any function h : X — Y between two vector spaces,

1
Ay (h)(y) = 5 (h(y + ) = h(y — ).
If f:X — Y is a polynomial function of degree n associated to the multilinear map
f:X®" =Y, one has
~ 1
flz,. ... x,) = EA% o---0A, f(0).

The algebra (’)f ormal jg obtained as a completion of OP" with respect to the ideal ny =
DnsoHomg (D%! R)%» of multilinear functionals that annihilate at 0. One can thus check
the injectivity at the finite level, in which case it follows from the definition of ny and
mg. ]

We illustrate the above proposition by defining a notion of analytic function on a
function space that is very similar to the one used by Douady to define Banach manifolds
[Dou66].

Definition 3.2.15. Let £ — M be a vector bundle. A functional f : I'(M,E) — R is
called distributionally analytic if for every point € ['(M, E)(U), there exists an open
subspace U, C ['(M, E) that contains z and a formal functional

_ formal
G=) Gue Oy, )

such that f is the sum of the corresponding absolutely converging series:
n>0

To conclude this section, we hope that the reader is now convinced that our approach
to functional calculus is compatible with the usual functional analytic one, that is based
on topological vector spaces. We need however more flexibility, in particular for fermionic
calculus, so that we will stick all along to our methods.

3.3 Generalized weak solutions

Let © C R™ be an open subset and denote X = C*(2,R™). Recall that the space of
functionals Ox is the space Homp, (X, R) of partially defined functions

f: X —=R.

In this setting, one can easily define a notion of weak solution to a (not necessarily linear)
problem.
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Definition 3.3.1. The space
X = Homp,,(Ox,R)

is called the nonlinear bidual of X. Let P : X — X be an operator (morphism of spaces).
An element F' € X** is called a weak solution to the equation {P = 0} if it fulfills the
equation

F(f(P(¥))) = 0.

Example 3.3.2. Let P(D) = ) a,0, be a linear partial differential operator on C*(2)
with smooth coefficients a, € X. A distributional weak solution f to P(D)f = 0 is a
distribution f : X — R (as defined in Section 3.2) such that for all test function ¢ € X,
one has
(. P(D)p) =0,

where 'P(D).¢ := > (—=1)*0a(as-p) is the transpose operator for the standard integra-
tion pairing

f: XQrX — R

(0. 0) = Joe(@)d()dr.

One can interpret such a solution as a weak solution in our sense by using the integration
pairing to define an embedding ¢ : X — Ox by

(L), ) = /Q o(x)(x)dz.

One can then identify ordinary distributions (i.e., linear functionals f : X — R) with
particular elements of X** (i.e., functionals on Ox) with definition domain ¢«(X) C Ox.
This gives an embedding
L:CT(Q) = X,

One then checks that a weak solution that is R-linear with definition domain contained
in ((C~>(Q)) is the same as a distributional weak solution. One can also use different
bilinear pairings on X and this gives other notions of linear weak solution. The above
construction also works with R™-valued distributions.

We now define the Fourier transform, that is a construction specific to the affine space
Q=R"
Definition 3.3.3. Let (—, —) : R” x R" — R be a given non-degenerate bilinear pairing.
If f:R" — Risan L' function, its Fourier transform is defined as the function

fle) = [ e pla)da,

The Fourier transform of a distribution f:C™>(€2) — R is the distribution f given by the
formula

with definition domain given by

D;(U) = {p(x,u), e ™= p(z) € D(U)}.
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The main property of Fourier transform is that it replaces differential operators by
multiplication operators.

Proposition 3.3.4. If P(§) = .|, <4 @a®” is a polynomial on R™ with complex coeffi-
cients, we define a differential operator

P(D)= ) a,D"

o] <k

with D* = D" ... D% and D; = %&E We then have

(P(D)f,¢) = (P(£)f, ).

The space C°(€2) is not stable by Fourier transform, meaning that the Fourier trans-
form of a function with compact support need not be with compact support. (in quantum
mechanical terms, it means that you can not measure at the same time the position and
the impulsion of a given particle). We now define Schwartz type distributions, whose
definition domain remains stable by the operation of derivation and Fourier transform.

Definition 3.3.5. The standard Schwartz space is the subspace S(R™) C C*°(R") defined
by
locally on U, for all «, 3,
SR (U) := < o(z,u) there exists C, g such that
Vu e U, [[#°9s0(—, u)lleo < Capu

A distribution whose definition domain contains S(R") is called a Schwartz distribution.
The space of Schwartz distributions is denoted S'(R™).

The space of Schwartz distributions is the continuous dual &'(R™) of the topological
vector space S(R") := S(R™)({.}) for the topology induced by the family of seminorms

Ne(g)i= 3 sup 270, ().

ol 81<k 7K
It is stable by the Fourier transform. There are natural inclusions
¢ (R™") C S(R™) C C*(R") and C,*(R") C S'(R™) C C™(R"™).

We finish this section by a general formulation of the Schwartz kernel theorem. The
properties of operators between functional spaces

P:C*(R") — C*(R")
defined by a kernel function K € C*(R" x R™), i.e., by a formula of the form
P(f)= | K(zy)f(z)dz,
RTL

can be read on the properties of its kernel. Schwartz’s kernel theorem shows that essen-
tially any reasonable operator is of this kind, if one uses distributions as kernels.
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Theorem 3.3.6. Let 3 C R and Q2 C R™ be two open subsets. Let P : C°(y) —
C~>(2) be a continuous operator. Then there exists a distribution K € C~°(€; x Q5)
such that

(Pf,p) = (K, [®¢).

More generally, let P : C®(21,RY) — C=°(Qy, R¥) be a continuous operator. Then there
exists a distribution K € C>(Q x Qq, (R)* K R¥) such that

(Pfop)= (K, f®@p)

Remark that there is a complex analytic approach to distributions due to Sato, called
the theory of hyperfunctions. We refer to chapter 10 for an introduction to hyperfunction
theory and other methods of linear algebraic analysis.

3.4 Spectral theory

Quantum mechanics being mainly based on spectral theory of operators on Hilbert spaces,
we here recall the main lines of it, referring to von Neumann [vN96] for more details. This
theory is a kind of generalization to infinite dimension of the theory of diagonalization of
hermitian matrices.

Definition 3.4.1. A Hilbert space is a pair H = (H,(.,.)) composed of a topological
vector space H and a sesquilinear pairing (.,.) : H x H — C such that H is complete for

the norm || ]| = /{7 /)-

The main objective of spectral theory is the study of the spectrum of an operator on
a Hilbert space.

Definition 3.4.2. If A:H — H is an operator (i.e., a linear map), its spectrum Sp(A)
is the subset of C defined by

Sp(A) = {) € C| A — A.Id non invertible}.
Definition 3.4.3. If A : H — H is an operator, its adjoint A* is defined by
(Af,9) = ([, A"g).
We now define various classes of operations on the Hilbert space H.

Definition 3.4.4. Let A : H — H be a linear operator.

1. One says that A is bounded if there exists a constant C' > 0 such that
[Az]| < Cll=]],
and a minimal such constant C' will be denoted ||A]|.

2. One says that A is positive (bounded) if Sp(A) C [0, +o0[C C.
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3. Ome says that A is compact if the image of the unit ball B(0,1) = {f € H|||f|| < 1}
of H by A has compact closure, i.e.,

A(B(0,1)) compact.

4. One says that A is self-adjoint if A* = A.
5. One says that A is a projection if A is bounded and
A= A" =A%
We denote B(H) (resp. B(H)*, resp. K(H), resp. Proj(B(H)), resp. B**(H)) the set of
bounded (resp. positive, resp. compacts, resp. projection, resp. bounded self-adjoint)

operators on H. If A, B € B(H) are two bounded operators, one says that A is smaller
than B if B — A is positive, i.e.,

A<B& B-AecBH)".

Theorem 3.4.5. Let A : H — H be a bounded operator. One has an inclusion Sp(A) C R
is and only if A is self-adjoint. If A € IC(H) is compact then Sp(A) C C is discrete.

Proof. See Reed-Simon [RS80], Theorem VL.8. O

Definition 3.4.6. We denote Borel(Sp(A)) the Borel o-algebra on Sp(A). A spectral
measure for a bounded operator A € B(H) is a multiplicative measure on the spectrum
of A with values projectors. More precisely, this is a map

E : Borel(Sp(4)) — Proj(B(H))
B —  E(B)

such that
1. E(f) =0,
2. E(Sp(A)) = 1.
3. F is sigma-additive, i.e.,

E (]o_o[ BZ) - i E(B),

=1 i=1

4. F is multiplicative, i.e., E(BNC) = E(B).E(C).

The spectral theorem, that is a generalization to infinite dimension of the diagonal-
ization theorem of symmetric or hermitian endomorphisms, can be formulated as follows.
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Theorem 3.4.7. Let A € B(H) be a bounded self-adjoint operator. There exists a unique
spectral measure

E4 : Borel(Sp(A)) — Proj(B(H))

A / MEA(N).
Sp(4)

Proof. This theorem is also true for an unbounded self-adjoint operator (densely defined)
and its proof can be found in Reed-Simon [RS80], Chapters VII.2 et VIIL.3. ]

such that

The main interest of this theorem is that it gives a measurable functional calculus,
that allows for example to evaluate a measurable positive function f : R — R, on a given
bounded self-adjoint operator A by

f(A) = /S B0,

This type of computation is very useful in quantum mechanics for the characteristic
functions 1jq5 : R — R, that allow to restrict to parts of the spectrum contained in an
interval.

One also has the following theorem:

Theorem 3.4.8. If two operators A and B of B(H) commute, there exists an operator
R € B(H) and two measurable functions f,g: C — C such that

A= f(R) et B=g(R).

The Stone theorem allows one to translate the study of unbounded self-adjoint opera-
tors to the study of one parameter groups of unbounded operators. A proof can be found
in [RS80], Chapter VIII.4.

Theorem 3.4.9. The datum of a strongly continuous one parameter family of unitary in
H, i.e., of a group morphism U : R — U(H) fulfilling

if o € H andt — ty in R, then U(t)p — Ul(to)yp,

is equivalent with the datum of an self-adjoint operator A, by the map A — 4.

3.5 Green functions and parametrices

Definition 3.5.1. Let P(D) =) _ an0, be a partial differential operator on 2 C R".

o A Green function (also called a fundamental solution) for the operator P(D) is a
distribution f on Q2 such that

whenever z,y € ().
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o A parametriz for the operator P(D) is a distribution f on Q% such that

P(D)f(z,y) = 0.(y) + w(z,y)
where w is a smooth function on Q2.

A Green function on 2 = R" is called a fundamental solution because of the following
result: if ¢ is a function that can be convoluted with the fundamental solution f (for
example, if g has compact support), one can find a solution to the inhomogeneous equation

P(D)h=g

by simply putting h = f * g to be the convolution of the fundamental solution and g.

Ezxample 3.5.2. In Euclidean field theory on flat space, linear trajectories are related to
the solutions and eigenvalues of the Laplacian A = 3" | 8% This operator corresponds

to the polynomial ||z||* = 3.7 | 2. Using the formula

f(x)dx = / f(z.w)r" tdrdw,
R™ R4 Sn—1

that is always true for a positive function, one gets that the function W is locally

integrable if n > 2 so that it defines a distribution D. One can check that it is tempered
and that its inverse Fourier transform f is a fundamental solution of the Laplacian.

FExample 3.5.3. The first model of electromagnetic waves is given by the wave operator
-y
CQ t X"
=2

Its solutions are quite different of those of the Laplacian. One first remarks that the
corresponding polynomial C%tQ — Y, 2?7 has real zeroes so that it cannot be naively
inverted as a locally integrable function. The easiest way to solve the wave equation is to
make the space Fourier-transform (on variable x) that transform it in ordinary differential

operator
1
0% = Jlall®.

One can also use the complex family of distributions parametrized by a real nonzero
constant € given by the locally integrable function

Ix
—St2+ 300 a? e

where X is the light cone (where the denominator is positive for € = 0). The Fourier
transform of the limit of this distribution for ¢ — 0 gives a fundamental solution of the
wave equation called the Feynman propagator. We refer to Chapter 10 for more details
on this complex analytic approach to distributions, called algebraic analysis.
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3.6 Complex analytic regularizations

The Sato-Bernstein polynomial gives an elegant solution to the following problem of
Gelfand: if P is a real polynomial in n variable with positive coefficients, show that
the distribution

(P.1) = | Py f(a)ds,

defined and holomorphic in s for Re(s) > 0, can be meromorphically continued to the
whole complex plane.
One can try to answer this for P(z) = z%. An integration by parts gives

(25 +1)(2s + 2)(z*, f) = / 26T £ () de =: (9222 | f).
R
This functional equation gives the desired meromorphic continuation to the complex plane
with poles in the set {—1/2,—1,-3/2,-2,...}.

The generalization of this method to any real polynomial with positive coefficients can
be done using a similar functional equation, that is given by the following theorem due
to Sato and Bernstein.

Theorem 3.6.1. If f(x) is a no-zero polynomial in several variables with positive real
coefficients, there is a non-zero polynomial b(s) and a differential operator P,(s) with
polynomial coefficients such that

Py(s).f(2)™"h = b(s) f(2)".

Proof. A full and elementary proof of this theorem can be found in the memoir of
Chadozeau and Mistretta [CMO00]. O

As an example, if f(z) = 2? +--- + 22, one has

so the Bernstein-Sato polynomial is

n
b(s) = (s + 1) (s+§).
This gives a method to compute the fundamental solution of the Laplacian.
More generally, if f(z) = Y.°  az7 is a quadratic form on R", and f~'(D) =
> ai@f is the second order differential operator corresponding to the inverse of the
given quadratic form, one has

FAD)fa) =45 +1) (s + 5) fla)"

This gives a method to compute the fundamental solution of the wave equation.
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Theorem 3.6.2 (Malgrange-Ehrenpreis). Let P(D) be a differential operator in R™ with
constant coefficients. There exists a distribution f € S'(R™) such that

Proof. By using the Fourier transform
F:SR") — S(R"),

we reduce the problem to finding a distributional inverse to the polynomial P € Clz, ..., z,]
that defines the differential operator P(D). Indeed, the Fourier transformed equation of
P(D)f =4 is

P(z).F(f) = 1.
If the given polynomial has no real zeroes, its inverse is continuous on R"™ and thus
locally integrable. The corresponding distribution solves the problem. Otherwise, we
need more efforts. Replacing P by P.P reduces the question to a polynomial P with
positive coefficients. One can then apply the Malgrange-Ehrenpreis theorem 3.6.2 to
P to get a non-zero polynomial b(s) and a differential operator P,(s) with polynomial
coefficients such that

Py(s).f(2)™"h = b(s) f(2)".

This gives meromorphic continuation of the distribution P(z)®. If we take the constant
term of the Laurent series of this meromorphic function at —1, we get a distribution D
that fulfills

P(z).D =1,

so that the problem is solved. O

The Malgrange-Ehrenpreis theorem is very elegant but one can often find fundamental
solutions more easily by other methods.

3.7 Heat kernel regularization

We refer to [BGV92] for a detailed study of heat kernels. The heat kernel K, (z,y) on a
Riemannian manifold (M, g) is the solution of the Heat equation

&,—K—,—(l‘, y) = AQKT(:Cv y)?
where A, is the Laplace-Beltrami operator, subject to the boundary condition

lim K+ (z,y) = 02(y).

Using the functional calculus presented in Section 3.4, one can also write the corre-
sponding integral operator ¢(y) — (Tr¢)(y) == [ K- (x,y)p(z)dx as

T. = ™.
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One can use this to write down the heat kernel presentation of the green function P for
the Laplacian operator with mass A, + m? as the integral

P(x,y):/ K (x,y)dr.
0

The heat kernel regularization is simply given by cutting off the above integral

L
2
Pe,L:/ e KTd’T.
€

It is a smooth function that approximates the Laplacian propagator.

3.8 Wave front sets of distributions and functionals

The wave front set is a refinement in the cotangent space of the singular support of a
distribution (domain where a distribution is not smooth). It gives information on the
propagation of singularities, and gives precise conditions for the existence of pullbacks
(and in particular products) of distributions.

We refer to Hormander [Hor03], Chap. VIII for a concise presentation of the smooth
version of wave front sets. A more analytic approach, including a complete overview of
algebraic microlocal analysis is given in chapter 10.

The definition of the wave front set is based on the fact that one can analyse the
regularity of a Schwartz function by studying the increasing properties of its Fourier
transform.

Definition 3.8.1. Let M be a manifold and u € C~>°(M) be a distribution on M. One
says that u is microlocally smooth near a given point (xo,&) € T*M if there exists a

—

smooth cutoff function ¢ € C (M), with ¢(zg) # 0, such that the Fourier transform (pu)
(in a given chart U of M containing the support of ¢) is of rapid decrease at infinity in a
small conic neighborhood of &, i.e, there exist ¢ > 0 and C, such that

‘i _ b
el Tl

The wave front set of u is the set WF(u) of points of T*M at which f is not microlocally
smooth.

YN >0, VE, <e= [€lMlpu)(€) < Ce

The projection of WF(u) to M is the singular support of u (points around which u is
not equal to a smooth function).

Theorem 3.8.2. Let f: N — M be a smooth map between smooth manifolds and u be a
distribution on M. Suppose that

WEF(u) NToM =0,

i.e., no point of WF(u) is normal to df (TN). Then the pullback f*u of u to a distribution
on N can be defined such that WF(f*u) C f*WF(u). This pullback is the unique way to
extend continuously the pullback of functions to distributions subject to the above wavefront
condition.
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Proof. We only give a sketch of proof, refering to Hormander [H6r03], Chap VIII for more
details. Let u; — u be sequence of smooth functions converging to u. One defines the
pullback of u; by f*u; :== u; o f. The wave front set condition ensures that f*u; converges
to a well defined distribution f*u on N. m

Corollary 3.8.3. There is a unique way to extend continuously the product of smooth
functions to a product (u,v) — w.v on distributions subject to the wave front condition

WF(u) N WF(v)° =0,
where WF(v)? := {(z,§) € T*M, such that (x,—§) € WF(v)}.

Proof. The product is defined as the pullback of the tensor product u®@v € C~°(M x M)
along the diagonal. The result then follows from the estimation of the wave front set of
the tensor product

WF(u ® v)
N
(WF(u) x WF(v)) U ((supp u x {0}) x WF(v)) U (WF(u) x (supp v) x {0}).



Chapter 4

Linear groups

Symmetry considerations are nowadays an important tool to explain mathematically most
of the theories of modern physics.

We start here by introducing linear algebraic and Lie groups through their functor of
points, following a path between SGA 3 [DG62] and Waterhouse’s book [Wat79]. We also
use extensively the book of involutions [KMRT98| because algebras with involutions give
the smoothest approach to the structural theory of algebraic groups over non algebraically
closed fields (e.g., over R).

4.1 Generalized algebraic and Lie groups

Definition 4.1.1. Let ALG and C' be two categories and suppose given a faithful functor
Forget : C' — SETS

that makes us think of C' as a category of sets with additional structures. A functor
F:ALc = C

is called a C-structured functor on ALG. If ALG is the category ALGk of commutative
algebras over a field K, we call F' an algebraic C-object functor.

Example 4.1.2. Let ALG = ALGgr be the category of real algebras and C' = ASS be the
category of associative unital algebras. The functor

M, : ALGgr — Ass
A = (M,(A),x,+,0,id)

makes M,, an algebraic associative algebra functor. The functor GL, : ALGg — GRP
defined by
GL,(A) :=={(M,N) € M,(A) x M,(A)|MN = NM = I}

makes GL,, an algebraic group functor. Both these functors are representable respectively
by the algebras
An, =R [{M;;}

ij=1,...n

99
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and
Acr, = R{Mi;}ij=1..n {Nijtij=1,.n] [(MN = NM = I),

meaning that there natural bijections
M, (A4) = Hompq, (Am,; A) and GL,(A) = Homa, e, (AcL,, 4).

Ezample 4.1.3. Let ALG = OPENZ% be opposite to the category OPENge of open subsets
U of R” for varying n with smooth maps between them. The functor

C>*: OPENZ. — ALGp
U — C>(U)

allows us to define
M;™ : OPENZ% — Ass and GL;" : OPENZE, — GRP

called the smooth matrix algebra functor and the smooth general linear group functor
(also called the general linear Lie group). One can also show that both these functors are
representable respectively by Uy, = R™ and by the open subspace Ugr, = det_l(R*) C
U, -

n

Ezample 4.1.4. The smooth special linear group SL™ : OPENg% — GRP defined by
SLy"(U) = {g € M,,(U), det(g) = 1}

is not clearly representable because it corresponds to a closed subset of R™. A better
setting to work with it is given by the category of (finitary) smooth algebras defined in
Example 2.2.1. In this setting, the functor

SL™ : ALc/™ — Grp
defined by
SL"™(A) i= {g € Ma(A), deg(g) = 1}
is representable by the smooth algebra C*(SL,,) = C*(M,,)/(det([m;;]) — 1).

We now give two examples of group functors that are not representable. This kind of
group is of common use in physics, where it is called a (generalized) gauge group.

Example 4.1.5. Let Q C R? be an open subset and consider the group functor

M(Q) : OPENZ{; — GRP
U s @ : U x 0 — 2 smooth such that
o(u, —) :  — Q diffeomorphism Yu € U

describing diffeomorphisms of 2. It is not representable because of its infinite dimension-
ality. Such diffeomorphism groups play an important role as symmetry groups in generally
covariant theories, like Einstein’s general relativity.
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Ezample 4.1.6. Let G = GL;™ be the general linear Lie group and 2 C R? be an open
subset. The functor

Hom(92,G) : OPENZ, — SETS
U — {p:U xQ — Ugp, smooth}

is naturally equipped with a group functor structure induced by that of GL;™. This kind
of group play an important role as symmetry groups in Yang-Mills gauge theories, like
Maxwell’s electromagnetism.

To finish this section, we remark that the setting of smooth algebras allows us to give a
completely algebraic treatment of linear Lie groups. We will thus only present the theory
of algebraic matrix groups, since it is enough for our needs. We however finish this section
by defining a notion of affine smooth group, that contains Lie groups but is a bit more
flexible and is the perfect analog of affine group schemes in the smooth setting.

Definition 4.1.7. A smooth affine group is a representable functor
G : ALG,,, — GRP

from the category of (finitary) smooth algebras (see Example 2.2.1) to the category of
groups. More precisely, there exists a smooth algebra Ag and for any smooth algebra A,
a natural isomorphism

G(A) ;> HOHIALGSW (AG', A)

A Lie group is a smooth affine group whose smooth algebra of functions is formally smooth
and finitely presented.

4.2 Affine group schemes

The reader who wants to have a partial and simple summary can use Waterhouse’s book
[Wat79]. For many more examples and a full classification of linear algebraic groups on
non-algebraically closed fields (like R for example, that is useful for physics), we refer to
the very complete book of involutions [KMRT9S].

Definition 4.2.1. A linear algebraic group over a field K is an algebraic group functor
that is representable by a quotient of a polynomial ring, i.e., it is a functor

G : ALGg — GRP
and a function algebra Ag such that for any algebra A, there is a natural bijection
G(A) :> HOHIALGK (Ag, A)

One can show that any linear algebraic group G (with finitely generated algebra of
functions A¢) is a Zariski closed subgroup of the group GL,, g for some n that we defined
in the previous section by

GL,(A) := {(M,N) € M,(A) x M,(A) = A" x A”|MN = NM = I}.
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For example, the additive group G, whose points are given by
Gu.(A)=A

with its additive group structure is algebraic with function algebra K[X] and it can be
embedded in GLy by the morphism

r: G, — — GL,
a = (h1).

Remark that if V' is a real vector space (without a particular choice of a basis, that would
break the symmetry, as physicists use to say), one can also define GL(V') by

GL(V)(A) :== {(M,N) € Ends(V ® A)?| MN = NM = idy}.
A representation of an algebraic group, also called a G-module, is a group morphism
G — GL(V)
where V' is a finite dimensional vector space.
Definition 4.2.2. The Lie algebra of the group G is the space
Lie(G): ALcg — GRrp
B — {X € Homac,(Ag, Ble]/(€?))|X mod e =T}.

Remark 4.2.3. In the setting of smooth Lie groups, the same definition works by replacing
Kle]/(€?) by the smooth algebra C*(R)/(€?) where € is the standard coordinate function
on R.

One can think of elements of the Lie algebra as points I + ¢X € G(Ble]/(¢?)) where
X plays the role of a tangent vector to G at the identity point.

One has a natural action of GG on its Lie algebra called the adjoint action

pad : G — GL(Lie(G))
defined by
g [X € G(R[d/(€)) = gXg~" € G(RI/(¢7))] -
The derivative of this action at identity gives a natural map
ad : Lie(G) — Endg(Lie(G))
X = [Y = ad(X)(Y)]

called the adjoint action of the Lie algebra on itself. This allows to define the Lie bracket
by

[.,.]: Lie(G) x Lie(G) — Lie(G)
(X,Y) = [ X, Y] = ad(X)(Y).
The symmetric bilinear form
(—,—): Lie(G) x Lie(G) — Lie(G)
(X,Y) = Tr(ad(X)ad(Y))

is called the Killing form. The group G is called semisimple if this form is non-degenerate.
It is also equipped with a module structure over the ring space A given by the affine space
A(B) = B for which the bracket is linear.
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4.3 Algebras with involutions and algebraic groups

The study of algebraic groups on non-algebraically closed fields (for example, unitary
groups over R) is easier to do in the setting of algebras with involutions because one can
do there at once a computation that works for all classical groups. For example, the com-
putation of Lie algebras is done only once for all classical groups (orthogonal, symplectic,
linear and unitary) in this section. We refer to the book of involutions [KMRT98] for a
very complete account of this theory.

On non-algebraically closed fields, algebraic groups are defined using a generalization
of matrix algebras called central simple algebras, and involutions on them.

Definition 4.3.1. Let K be a field. A central simple algebra A over K is a finite dimen-
sional nonzero algebra A with center K which has no two-sided ideals except {0} and A.

An involution on (a product of) central simple algebra(s) A is a map 0 : A — A such
that for all z,y € A,

1. oz +y) =0o(x) 4+ o(y),
2. o(zy) = o(y)o(z),
3. 02 =id.

The center K of A is stable by o and ok is either an automorphism of order 2 or the
identity. If the first case, K is of degree 2 over the fixed subfield L.

Theorem 4.3.2 (Wedderburn). Let A be a finite dimensional algebra over K. The fol-
lowing conditions are equivalent:

1. A is a central simple algebra over K.

2. There exists a finite extension K'/K on which A becomes a matriz algebra, i.e.,
such that
AR K'2 M, (K).

Corollary 4.3.3. Let A be a central simple algebra of dimension n? over K. Let
i:A— Endg(A)

by the action of A on itself by left multiplication. The characteristic polynomial of i(a) is
the n-th power of a polynomaial

Pio=X"—Tra(a)X" '+ + (=1)"Nmy(a)

of degree n called the reduced characteristic polynomial. The coefficients Try and Nmy
are respectively called the reduced norm and reduced trace on A.

Before giving some examples of algebras with involutions, we define the corresponding
algebraic groups.
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Definition 4.3.4. Let (A, o) be an algebra (that is a product of central simple algebras)
with involution over (a product of fields) K.

1. The group Isom(A, o) of isometries of (A, o) is defined by
Isom(A,0)(R) = {a € A}|a.or(a) = 1}.

2. The group Aut(A, o) of automorphisms of (A, o) is defined by
Aut(A,0)(R) = {a € Autg(Ag)|ao o = og 0 a}.

3. The group Sim(A, o) of similitudes of (A, o) is defined by
Sim(A,0)(R) = {a € Agla.o(a) € Kj}.
The first example of algebra with involution is the one naturally associated to a non-

degenerate bilinear form b : V x V — K on an K-vector space. One defines an algebra
with involution (A, o) by setting A = Endg (V') and the involution o, defined by

b(x, f(y)) = blow(f)(x),y)

for f € A and z,y € V. If the bilinear form b is symmetric, the corresponding groups are
the classical groups

Iso(A,0) = O(V,b), Sim(A, o) = GO(V,b), Aut(A4,0) = PGO(V,b).
If the bilinear form b is antisymmetric, the corresponding groups are
Iso(A, o) = Sp(V,b), Sim(A, o) = GSp(V,b), Aut(A, o) = PGSp(V, ).
Another instructive example is given by the algebra
A =Endg(V) x Endg (V")

where V' is a finite dimensional vector space over K, equipped with the involutions sending
(a,b) to (bY,a"). Tt is not a central simple algebra but a product of such over K x K and
0|k is the exchange involution. One then gets

GL(V) — TIso(A4,o0)
mo = (m,(m7h)Y)

and
PGL(V) = Aut(A4, o).

If A is a central simple algebra over a field K with o-invariant subfield . C K of
degree 2, one gets the unitary groups

Iso(A, o) = U(V,b), Sim(A, o) = GU(V,b), Aut(4,0) = PGU(V,b).
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It is then clear that by scalar extension to K, one gets an isomorphism
U(V,b)x = GL(Vk)

by the above construction of the general linear group. One also defines SU(V, q) as the
kernel of the reduced norm map

Nm: U(V,b) — K*.
We now compute at once all the classical Lie algebras.

Proposition 4.3.5. Let (A, o) be a central simple algebra with involution. We have
Lie(Sim(A,0)) ={m € A, m + o(m) = 0}.

Proof. If 1 + em € Sim(A,0)(K[e]/(€?)) is a generic element equal to 1 modulo €, the
equation
(14+me)(1+o(m)e) =0

implies a + o(a) = 0. O

The above proposition gives us the simultaneous computation of the Lie algebras of
U(V,b), O(V,b) and Sp(V,b).

4.4 Clifford algebras and spinors

This section is treated in details in the book of involutions [KMRT98], in Deligne’s notes
on spinors [Del99] and in Chevalley’s book [Che97]. The physical motivation for the study
of the Clifford algebra is the necessity to define a square root of the Laplacian (or of the
d’Alembertian) operator, as is nicely explained in Penrose’s book [Pen05], Section 24.6.

4.4.1 Clifford algebras
Let (V,q) be a symmetric bilinear space over a field K.

Definition 4.4.2. The Clifford algebra Cliff(V, q) on the bilinear space (V, ¢) is the uni-
versal associative and unitary algebra that contains V' and in which ¢ defines the multi-
plication of vectors in V. More precisely, it fulfills the universal property

Homa e, (Cliff(V, ¢), B) = {j € Homyper, (V, B)[j(v).-j(w) + j(w).j(v) = q(v, w).15}
for every associative unitary K-algebra B.

One defines explicitely Cliff(V,q) as the quotient of the tensor algebra T'(V') by the
bilateral ideal generated by expression of the form

men+n®m—q(m,n).1l withm,n e V.
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Remark that the degree filtration on the tensor algebra 7'(V') induces a natural filtra-
tion F' on the Clifford algebra whose graded algebra

ng(Cliff(V, q) =NV

is canonically isomorphic to the exterior algebra. One can extend this isomorphism to a
linear isomorphism

ANV s CLfE(V, q)
by showing that the linear maps f; : A¥V — Cliff(V, q) defined by

1
fr(vr, .o o) = 7 Z Sg (0)Vo(1) - - - Vo (k)

€S}

induces the above isomorphism of graded algebras.

Consequently, one has dimg (Cliff(V,q)) = 24mx V. The automorphism o : V — V
given by m — —m induces an automorphism « : Cliff (V) — Cliff (V') such that o? = id.
One thus gets a decomposition

Cliff(V, ¢) = Cliff’(V, q) ® Cliff'(V, ),
giving Cliff (V] q) a super-algebra structure.

Proposition 4.4.3. Let (V,q) be an even dimensional quadratic space. The Clifford
algebra Cliff (V, q) is a central simple algebra and Cliffo(V, q) is either central simple over
a quadratic extension of K or a product of two central simple algebras over K.

Proof. The general structure theorem for even Clifford algebras can be found in the book
of involution [KMRT98], page 88. We describe here explicitely the case of hyperbolic
quadratic spaces. The general case follows from the two following facts:

1. every even dimensional quadratic space over an algebraically closed field is an or-
thogonal sum of a hyperbolic quadratic space and of a non-degenerate quadratic
space.

2. if (W,q) = (Vi,q1) L (V4,go) is an orthogonal sum, the natural morphism
C(V1,q2) ®y C(Va, ¢2) = C(W. q)

is an isomorphism of graded algebras (where the tensor product is the graded algebra
tensor product).

A quadratic space (V, q) with V' of dimension 2n is called hyperbolic if it is isomorphic to
a hyperbolic quadratic space of the form (H(U), q,), with U a subspace of dimension n,
U* its linear dual and H(U) = U & U* its hyperbolic quadratic space equipped with the
bilinear form g, (v ® w) = w(v). Denote

S = A*U.
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For u+ ¢ € H(U), let £, be the left exterior multiplication by v on S and d, be the
unique derivation on S extending ¢, given by

r

do(z1 N+ ANzy) = Z(—l)”’lxl Ao By N xpp(ag).
i=1

One shows that the map
H(U) — End(A*U)
o+u = L, +d,

extends to an isomorphism

Cliff(V, q) — End(S).

This isomorphism is actually an isomorphism
Cliff(V, q) — End(S)
of super-algebras. Moreover, if we denote
St = AU and S~ = AZTIU

the even and odd parts of S, the restriction of this isomorphism to Cliff’(V, ¢) induces an
isomorphism

Cliff’(V, q¢) — Endg(ST) x Endg(S7)

which can be seen as the isomorphism
Cliff’(V, ¢) — End’(S)
induced by the above isomorphism on even parts of the algebras in play. O]

Remark 4.4.4. The fact that grf’Cliff(V, ¢) = A*V can be interpreted by saying that the
Clifford algebra is the canonical quantization of the exterior algebra. Indeed, the Weyl
algebra (of polynomial differential operators) also has a filtration whose graded algebra
is the polynomial algebra, and this is interpreted by physicists as the fact that the Weyl
algebra is the canonical quantization of the polynomial algebra. More precisely, if V' is
a vector space, and w is a symplectic 2-form on V' (for example, the fiber of a cotangent
bundle with its canonical 2-form), one can define the algebra of algebraic differential
operators on V with the algebra that fulfills the universal property

Homa,q, (Dv, B) = {j € Homyger, (V, B)[j(v).j(w) — j(w).j(v) = w(v,w).15}.
In this case, the graded algebra
gr’ Dy =2 Sym*(V)

is identified with the polynomial algebra Sym*(V). The above isomorphism can be ex-

tended to a linear isomorphism
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by using the symmetrization formula

an»—>—§ Ao (1) - - - Qo

The corresponding product on Sym*(V') is called the Moyal product. A combination of
these two results can be given in the setting of Clifford super-algebras with respect to
complex valued super-quadratic forms. The introduction of Clifford algebras in the defi-
nition of the Dirac operator and in fermionic field theory is thus, in this sense, equivalent
to the use of classical anti-commuting coordinates on fermionic bundles.

Remark 4.4.5. The above analogy between differential operators and elements of the
Clifford algebra can be used in geometry, as is explained in the paper of Getzler [Get83]
on the super proof of the Atiyah-Singer index theorem. Let M be a differential variety.
One can think of differential forms Q*(M) as functions on the super-bundle T[1]M, and
the Clifford algebra of TM @& T*M, being isomorphic to End(A*T*M), gives operators
on the state space Q*(M). This situation is analogous to the Weyl quantization of the
symplectic variety (T*M,w) by the action of differential operators D(M) on L*(M).

4.4.6 Spin group and spinorial representations

Definition 4.4.7. The Clifford group of (V,q) is the group
[(V,q) := {c € Cliff(V, q)*|cva(c) ™! € v for all v € V}.

One has by definition a natural action (by conjugation) of this group on V' that induces
a morphism

I'(V,q) — O(V,q).

The special Clifford group of (V,q) is the subgroup I'"(V, ¢q) of even elements in T'(V, q)
given by
I*(V,q) = T(V,q) N CLff*(V, g).
The tensor algebra T'(V) is naturally equipped with an anti-automorphism given by
my ® -+ ®@myp — m ® -+ ®my on the homogeneous elements of degree k. Since the
defining ideal for the Clifford algebra is stable by this anti-automorphism (because ¢ is

symmetric), one gets an anti-automorphism of Cliff(V,q) called the transposition and
denoted ¢ ! ¢

Definition 4.4.8. The spinor group is the subgroup of I'"(V, q) defined by
Spin(V, q) = {c € I (V, g)| ‘cc = 1}.

One has a natural action (by multiplication) of Spin(V,¢q) on the real vector space
Cliff(V,q) that commutes with the idempotent « : Cliff(V,q) — CIliff(V,q) and thus
decomposes in two representations Cliff’(V, q) and Cliff'(V, q).

Definition 4.4.9. Let (V,q) be an even dimensional quadratic space. A rational repre-
sentation S of Spin(V, ¢) will be called
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1. a rational spinorial representation if it is a Cliff (V) ¢)-irreducible submodule of the
action of Cliff(V, ¢) on itself.

2. a rational semi-spinorial representation if it is a CLff°(V, ¢)-irreducible submodule
of the action of Cliff’(V, ¢) on itself.

If K is algebraically closed and (V,q) = (H(U), g5) is the hyperbolic quadratic space,
one has Cliff(V, q) = End(A*U), so that the spinorial representation is simply A*U and
the semi-spinorial representations are ST = A?*U and S~ = AZ*1U.

If (V,q) is the Lorentzian space, given by q(t,z) = —c*t* + 2% + 232 + 2 on Minkowski
space V = R3L the algebra Cliff”(V, ¢) is isomorphic to the algebra Resc /g Ma ¢ of complex
matrices viewed as a real algebra. The group Spin(3,1) := Spin(V, ¢) then identifies to
the group Resc/rSLac of complex matrices of determinant 1 seen as a real algebraic
group. There is a natural representation of Resc/r Mz c on the first column Resc /R(C2 of
Cliff*(V, q) = Resc/r Mo c and this is the representation of Spin(3,1) that we will call
the real spinor representation. Its extension to C decomposes in two representations
isomorphic to C? that are exchanged by complex conjugation. These two representations
are called the semi-spinorial representations and correspond in physics to the electron and
the anti-electron.

For a more concrete and motivated approach to these matters, the reader is advised
to read Section 24.6 of Penrose’s book [Pen05].

4.4.10 Pairings of spinorial representations

Let (V, q) be an even dimensional quadratic space. Remark that the natural action of the
vector space V' C Cliff(V, ¢) on a rational spinorial representation S of Cliff(V] ¢) induces
a morphism of Spin(V, ¢)-representations

Ves—6s.

This pairing will be useful to describe the Dirac operator on the spinor bundle.

If (V, q) is a quadratic form over an algebraically closed field, one has two semi-spinorial
representations ST and S~ of Spin(V, ¢) and the above morphism induces two morphisms
of Spin(V, q) representations

V&St S

which are also useful to define Dirac operators between semi-spinorial bundles. More
general semi-spinorial representations have to be studied on a case by case basis (see
[Del99], part I, for a more complete description).

We now need to define the two natural pairings that are necessary to define the Dirac
Lagrangian.

Proposition 4.4.11. Let (V,q) be an even dimensional quadratic space over an alge-
braically closed field. The spinorial representation S is naturally equipped with three pair-
mgs

e:S®S =K,
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and

Ir:S@S—V,T:S08—V.
Proof. The form € : S ® S — K is the non-degenerate bilinear form on S for which
e(vs,t) = (s, vt)
for all v € V. It is the bilinear form whose involution on
End(S) = CHfi(V. q)
is the standard anti-involution of Cliff(V,¢). The Clifford multiplication map
c:Ves—>95
induces a morphism ¢ : S¥Y ® S — V'V, that gives a morphism
=g 'oco(c'®ids): S®@9 — V.

One the defines T by .
'=To(e®e): 823" = V.
[

We now give the real Minkowski version of the above proposition, which is useful to
define the super Poincaré group, and whose proof can be found in [Del99], theorem 6.1.

Proposition 4.4.12. Let (V,q) be a quadratic space over R of signature (1,n — 1). Let
S be an irreducible real spinorial representation of Spin(V,q). The commutant Z of Sg is
R, C or H.

1. Up to a real factor, there exists a unique symmetric morphism ' : S® S — V. It is
invariant under the group Z* of elements of norm 1 in Z.

2. Forv eV, if Q(v) > 0, the form (s,t) — q(v,T(s,t)) on S is positive or negative
definite.

4.5 General structure of linear algebraic groups

We refer to the Grothendieck-Demazure seminar [DG62] for the general theory of root
systems in linear algebraic groups and for the proof of the classification theorem for
reductive groups.

Definition 4.5.1. An algebraic group is called:

1. reductive if the category of its representations is semi-simple, i.e., every exact se-

quence
0-U—=V->W-=0

of G-module has an equivariant splitting, i.e., induces a direct sum decomposition

Vvewaol.
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2. unipotent if it is a successive extension of additive groups.

3. a torus if after extending it to a (here the) finite extension C of R, by Ag,. :=
Ag ®g C, it becomes isomorphic to GLY (one says the torus splits on C).

Let T be a torus. Its character group is the functor

X*(T): Arcg — GRAB
B — HOHI(TB,GLLB>

with values in the category of GRAB of abelian groups and its cocharacter group is the
functor
X.(T): RiNGS — GRAB

B — HOHl(GLLB,TB).

One has a perfect pairing
(,): X (T)x X(T) = Z

given by (7, s) — ros with Z the functor that associates to an algebra A = [ A; product
of simple algebras A; the group Z:.

Lemma 4.5.2. If T = GL}, a representation T — GL(V) decomposes in a sum of
characters: V = @x;, with x; € X*(T).

Proposition 4.5.3. Let G be a reductive group. The family of sub-tori T' C G has
maximal elements that one calls maximal tori of G.

The first structure theorem of linear algebraic groups gives a “dévissage” of general
group in unipotent and reductive groups.

Theorem 4.5.4. Let P be a linear algebraic group. There exists a biggest normal unipo-
tent subgroup R,P of P called the unipotent radical of P and the quotient P/R,P is
reductive.

To give a more detailed study of the structure of reductive groups, one introduce new
invariants called the roots.

Definition 4.5.5. Let GG be a reductive group and 7" be a maximal torus of G. The roots
of the pair (G,T) are the (non-trivial) weights of 7" in the adjoint representation of G on
its Lie algebra. More precisely, they form a subspace of the space X*(7T) of characters
whose points are

R = {x € X*(T)| paa(t)(X) = x(t).X}.

The coroots R, C X.(T) are the cocharacters of 7' that are dual to the roots with

respect to the given perfect pairing between characters and cocharacters. The quadruple
(G, T) = (Xu(T), R, X*(T), R*, (., .)) is called the root system of the pair (G, T).
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The main theorem of the classification theory of reductive group is that the root system
determines uniquely the group and that every root system comes from a reductive group
(whose maximal torus splits). Actually, the root system gives a system of generators and
relations for the points of the give algebraic group. More precisely, every root correspond
to a morphism

z,: G, > G

that is given by exponentiating the corresponding element of the Lie algebra, so that it
fulfills
tr,(a)t™" = x,(r(t)a)

and the group is generated by the images of these morphisms and by its maximal torus,
the relations between them being given by the definition of a root. Actually, for any root
r € R, there is a homomorphism ¢, : SLy — G such that

or(01) = 2r(a) and ¢, (31) = 2-1(a),

the image of the diagonal matrices being given by the image of the dual coroot to the
given root.

We don’t want to define the abstract notion of root system, that would be a necessary
step to explain that every abstract root system is the root system of a given reductive
group. We just state the unicity result.

Theorem 4.5.6. The functor (G,T) — ®(G,T) from reductive groups to root systems is
conservative: if two groups have the same root system, they are isomorphic.

Remark that this theorem is often formalized in the setting of split reductive groups
but the methods of SGA 3 [DG62] allow us to state it in general, if we work with spaces
of characters as sheaves for the etale topology on the base field, i.e., as Galois modules.

4.6 Representation theory of reductive groups

Because representation theory is very important in physics, and to be complete, we also
recall the classification of representations of reductive groups (in characteristic 0). This
can be found in the book of Jantzen [Jan87], part II.

A Borel subgroup B of G is a maximal closed and connected solvable subgroup of
G. For example, the standard Borel subgroup of GL, is the group of upper triangular
matrices. If B is a Borel subgroup that contains the given maximal torus 7' C G, the
set of roots whose morphism z, : G, — G have image in GG are called positive roots and
denoted Rt C R. One defines an order on X*(7T') by saying that

A<puspu—MNe ZN@.

a€RT

Any G-module V' decomposes in weight spaces (representations of T, i.e., sums of
characters) as
V' = ®rex+(1) V-
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For the given order on X*(T'), every irreducible representation of G as a highest non-trivial
weight called the highest weight of V. We define the set of dominant weights by

X*(T)gom :={N € X*(T), (\,a’) >0 forall a € R"}.
If A is a dominant weight, we define the G-module L(\) by
L(A) = ind§(\) == (A ® Ag)”

where Ag denotes the algebra of functions on G.
The main theorem of classification of irreducible representations for reductive groups
is the following.

Theorem 4.6.1. Suppose that G is reductive and splitted, i.e., T'= G'.. The map

L: X*(T)sgom — REPIRR/ ~
A > LX)

is a bijection between the set of dominant weight and the set of isomorphism classes of
irreducible representations of G.

If G is not splitted, i.e., if T is a twisted torus, one has to work a bit more to get the
analogous theorem, that is due to Tits, and which can be found in the book of involutions
[KMRT98], in the section on Tits algebras. Remark that many groups in physics are not
splitted, and this is why their representation theory is sometimes tricky to handle.

4.7 Structure and representations of SL;

As explained above, SLs is the main building block for any other algebraic groups. It is
defined by
SLy = {M € GLy, det(M) = 1}.

Its maximal torus is

7= {(5,%)) = GLy

The space of characters of T' is identified with Z by ¢t + t". The Lie algebra of SLy is
given by
Lie(SLy)(A) = {I 4+ eM & SLy(Ale]/(¢?)), det(I +eM) = 1}.

If M =(2}%), the determinant condition means (1 + €a).(1 +ed) =1+ €e(a+d) =1, so
that Tr(M) = 0. We thus get

Lie(SLy) = {M € M,, Te(M) =0} = {(¢ »)}.
The adjoint action of t € T on Lie(SLy) is given by

{22~ {(,%.20)}
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so that the roots are ry : t + t? and r_s : t — t~2. They correspond to the root morphisms
T9,T_9: Ga — SL2

given by
ar (g9) and a— (379).

Remark that SLs is generated by 7" and the images of the root morphisms.
One shows that the dominant weights of SLy are given by Z-o C Z = X*(T') and the
corresponding irreducible representations are given by

Vp i= Sym" (V)

where V' is the standard representation of SLs.
For GLs, the classification of representations is similar, and gives a family of irreducible
representations

Vi = Sym™(V) @ (det)®™

where det is the determinant representation and (n,m) is a pair of integers with n > 0
and m € Z.
4.8 Structure and representations of SU,
Recall that SUj is defined by
SUs = {M € Resc/gMac,! M.M = M'M = 1}.

Its Lie algebra can be computed by using

suy = Lie(SUy) = {M € SUy(R[e]/(€?)), M =id mod €}.
Indeed, if I + €M is in su,, it fulfills

I+ eMI+'TM] =1
so that su, is given by
suy = {M € Resc/gMac, "M + M = 0}.
Actually, if one defines the quaternion algebra by
H := {M € Resc/gMac,IN € R, ‘M + M = \id},

one can show that H is a non-commutative field with group of invertibles

U2 = HX.
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The Lie algebra of Us is H itself. There is a natural norm map Nm : H — R sending M
to Nm(M) :=* M.M and one can identify SUy with the multiplicative kernel of

Nm : U, = H* — R*.

One has H¢ := H®r C = My, so that the special unitary group is a twisted version of
SLo, meaning that
SU; ®@r C = SLyc.

This implies that their structure and representation theory are essentially equivalent. The
maximal torus of SUs is isomorphic to SUy, that is to the kernel of the norm map

RGSC/RGLI — GLI,R

that sends z to zZ. It is also a twisted version of the maximal torus GL; of SL,.

The representations of SU, are given by taking irreducible representations of SLo ¢, i.e.,
the representations V,, = Sym" (V) for V' the standard representation, making their scalar
restriction to R, for example Resc/rV),, and then taking irreducible sub-representations
of these for the natural action of SU(2). More concretely, they are simply given by the
representations V,, g = Sympg(Vgr), where Vg is the standard representation of SU(2) on
Resc/rC?.

For example, the representation V5 = Resc/rC(X 2. XY,Y?) of real dimension 6 has a
natural real sub-representation of dimension 3 that corresponds to the morphism

SU, — SOg

4.9 Structure and representations of SO(V, q)

Let (V,q) be a quadratic space over R. The special orthogonal group SO(V,q) is the
subgroup of GL(V') defined by

SO(V.q) = {f € GL(V), q(f(v), f(w)) = q(v,w)}.
Its lie algebra is given by
s50(V,q) = {m € End(V), q(v,m(w)) + q(m(v),w) = 0}.

Indeed, if id + em € SO(V, q)(R[e]/(¢%)) is a generic element that reduces to id modulo e,
the equation

q((id + em)(v), (id + em)(w)) = q(v, w)
gives

elg(v,m(w)) + q(m(v), w)] = 0.

There is a canonical identification

NV s0(V,q)

vRw [z qlw,x)v—q(v,x)w).
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This identification can be better understood by using the natural isomorphism spin(V, q) —
s50(V,q), the natural embedding

spin(V, q) — CLff(V, q)

and the linear isomorphism
ANV =5 Cliff(V, q)

given in degree 2 by
NV —  Cliff(V,q)
TANY %(my — yx).



Chapter 5

Hopf algebras

We now make a small excursion in the setting of Hopf algebras, that is directly related
to the notion of algebraic group, but that will also be useful to understand conceptually
the combinatorial structures that appear in quantum field theory. We refer to [KRT97],
[Kas95] and [Majo5] for an introduction to the modern theory of Hopf algebras and
quantum groups.

5.1 Definitions and examples

If G is an affine algebraic group over K, its algebra of functions is a commutative unital
algebra, equiped with a coproduct A: A — A® A, a counit € : A — K and an antipode
S : A — A that are all algebra morphisms (given respectively by multiplication, unit and
inverse in the corresponding algebraic group). The notion of Hopf algebra may be seen
as a generalization of this situation, whose conceptual roots may be (a bit arbitrarily)
taken in deformation theory. Indeed, the category of representations p : G — GL(V) of
an algebraic group G with Hopf algebra A is a symmetric monoidal category

(REP(A), ®) := (REP(G), ®),

that we may see as a 3-tuply monoidal category (see Section 1.3). One may then deform
this category over K to a l-tuply or 2-tuply monoidal category over K[[A]]. This may
be done by deforming A to a K[[h]]-bialgebra whose category of modules is monoidal or
braided monoidal.

Definition 5.1.1. Let (C,®) be a monoidal category. A bialgebra is an object A of C,
equiped with a monoid structure (u: A® A — A,e: 1 — A) and a comonoid structure
(A:A— A® Aje : A — 1) that are compatible, meaning that A and e are monoid
morphisms. A bialgebra is called commutative (resp. cocommutative) if the underlying
monoid (resp. comonoid) is commutative (resp. cocommutative).

The interest of the notion of bialgebra is that one may make the tensor product of two
modules V' and W over a given bialgebra A by putting on the tensor product V®@W, that is
a module over A® A, the module structure over A given by the coproduct A : A - A® A.
This construction gives the following important result.

117
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Lemma 5.1.2. The monoidal structure (associativity condition) on (C,®) induces a nat-
ural monoidal category structure on the category MOD(A) of modules over a bialgebra

A.

One may avantageously generalize the notion of bialgebra by weakening the above
result.

Definition 5.1.3. A quasi-bialgebra is an object A of C equiped with a monoid structure
(u: A®A— Aje: 1 — 1) and a pair of monoid morphisms (A: A — A® A,e: A — 1),
and with the additional datum of a monoidal structure (associativity, and left and right
unit constraints) on the category MoD(A) with its usual tensor functor induced by that of
C and by A and €. A braided quasi-bialgebra is a quasi-bialgebra equiped with a braiding
of the corresponding monoidal category (MOD(A), ®).

Definition 5.1.4. Let (C,®) be a symmetric monoidal category with internal homo-
morphisms. Let (A, A €) be a comonoid and (B, m, 1) be a monoid in C. The internal
homomorphism object Hom(A, B) has a structure of a monoid, called the convolution
monotd, and whose product

x : Hom(A, B) ® Hom(A, B) — Hom(A, B),

may be defined (on the sets Hom(C, Hom(A, B)), functorially in C'), by the composition

A A0A®™ BB ™ B,

Definition 5.1.5. A Hopf algebra is a bialgebra A whose identity endomorphism id 4 has
a two sided inverse S for convolution in (End(A), %), called its antipode.

We now present two examples of Hopf algebras that play a fundamental role in per-
turbative causal quantum field theory of Chapter 21.

Ezxample 5.1.6. 1. If V is a K-vector space, it corresponds to an algebraic additive
group scheme (V,+), whose algebra of functions is the polynomial algebra A =
Sym(V,R) given by

Sym(V,R) := @, Homg (V" R)".

The coproduct is then given by
Ala(vy,...,v,)) == a(vr + Uty ..., v + Uy).

If V is finite dimensional, we may also dualize and defined the coproduct on V* by
A(a) =1®a+a® 1 (extended to S(V*) by algebra morphism) and the counit by
€(a) =0.

2. Similarly, the above coproduct induced by addition on V' extends to the associative
algebra of multilinear functions B = T'(V,R) given by

T(V,R) := &,Homg (V" R).

In the finite dimensional case, it may also be obtained as above.
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Ezample 5.1.7. If (C, A ¢€) is a coalgebra, the algebra Sym(C') may be equiped with a
bialgebra structure A by setting A(c) = A(c) for ¢ € C, and extending this formula
by algebra morphism to Sym(C). Remark that Sym(C) is a comodule algebra on the
coalgebra C', meaning that the natural map

Sym(C) — C ® Sym(C')

defined by extending comultiplication on C' to an algebra morphism is compatible with
comultiplication on C. For example, if we take C' = Sym(V'), we get a coaction

Sym(Sym(V)) — Sym(V) ® Sym(Sym(V)).

This coaction plays an important role in deformation quantization of free fields.

Example 5.1.8. The example that has stimulated a great deal of the recent work on Hopf
algebras is given by the envelopping Hopf algebra U(g) of a (semisimple) Lie algebra, and
the quasi-bialgebras that correspond to deformations of its category of representations as
a monoidal (or braided monoidal) category, sexily named quantum groups by Drinfeld.
Remark that if g is the Lie algebra of an algebraic group G with Hopf algebra of functions
A, one may identify it with invariant differential operators on G, and this gives a duality

(—,—): U@ xA — K
(P, f) = (Pf)le)

that also identifies U(g) with an algebra of distributions on G supported at the unit e.
This duality becomes perfect only when one passes to the formal completion A of the
algebra A at e. Deforming the coproduct on U(g) is thus equivalent to deforming the
product on the algebra A of formal functions on G around its unit. If g = V is a vector
space with its trivial commutative Lie algebra structure, then U(g) is the symmetric
algebra Sym(V'), and A is the Hopf algebra Sym(V, R) of polynomial functions on V. The

A

completion A is given by

A =Sym(V,R) := [ [ Home(VE", R)"".

n>0

Deforming the coproduct on Sym(V') is thus equivalent to deforming the product on
Sym(V,R), which is what is done when one defines *-products in perturbative causal
quantum field theory (see Chapter 21).

We now give for completeness reasons the definition of quantum groups.

Definition 5.1.9. Let K be a field. A quantum enveloping algebra for a Lie algebra g is
given by a noncommutative and noncocommutative braided quasi-bialgebra A over K|[[A]]
with underlying module U(g)[[]], and that gives back the envelopping bialgebra structure
U(g) modulo A.

An important result of the theory of quantum groups is given by the following existence
result, whose proof may be found in Drinfeld’s ICM address [Dri87].
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Theorem 5.1.10. If g is a semisimple Lie algebra, then there exists a quantum enveloping

algebra Uy(g) for g.

Definition 5.1.11. Let (C,®) be a symmetric monoidal category that is additive. Let A
be a bialgebra in C. An element a € A is called

1. primitive if
A(a) :a®1+1®a7

i.e., if a is in the equalizer

Prim(A) := Ker((A,id®e+e®id) : A - A® A).

2. group like if
Aa) = a® a,

i.e., if a is in the equalizer

Grp(A) :=Ker((A, ([d®e).(e®id)) : A —- AR A).

5.2 Twists and deformations

The deformation theory of Hopf algebras may be studied by using a cohomology theory
for them, similar to the Hochschild cohomology of associative algebra. A geometrically
intuitive way to look at this cohomology theory is to think of it as the tangent space
to the moduli space of monoidal (resp. braided monoidal) dg-categories at the point
corresponding to the category (MOD(A), ®) of modules over the bialgebra that one wants
to deform. This situation is similar to the deformation theory of associative algebras,
where Hochschild cohomology complex may be interpreted as the tangent space to the
moduli space of dg-categories (without monoidal structure) with Morita isomorphisms
(bimodules) between them, at the point corresponding to the dg-category MOD(A) of
modules over the given associative algebra to be deformed.

We now give a concrete description of the deformations of Hopf algebras that we will
use to define x-products in quantum field theory. This may be found in [Maj95], Section
2.2. We adapt his definition to the general setting of symmetric monoidal categories.

Definition 5.2.1. Let (C,®) be a symmetric monoidal category and A be a bialgebra
in C. For ¢ : A®™ — 1 a linear functional with value in the unit object, we denote -;
the multiplication in i-th place for 0 <7 < n, po-c =€e®y and Yo -, =1 oe. An
n-cochain on A is a linear functional ¢ : A®™ — 1, invertible in the convolution algebra
Hom(A®™ 1) (defined using the coalgebra structure on A, and the algebra structure on
1). The coboundary operator is defined by

n+1

8¢ = Hl/}(_l)l O .
1=0
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We know from Calaque and Etingof’s survey [CE04] that

e 2-cocycles classify monoidal structures on the forgetful functor
(coMoD(A),®) = (C,®)
from comodules on A to C, that deform the trivial monoidal structure;

e 3-cocycles classify the associativity conditions that one may put on COMOD(A),
without changing the tensor product, by deforming the usual associativity condition
on .

We now use Sweedler’s notations for the coproduct

Aa) = Z a@) ® a).

When using these notations in monoidal categories, one must carefully insert the necessary
associativity and commutativity isomorphisms in all formulas. We will keep this important
fact implicit in our presentation. This allows us to interpret consistently the classical
formulas in the general setting of symmetric monoidal categories, and in particular for
super, graded, or differential graded modules.

Definition 5.2.2. Let (A, m,A) be a bialgebra and ) : A® A — 1 be a unital 2-cocycle
on A. The twisted product m, : A ® A — A is defined by the composition

my(a,b) =Y Plaw) ® by)aebed ™ (ap) © b).
Theorem 5.2.3. A 2-cocycle 1 on A induces an isomorphism of monoidal categories
Fy : (coMoOD(A),®) — (COMOD(Ay), ®y)
by the natural isomorphism

op: Fu(V)®y Fy(W) — Fy(Vo W)
v @y W = Pl @ way)ve) © we).

In particular, if (B, m) is an algebra in (COMOD(A), ®), called a comodule algebra, the
above equivalence sends it to a twisted comodule algebra (B, m,), with multiplication
given by

a-yb=7 v(an ®by)abe).
More specifically, one may deform the algebra A as a comodule over the bialgebra A.

One may think of a comodule algebra as an object generalizing the notion of homo-
geneous space X under an algebraic group G. Twisting such an object corresponds to a
kind of deformation quantization for X, as module over G. We will be mainly interested
by the situation where G =V is the additive algebraic group of a module V', and X =V
is the associated affine space. These deformations play an important role in the causal

approach to perturbative quantum field theory, described in Chapter 21. We now describe
it concretely.
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Ezxample 5.2.4. Let V be a real vector space and ¢/ : V® V — R be a bilinear pairing on
V', that we see as a bilinear pairing with values in the vector space AR = R. Extend it to
a unique 2-cocycle ¢ on the symmetric bialgebra (S(V)[[R]], A, i) by the conditions

Plab,c) = Y ¥(a, 1) (0, c2));
¢<a’bc) = ZW ) (a(2)7 )

It is known that all 2-cocycles on S(V) are of this form, and that a cocycle is a boundary
if and only if it is symmetric. Recall that the symmetric bialgebra is simply the Hopf
algebra of functions on the algebraic group (V, +) given by the space V' with its addition.
The twisting by a bilinear pairing corresponds to defining a deformation of the affine space
V, seen as a homogeneous space (comodule algebra) under the group (V,+). This gives
an associative product on S(V)[[A]] given by

h
a*b—zw b(l)a(g )0(2),

that we may call the Moyal product, if the bilinear form 1 is symplectic.

Example 5.2.5. One may refine Example 5.2.4 by the following. Let V be a vector space
and C' = S(V') be the associated cofree coalgebra. By Example 5.1.7, one gets on S(C') a
comodule algebra structure under C', i.e., a morphism

A:S8(C) = C®S(O)

that is compatible with comultiplication on C'. If ¢ : V ® V' — R is a bilinear pairing on
V', that one extends to a 2-cocycle on C' = S(V') as in loc. cit., one gets a twisted product
by the formula

a >I< b= Z 77/1 b(1 (2),
where A(a) = > an) ® az) means that a € S(C), any € C and a9 in S(C).



Chapter 6

Connections and curvature

The mathematical formulation of particle physics involve various notions of connections on
bundles. The easiest way to relate them is to use the very general notion of Grothendieck
connection, that was described in categorical terms in Chapter 1.5. In each concrete cases,
the notion of connection is easier to handle, and we give for it a simpler description.

6.1 Koszul connections

Definition 6.1.1. Let F' — X be a vector bundle on a smooth variety. Let A = C*(X)
and M be the A-module I'( X, F) of sections of F.. A Koszul connection on F' is an R-linear
map

V:M—M®u 9114
that fulfills Leibniz rule
V(f.s) = fV(s)+df ®s.

Definition 6.1.2. Let X be a variety with function algebra A. Let F' — X be a vector
bundle and let V : F — F ®4 Q4 be a Koszul connection. The curvature of V is the
composition

C(V) := V30V € Ends(F) ®4 O3,

where V; is defined by
Vi=idr @d+ (=1)'V ANidgy : F @4 Q) — F @4 U
Remark that the A-linearity of the curvature is not clear a priori.

Proposition 6.1.3. Let FF — X be a vector bundle on a smooth variety. The data of a
linear Grothendieck connection and of a Koszul connection on F are equivalent.

Proof. We refer to [BO78] for more details on the link between connections and infinitesi-
mal neighborhoods. Just recall that the exterior differential isamap d : A — QY C Jet' A.
Denote F = I'(X, F) the space of sections of F. If 7 : F ®4 Jet'A — F @, Jet'A
is a Grothendieck connection, and d; r == d ®idr : F — F ® Jet' A, then the mor-
phism § = todyr : F = F® Jet' A allows us to construct a Koszul connection by

123
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V(f) =6(f) — f ®1. Indeed, one has V(f) = F @ Q' because 7 is identity on X. The
association 7+ V is grounded on various universal properties that makes it unique. [

6.2 Ehresmann connections

We refer to the book [KMS93], 17.1, for a differential geometric approach to Ehresmann
connections. We will mostly be interested by the more algebraic approach presented in
the book of Krasilshchik and Verbovetsky [KV98], Section 5.2.

Definition 6.2.1. Let p : B — M be a surjective submersion of varieties. An Ehresmann
connection on B is the datum of a section a of the natural projection

Jet'B — B.

Proposition 6.2.2. Let p : B — X be a surjective submersion of varieties. Then the
following data on B are equivalent:

1. An Ehresmann connection a,

2. A connection one form v € QY (B, TB) = End(TB) such that v> = v and the image
ofvis VB,

3. a section a € I'g(T B,V B) of the canonical exact sequence
0—=VB—=TB—-1TX—=0

of bundles on B.

Proof. We first show that the two last data are equivalent. If a : T'B — V B is a section
of the natural map VB — T B, the projection v : T'B — T'B on V B along the kernel of
a gives a connection one form. Since its image is V' B, the data of a and v are equivalent.
Now we use the Krasilshchik-Verbovetsky approach to connections in [KV98], Section 5.2.
Remark that the section a : TB — V B induces a natural morphism of functors on the
category of admissible Og-modules (chosen to be the category of all modules in the case
of algebraic varieties and the category of geometric modules for smooth varieties)

Vo : Der(Ox, —) — Der(Op, —).
This corresponds on the representing objects to a morphism
V.: 05 = O ®oy QJIB/X7
which can be extended to
sy =id+Va: 0 = Op ® Op @0y Up/x =t O,
and then to a Grothendieck connection
€: Ojeip = Ot

Composing with the canonical projection Oy 15 — Op gives a section s : B — Jet' B. [
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Definition 6.2.3. The curvature of an Ehresmann connection is given by

1
R= 5[1},1}]

where [.,.] denotes the Frolicher-Nijenhuis bracket of v € Q'(E, TE) with itself. Thus
R € Q*(E,TFE) is defined by

R(X,Y) = v([(id — v) X, (id — v)Y))).

Proposition 6.2.4. Let p : B — X be a bundle given by a morphism of varieties. The
following data are equivalent:

1. An Ehresmann connection on B,
2. A Grothendieck connection on B.
Proof. Denote A = C*>(X) and B = C*(B). Suppose given a Grothendieck connection
piB — p;B.
In this case, it is equivalent to a map
B Jet' A =5 By Jett A

that induces identity on A, and that we can compose with the projection B® 4 Jet' A — B
to get a map
B®yJet'A— B

that is also a map

Jet'B — B

and gives a section of the natural projection Jet'B — B. These two data are actually
equivalent because one can get back that Grothendieck connection by tensoring with B
over A. O

Corollary 6.2.5. Ifp: F' — X is a vector bundle on a smooth variety, the datum of a
linear Fhresmann connection on ' and of a Koszul connection on F' are equivalent.

6.3 Principal connections

We use here the definition of Giraud [Gir71], Chapter I1I, 1.4, since it is adapted to general
spaces.

Definition 6.3.1. Let G be a lie group and P — M be a space morphism equipped with
an action m : G Xy P — P of G. One says that (P,m) is a principal homogeneous space
over M under G (also called a torsor under G over M) if

1. P — M is an epimorphism, i.e., there exists a covering family {U; — M} such that
Py (U;) are non-empty (i.e., the bundle has locally a section on a covering of M),
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2. the natural morphism
GxP — PxP
(9:p) — (p,9p)

is an isomorphism (i.e., the action of G on P is simply transitive).

Definition 6.3.2. A principal G-connection on P is a G-equivariant connection on P —
M.

Proposition 6.3.3. The following are equivalent:
1. A principal G-connection onp: P — M.

2. An equivariant g-valued differential form A on P, i.e., A € QY (P, g)¢ such that the

diagram
id
g="1,6G— g
TlG ml /
Op

commutes where m : G X P — P is the action map.
Proof. The equivalence between an equivariant Ehresmann connection A € QY(TP, TP)¢
and a differential form in Q'(P, g) follows from the fact the derivative of the action map
m : G X P — P with respect to the G-variable at identity e € G defines a bundle map
1=Dm:gp:=gx P —=>VP,

called a parallelization, between the vertical tangent bundle to P, defined by

0= VP TP 2% p"TM — 0

and the trivial linear bundle with fiber the Lie algebra g of G, that is an isomorphism.
The fact that ¢ : gp — T'P is valued in V P follows from the fact that G acts vertically
on P. [

Proposition 6.3.4. The curvature of a principal G-connection A is identified with the
form

F=dA+[ANA]

n , 9) where the bracket exterior product is given by
m Q%(P here the bracket exteri duct is given b

WwhAVvREKl=wAv® l[h,k|.
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Figure 6.1: Cartan geometry and the hamster ball.

6.4 Cartan connections and moving frames

We refer to the excellent survey of Wise [Wis06] for a more complete description. Sharpe
[Sha97] and Wise explain neatly the idea of Cartan geometry in a commutative dia-
gram:

Euclidean culd¥¥fire  Riemannian
Geometry Geometry
generalize generalize tangent
synmimetry group space geometry
Klein Cartan
Geometry allow Geometry
curvature

One can also say that a Cartan geometry is given by a space whose geometry is given
by pasting infinitesimally some classical geometric spaces of the form G/H for H C G two
Lie groups. This can be nicely explained by the example of a sphere pasted infinitesimally
on a space through tangent spaces, or, as in Wise’s article [Wis06], by a Hamster ball
moving on a given space as in figure 6.1.

Definition 6.4.1. Let M be a variety, H C G be two groups. A Cartan connection on
M is the data of

1. a principal G-bundle @) on M,
2. a principal G-connection A on @),

3. asection s : M — E of the associated bundle £ = Q) x¢ G/H with fibers G/H,
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such that the pullback e = s*Aods : TM — VE, called the moving frame (vielbein), for
A:TE — VE the associated connection, is a linear isomorphism of bundles.

The role of the section s here is to “break the G/H symmetry”. It is equivalent to
the choice of a principal H-sub-bundle P C Q.

One may interpret the datum (s,@,A) of a flat Cartan connection as point of the
stack (see Section 9.3 for a precise definition)

(s,@Q, A) € Hom(Mpp, [G\(G/H)])

fulfilling the additional non-triviality condition.

In the cases of interest for this section, F is a linear bundle and the section s is simply
the zero section that breaks the translation symmetry (action of G/H =V on the sections
of the vector bundle)

The first examples of Cartan connections are given by Klein geometries, i.e., by ho-
mogeneous spaces E = G/H over the point space M = {.}. The corresponding Cartan
connection is given by

1. the trivial principal G-bundle Q = G on M,
2. the trivial G-connection A on @),

3. asection s : M — F of the associated bundle £ = Q xq G/H =G/H — M, i.e., a
point z = s(—) € G/H.

The pull-back e = s*A: TM = M x {0} - VE = M x {0} is an isomorphism.
Three examples of Klein geometries that are useful in physics are given by H =

SO(n —1,1) and

SO(n, 1) (de Sitter)
G=< R" b xSO(n—1,1) (Minkowski)
SO(n —1,2) (anti de Sitter)

The de Sitter and anti de Sitter geometries are useful to study cosmological models with
non-zero cosmological constant. Cartan geometries modeled on these Klein geometries
are useful in general relativity. For example, the Minkowski Cartan geometry without
torsion corresponds exactly to pseudo-Riemannian manifolds, that are the basic objects
of general relativity.

Remark that the G-connection A on the principal G-bundle @) is equivalent to an
equivariant g-valued differential form

A:TQ — g,
and its restriction to P C () gives an H-equivariant differential form
A: TP —g.

This is the original notion of Cartan connection form.
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Definition 6.4.2. The curvature of a Cartan connection is the restriction of the curvature
of the corresponding Ehresman connection on the principal G-bundle ) to the principal
H-bundle P. It is given by the formula

1
Fp:=dA+ 5[A/\A] € O*(Pg).

The torsion of the Cartan connection is given by the composition of F4 with the projection
g—ga/b.

Suppose that one can decompose g = h @ g/bh in an H-equivariant way (the Cartan
geometry is called reductive). The Cartan connection form thus can be decomposed in

A=w+e
for w € QY(P,h) and e € Q'(P,g/h). In this particular case, e can also be seen as
ec QY(M, 9/h)

for ﬂ the H-bundle associated to g/h. This form is called the vielbein by Cartan. By
definition of the Cartan connection, it gives an isomorphism

e:TM%M.
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Chapter 7

Hamiltonian methods

We mainly use Lagrangian methods in this course because their covariance is automatic.
We thus only give a short account of the Hamiltonian formalism. The reader can skip
this part since it is not necessary for functional integral quantization. This presenta-
tion is however very useful to understand the basics of operator, so called “canonical”
quantization.

7.1 Symplectic and Poisson manifolds

Definition 7.1.1. The algebra of multi-vector fields on a given variety P is the antisym-
metric algebra A*Op on the Op-module of vector fields.

Proposition 7.1.2. There exists a unique extension
[., -]NS : /\*@p & /\*@p — /\*G)p

of the Lie bracket of vector fields, that is moreover a bigraded derivation. More precisely,
this bracket, called the Schouten-Nijenhuis bracket, fulfills:

1. The graded Jacobi identity:

X[V, Z]) = [[X,Y], Z) + (- 1) MDDy [, Z]);

2. The graded anti-commutativity:
[(X,Y] = (_1)(\X|—1)(|Y\—1)[Y’ XJ;
3. The bigraded derivation condition:
(X, YA Z] = [X,Y]AZ+ (=1)IXI=DWI=1),
Definition 7.1.3. A symplectic variety is a pair (P, w) of a variety P and a non-degenerate
closed 2-form w € Q%(P):
dv=0, W :TP-=5T*P
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A Poisson variety is a pair (P, ) of a variety P and a bivector 7 € A2 p whose Schouten-
Nijenhuis bracket with itself
[, 7lsny =0

is zero. A symplectomorphism
[ (Prw) = (Pa,ws)

is a smooth map such that f*ws = w;. A Poisson morphism
fi(P,m) = (Po,m)

is a smooth map such that f,m; makes sense and is equal to 7.

Proposition 7.1.4. The datum of a symplectic variety is equivalent to the datum of a
Poisson structure that is non-degenerate, i.e., such that

™. T*P — TP
s an isomorphism.

Proof. The inverse 7 of w” : TP — T*P gives the Poisson bivector. One checks that the
nullity of the bracket is equivalent to the fact that w is closed. O

Definition 7.1.5. If (P, 7) is a Poisson manifold, we define its Poisson bracket by
{ .} x: OuxOy — Oum
(fr9) = (m.df Ndg).
The main example of a symplectic manifold is given by the cotangent bundle P = T*X
of a given manifold. If we define the Legendre 1-form by

O(v) = ev(Dpow)

where

o Dp:T(T*X) — p'TX :=TX xx T*X is the differential of p: T*X — X

o ev:TX xXx T*X — Ry, is the natural evaluation duality and,

e and v € O x ='(T*X,T(T*X)) is a vector field.
The symplectic 2-form on P is defined by

w = —db.

On P = T*R", with coordinates (g, p), the Legendre form is given by

0 = pdq = Zpid%

and the symplectic form by
w=dqNdp = qui/\dpi.

The Poisson bracket is then given by
af dg  Of Oy
{f.9} =)

0q; Op; - Op; 0g; '
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7.2 Dynamics of a Hamiltonian system
Definition 7.2.1. A Hamiltonian system is a tuple (P, , I, Hist, H) composed of

1. a Poisson manifold (P, ) called the phase space, whose functions are called observ-
ables,

2. an interval I C R called the time parameter space for trajectories,
3. a subspace Hist C Hom(7, P) called the space of histories,
4. a function H : P — R called the Hamiltonian.

If z: I — P is a history in the phase space and f € Op is an observable, Hamilton’s
equations for x along f are given by

INfox)
ot

{H, ftoux.
The Hamiltonian function H defines a Hamiltonian vector field
Xy = {H, } : Op — Op.

On T*R", the Hamiltonian vector field is given by
0H 0 0H 0

Xy = — .

" ; Ipi 9g; ; 9q; Op;

If the Poisson structure 7 is non-degenerate, i.e., if (P, 7) comes from a symplectic mani-
fold (P,w), the Hamilton equation on a history z : I — P are given by

r*(ix,w) = a"(dH).

On T*R", this corresponds to

04z _  9H
ot Op
Ops _ _0H
ot oq °

Theorem 7.2.2. (Symplectic Noether theorem) Given a Hamiltonian system (P,m, H), a
function f on P s constant along the trajectories of the Hamiltonian vector field if and
only if the Hamiltonian is constant under the Hamiltonian vector field induced by f.

Proof. Follows from the equality
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7.3 Lagrangian manifolds and canonical transforma-
tions

We now introduce the notion of canonical transformation, with views to applications to
the gauge fixing procedure for gauge theories, in Section 12.5.

Definition 7.3.1. A coisotropic submanifold of a Poisson manifold (P, ) is a submanifold
L C P such that the ideal of functions on P that annihilate on L is stable by the Poisson
bracket. An isotropic submanifold of a symplectic manifold (P, w) is a submanifold L such
that the symplectic form restricts to zero on L. A Lagrangian submanifold in a symplectic
manifold is a submanifold that is both isotropic and coisotropic.

Ezxample 7.3.2. 1. Let P = R?" be the flat symplectic space, with coordinates (z,x*)
and symplectic form dx A dz*, whose matrix in the basis (x,z*) given by

de Nda* = (5 ).

Then the submanifolds L with coordinates only x or only z* are Lagrangian. Sub-
manifolds of dimension 1 are isotropic and submanifolds of codimension 1 are
coisotropic.

2. The graph of a Poisson morphism f : (P, m) — (P, m2) is a coisotropic submanifold
in (Pl X P2,7Tl —7T2).

3. If S: X — R is a smooth function, the image of its differential dS : X — T*X is a
lagrangian submanifold.

Definition 7.3.3. Let (P, ) be a Poisson manifold. A canonical transformation is a

Poisson isomorphism
[ (Pm) = (Pm).

A canonical transformation of a symplectic variety (P,w) is a canonical transformation
of the associated Poisson manifold. A canonical transformation f is called Hamiltonian
if there exists a function H : P — R such that f is the value at 1 of the flow of canonical

transformations
ox, RxP—=P

associated to the Hamiltonian vector field Xy := {H, —}.

The following example will play a fundamental role in the general gauge fixing proce-
dure for gauge theories, presented in Section 12.5.

Example 7.3.4. Let X be a smooth manifold and 7 : P = T*X — X be the natural
projection. Let ¢ : X — R be a smooth function, with differential dy) : X — T*X. Then

the map
idp+mody: P— P

is a Hamiltonian canonical transformation with Hamiltonian 1, called a vertical hamilto-
nian canonical transformation on 7*X. This function is also sometimes called the gauge
fixing function.
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7.4 Relation with Lagrangian variational problems

The main interest of the Hamilton formalism is that it translates the problem of solving
the Euler-Lagrange equation of a Lagrangian variational problem, i.e., a partial differen-
tial equation, in the problem of solving an ordinary differential equation: the Hamilton
equation. It is however hard to formalize without coordinates for a general Lagrangian
variational problem. We refer to Vitagliano’s paper [Vit09] for a jet space formulation of
the relation between Lagrangian mechanics and multi-symplectic Hamiltonian mechanics,
giving in this section only a coordinate depend description of the Lagrange transform.
Let (7 : C — M, S) be a Lagrangian variational problem in which

T:C=IxX—=1=M

with I C R an interval and X a manifold. We suppose that the action functional S :
['(M,C) — R is local and given by

S(z) = /I L{t, z, ) dt,

with L : Jet'C = I x TX — R a Lagrangian density.
We suppose now that we have a trivialization of T X and T*X given respectively by
the coordinates (z,x;) and (¢q,p). The Legendre transformation is given by the map

FL: TX — T X
(SC,.Tl) — <Q7p> = (ZU, g_xLl)

If this map is an isomorphism, one defines the Hamiltonian by

H(q,p,t) = (p,x10 (FL) (q,p)) — L(t, (FL)"'(q,p)).

In simplified notation, this gives

H(q,p,t) == pa(q,p) — L(t,q,q1(q, p)).

AN
dt \ 0x} orn

0*L . O°L
_ t = — ny__—
(%’f/f)x’f( @, 0c) (Ore )8$”/8x’f

The Euler-Lagrange equation

can be written more explicitely

(ta L, 6tm) + a_L(tv Z, atx)

(a?xn') axn

If we suppose the non-degeneracy condition that the matrix

T

n' n
oxt Ox’ .
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is always invertible, we can compute 922" from all the other variables. This then gives a
translation of the Euler-Lagrange equation through the Legendre transform to the Hamil-

ton equations
9¢ _  OH
ot Op
op _ _OH

For example, if we start with the Lagrangian

Lit, 2, 1) = %m(:r;l)Q V()

oL

5o, = M1, SO that z1 = £

of Newtonian mechanics, we get the momentum variable p =

and
2

p
tqp szle_ tl}l‘l)_%‘i“/(Q)

The Hamilton equations are given by

9q  _ OH _ p
gt - aap T mo
op — __H — — !
ot 0q V(Q)

and one recognize in them the usual equations of Newtonian mechanics.

7.5 Hamilton-Jacobi equations

The main interest of Hamilton-Jacobi equations is that it replaces the problem of solving
the second order Euler-Lagrange equations by a simpler, first order equation, whose formal
solution space (in the sense of algebraic analysis, see Chapter 11) is a classical finite
dimensional sub-variety of the Euler-Lagrange equation, that one can study with simple
geometric tools. Vitagliano has actually expanded on this simple idea by defining an
Hamilton-Jacobi problem for a general partial differential equation as a finite dimensional
sub-equation (that gives a method to construct explicit solutions of a given complicated
system).

We first give here a coordinate description, basing on Arnold [Arn99], p253-255. We
then give a coordinate free presentation, basing on Vitagliano [Vit11] and Carinena et al.
[CGMT06].

Definition 7.5.1. Let # : C = I x X — I = M be a bundle of classical mechanics
as in last section and let S : I'(M,C) — R be a local action functional of the form

f] (t,z, Opz)dt. Let (tog,xo) € C be a fixed point. The Hamilton-Jacobi action
functlon

Shj C =R
is defined as the integral

Shj:(to,wo) (t, :E) = /L(t, Lext, 8txezt)dt
I

where x.. : M — C'is the extremal trajectory starting at (to,zo) and ending at (x,t).
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For this definition to make sense, one has to suppose that the mapping (zo1,t) — (x,1),
given by solving the equations of motion with initial condition z(0) = x¢ and 0,z (0) = x4,
is non-degenerate. This can be shown to be possible in a small neighborhood of the initial
condition. We thus stick to this case.

Theorem 7.5.2. The differential of the Hamilton-Jacobi action function (for a fized
initial point) is equal to
dSh; = pdq — Hdt

where p = g—qu and H = pq. — L are defined with help of the terminal velocity ¢, =

Oy Zext(t, ) of the extremal trajectory.

Corollary 7.5.3. The action function satisfies the Hamilton-Jacobi equation

oS oS

We now give a coordinate free presentation of the Hamilton-Jacobi formalism, basing
ourselves on Vitagliano [Vit11l] and Carinena et al. [CGM™06]. As before, we denote
7:C =1xX — I = M the bundle of classical mechanics and Jet'C' = TX x I the
corresponding jet space. Let Jet'C' := T*X x I be its dual bundle. One has a natural
isomorphism

Jet'C xo Jet'C 2 I x TX xx T*X.

Definition 7.5.4. Let L : Jet'C — R be a Lagrangian density. Its Legendre correspon-
dence
Leg; : Jet'C — Jet'C,

is defined as the subspace 'Ly, C Jet'C x ¢ Jet'C given by

oL
Dreg, = {(t,x,xl, 67)} C Jet'C x ¢ JetiC.
1

One says that a section s € T'(C, Jet'C x¢ Jet'C), given by a pair of sections (X, W) of
the form
Jet'C' x ¢ Jet'C —— Jet'C

Jet'C ————=C
X

is a solution to the generalized Hamilton-Jacobi equation if
ixs'w = s"dE

and im(s) C ' eg, where E(t, 2, 21,p) = pr1 — L(t, z, z1) is the Hamiltonian function and
w is the canonical symplectic form on 7% X.

The following theorem was proved by Carinena et al. [CGM™06].
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Theorem 7.5.5. The two following conditions are equivalent:
1. s = (X, W) is a solution to the generalized Hamilton-Jacobi equation,
2. every integral curve of X is a solution of the Fuler-Lagrange equations.

If further the Legendre transform is invertible, then X = Leg™* o W and the combination
of the generalized Hamilton-Jacobi equation with the equation

sfw =0

15 locally equivalent to the condition that W = dS and S s a solution to the classical
Hamilton-Jacobi equation.

This formulation of the Hamilton-Jacobi formalism has been extended to higher field
theories by Vitagliano (see [Vit10] and [Vit11]).

7.6 Poisson reduction

We refer to the book [Ber01] for an introduction and to [GS90] for a more complete account
of the theory in the symplectic setting. For the Poisson setting, we refer to [But07], Part
A, 1, 6.1. We use also the article of Kostant-Sternberg [KS87] and Marsden-Weinstein
IMW74].

Definition 7.6.1. Let G be a Lie group. A Hamiltonian G-space is a tuple (M, m, p, )
composed of

1. A Poisson variety (M, ),
2. A G-action ¢ : G x M — M that is canonical, i.e., respects the Poisson bracket,

3. a linear map ¢ : g — Oy from the Lie algebra g = Lie(G) to the Poisson algebra of
functions on M such that

{0(6), .} = &m(=)

where g — Oy, & — &) is the infinitesimal action.
The moment map of a Hamiltonian G-space is defined as the G-equivariant map

J: M — g
m = [ 0(5)(m).

Following Marsden and Weinstein, one says that u € g* is a weakly regular value of J

if
1. J~!(u) is a sub-manifold of M and

2. for every m € J~!(p), the inclusion T,,(J () C Ker(D,,J) is an equality.
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The main theorem of Mardsen-Weinstein’s symplectic reduction is the following.

Theorem 7.6.2. Let (M, 7, p,0) be a Hamiltonian G-space (that is supposed to be sym-
plectic). Suppose that € g* is a reqular value for the moment map J and that the
isotropy group G, of ju acts freely and properly on the constraint surface C, := J~'(u).
Then the variety

CM/GM
s equipped with a natural symplectic form.

An algebraic Poisson version of this construction can be given by the following.

Proposition 7.6.3. Let (M, 7, ¢, ) be a Hamiltonian G-space. Let p € g* be an element
and suppose that the ideal Zc of the constraint subspace J () C M is closed by the
Poisson bracket (one talks of first class constraints). Then the algebra

(On/Zc)™®

of Zo-invariant functions (such that {Zc, f} = 0) in the quotient algebra is a Poisson
algebra.

Remark that the above Poisson reduction identifies with the Mardsen-Weinstein re-
duction of the above theorem with its hypothesis.

7.7 The finite dimensional BRST formalism

The presentation of this section is based on Kostant-Sternberg [KS87]. The BRST formal-
ism gives a simplified Hamiltonian analog of the Batalin-Vilkovisky homotopical Poisson
reduction of gauge theories, that is treated in Chapter 12.

Let (M, 7, ¢, d) be a Hamiltonian G-space and suppose that 0 € g* is a regular value of
the moment map J : M — g*. This implies that the ideal Z of the subspace C := J~1(0)
is generated by the image of 9.

We consider ¢ as a dg-module

C:=[g® Oy - Oy
-1 0
and define the Koszul resolution as the symmetric algebra
K :=Symp,, _4,(C).

As a graded algebra, we have K = & A* g ® Oy, and the differential is given by defining
(1@ f)=0and 6(§®1) =1®4(£). One then has that

HY(K,0) = Oy /Tc = Oc.
We now consider K as a module over g and define

d: K — g ®K = Hom(g, K)



140 CHAPTER 7. HAMILTONIAN METHODS

by

(dk)(&) = &k, £ €9, ke K.
It is a morphism of modules over the dg-algebra K. One extends this differential to the
algebra

At =y, (I 07 0 1)

This bidifferential bigraded algebra is called the BRST algebra. One gets as zero coho-

molo
o HO(A°", d) = K?

for the differential d the space of g-invariants in K and the cohomology
HO(HO(A%,6),d) = OF,

is the space of functions on the Poisson reduction on the given Hamiltonian G-space.
The total complex (Tot(A**), D) is called the BRST complex. One can make the
hypothesis that its zero cohomology is equal to the above computed space OF, of functions
on the Poisson reduction.
Now remark that one has a canonical isomorphism

Ng@Ng =N (gog’)
that induces a split scalar product on A*(g @ g*) given by the evaluation of linear forms.
Let C(g @ g*) be the corresponding Clifford super-algebra.

Lemma 7.7.1. The super-commutator in C(g® g*) induces a super-Poisson structure on
N(g@g").

Proof. Let ¢; and ¢; be representative elements in the Clifford algebra for some elements
in the exterior algebra of respective degrees ¢ and j. The class of the super-commutator

[c;,¢j] in the degree i + j exterior power depend only of the classes of ¢; and ¢;. This
operation fulfills the axioms of a super Poisson algebra. O

The main theorem of homological perturbation theory is the following.

Theorem 7.7.2. Under all the hypothesis given above, there exists an odd element © €
A**, called the BRST generator, such that the Poisson bracket by © is precisely the BRST
differential D, 1i.e.,

{©,.}=D
on the total complex Tot(A**). Since D* = 0, this element fulfills the so called classical
master equation

(0,0} =0.

Remark that in the case of a group action on a point X = {e}, the BRST generator
© € A*(g @ g*) is simply given by the Lie bracket on g

O=[,]€g"Ng'Ng
and the BRST cohomology identifies with the Lie algebra cohomology.
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Homotopical algebra

One may think of homotopical algebra as a tool to compute and study systematically
obstructions to the resolution of (not necessarily linear) problems. Since most of the
problems that occur in physics and mathematics carry obstructions (see the motivation
section of Chapter 9 for an intuitive account of the main examples that we will encounter),
one needs tools to study these and give an elegant presentation of the physicists’ ideas
(that often invented some of these tools for their own safety).

In this book, we chose to base our presentation on the setting of doctrines, of higher
categorical logic. This setting carries in itself the methods of obstruction theory, because
all the obstructions we want to study may be defined, at some point, as some kinds of
(higher) Kan extensions of models of theories in some given doctrines.

In this chapter, we want to present the main tools that allow to compute explicitely
these abstractly defined obstructions, by giving a concrete flavor to the idea of general
obstruction theory. Along the way, we will also explain the various approaches that allow
to base higher category theory on usual category theory, described in a set theoretical
fashion. These results are useful to have a precise definition of what higher categories
are, but they also allow to relate the classical axiom of choice of set theory with existence
problems in doctrinal mathematics, i.e., with the doctrinal axiom of choice.

In the next chapter, we will also explain how this concrete approach to obstruction
theory may be used to give a geometrical presentation of part of it, called homotopi-
cal geometry. The use of these geometrical methods gives fruitful intuitions to better
understand the physicists’ constructions, particularly for gauge theories.

The whole treatment of homotopical algebraic methods would require a book with
a number of five hundred pages volumes strictly bigger than three (see Hovey’s “model
categories” [Hov99], Toen-Vezzosi’s “Homotopical algebraic geometry I and II” [TV02],
[TVO08] and Lurie’s “Higher topos theory” [Lur09d] and “Derived algebraic geometry”
[Lur09b] to have an idea of the scope). We refer to the above literature (and other
introductory references along the way) for the interested reader.

141



142 CHAPTER 8. HOMOTOPICAL ALGEBRA

8.1 Localizations and derived functor

The main objects of homotopical algebra are localizations of categories. Given a category
C and a multiplicative class of morphisms, the localization C[W ] is the universal category
in which all morphisms of W become isomorphisms. This universal property should be
taken in a 2-categorical sense to be enough flexible. Recall that the symmetric monoidal
category

(CaT, x)

of categories with their cartesian product have an internal homomorphism object given
for C, D two categories by the category Mor(C, D) of functors F' : C — D, with morphisms
given by natural transformations.

We first give a definition of localization of categories adapted to n-categories and *°n-
categories. In applications, we will often use *°1-localizations of usual categories, so that
this level of generality is necessary.

Definition 8.1.1. Let C be an n-category and W be a multiplicative class of morphisms in
C. If D is an n-category, we denote Mory,—:(C, D) the n-category of functors F': C — D
that send morphisms in W to isomorphisms. A localization of C with respect to W
is the datum of a pair (C[W~!], L) composed of an n-category C[W '] and a functor
L :C — C[W™!] such that for every n-category D, the functor

m<C[W71]7 D) — MW—l(Cu D)
G — GolL

is an equivalence of n-categories.

We now describe the existence result in the case of usual categories. Higher categories
will be treated later.

Theorem 8.1.2. Localizations of categories exist and are unique up to a unique equiva-
lence of categories.

The proof of the above theorem, that may be found in [GZ67], is “easy” and construc-
tive: objects of the localized category are given by sequences

Xl = XQ = anl _)Xn

where left arrows are in the class W. Two such strings are equivalent if, after forcing
them to the same length, they can be connected by a commutative diagram with vertical
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arrows in W of the form

X i —X, - ~— X, — X,
| -
D — Xy —— X,
p PR G — P —
| T S
I — 7 s~ Y Xy

From the construction, it is not clear that the class Homepy-17(X,Y’) of morphisms
between two given objects of the localized category form a set. This is not so problematic
because we allowed ourselves to work with categories where homomorphisms form classes.
However, a more critical problem with the above construction is that one can’t compute
anything with it because its morphisms are not given in a concrete and explicit way.

We now define left and right derived functors, that are particular examples of left and
right Kan extensions (see Definition 1.1.12). We refer to [KMOS§] for a complete treatment
of derived functors using 2-categorical methods.

Definition 8.1.3. Let C be a category, W be a multiplicative set of morphisms in C and
L :C — C[W™!] be the corresponding localization. Let F': C — D be a functor. A right
derived functor for F is a pair (RF,a), composed of a functor RE' : C[IW~!] — D and a
natural transformation a : RF o L = F giving a diagram

c—Lt=cw
Yy l
RF

D

F

such that for every pair (G,b) composed of a functor G : C[W~!] — D and of a natural
transformation b : G o L = F', there exists a unique natural transformation ¢ : G = RF
such that the equality b = a o ¢, visualized by the following diagrams

c—= cw-] =c—Lts=cw Y
4, LG
Za RF|<|G r
F c D

is true. A total right derived functor is a pair (RF, a) such that for all functors H : N —
N’, the composed pair (H o RF, H % a) is a right derived functor for H o F'. One defines a
left derived functor for F' by the same property with the reversed direction for 2-arrows.
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Remark that Definition 1.1.12 also works without change in the *°2-category of *°1-
categories, giving a notion of *1-derived functor. It may also be formulated in the *°1-
category of *°1-categories, using that fact that functors between them also form an *°1-
category (see Remark 1.1.13 and Corollary 8.6.8).

As said above, one can’t really compute with localized categories because their mor-
phism sets are combinatorially very big (and sometimes not even sets). The model cat-
egory setting gives a method to replace objects of the localization with simpler objects
called fibrant or cofibrant resolutions, so that morphisms in the localization and derived
functors become explicitely computable. It is usually a tedious work to show that a given
category fulfill the model category axioms, but in the examples of interest for physics,
this work has already been done by topologists and algebraists, so that we can use them
as black boxes to make explicit computations with physical theories.

8.2 Model categories

The setting of model categories was first defined by Quillen [Qui67] to make homotopy
theory functorial and symmetric, and to treat with unified methods:

e classical homotopy theory, which will involve a model category structure on the
category of topological spaces, and

e homological algebra (derived categories), which will involves a model category struc-
ture on the category of complexes of modules over a ring.

For short presentations, we refer to Toen’s various introductory articles on his webpage,
and in particular the course [Toe] and to Keller’s notes [Kel06], 4.1. For more details, we
use Hovey [Hov99] and Dwyer-Spalinski [DS95].

The aim of the theory of model categories is to give a workable notion of localization of
a category C with respect to a given multiplicative class W of morphisms, whose elements
will be denoted by arrows with tilde —.

The general definition of model categories can be found in [Hov99], 1.1.3 (see also
Quillen’s original book [Qui67], and [Cis10] for weakened axioms).

Definition 8.2.1. A model category is a complete and cocomplete category C (i.e., a
category that has all small limits and colimits) together with the following data

e three distinguished classes (W, Fib, Cof) of maps in C, (whose elements are respec-
tively called weak equivalences, fibrations and cofibrations, and respectively denoted
—, — and »);

e There are two functorial factorizations f — (p,d'), f — (p/,i) (i.e., f = poid and
f =p oi, functorial in f),

subject to the following axioms

1. (2 out of 3) If (f, g) are composable arrows (i.e. fo g exists), then all f, g and fog
are in W if any two of them are;



8.2. MODEL CATEGORIES 145

2. (Left and right lifting properties) Calling maps in W N Fib (resp. W N Cof) trivial
fibrations (resp. trivial cofibrations), in each commutative square solid diagram of

the following two types
E 7
ZIN ip 1[ ,_,..-*'Nip

— —_—

the dotted arrow exists so as to make the two triangles commutative.

3. (Retracts) If a morphism f is a retract of a morphism g, meaning that there is a
commutative diagram

and f is a weak equivalence (resp. a fibration, resp. a cofibration), then g is a weak
equivalence (resp. a fibration, resp. a cofibration);

4. (Factorizations) For the functorial factorizations f — (p,i), f — (p',i), p is a
fibration, ¢ a trivial cofibration, p’ is a trivial fibration and 7 a cofibration.

The homotopy category of a model category C is defined as the localization
h(C) :=C[W].

Remark that these axioms are self-dual, meaning that the opposite category is also a
model category (with exchanged fibrations and cofibrations), and that the two classes Fib
and Cof are determined by the datum of one of them and the class W of weak equivalences
(by the lifting axiom). We now define the notion of homotopy of maps.

Definition 8.2.2. Let X € C, a cylinder for X is a factorization

X xede |y

\ U]N
Cyl(X)

of the canonical map X [[X — X into a cofibration followed by a weak equivalence.
A cylinder for X in the opposite category is called a path object or a cocylinder. If
fyg: X — Y are maps, a left homotopy is a map h : Cyl(X) — Y such that the following
diagram commutes

X

e

Cyl(X) L=y

A

X
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A right homotopy is a left homotopy in the opposite category. Left and right homotopies
are denoted h: f ~;gand h: f ~, g.

The factorization axiom of model categories ensures the existence of functorial cylin-
ders and cocylinders.

Ezample 8.2.3. In the category ToP of (Hausdorff and compactly generated) topological
spaces, one defines the classical cylinder of X by Cyl.(X) = X x [0,1]. It is then clear
that the injections iy, i; : X — Cyl (X)) are closed and the projection u : Cyl (X) — X
is a homotopy equivalence because [0, 1] can be contracted to a point. One can use this
classical cylinder to define in an ad-hoc way the notion of (left) homotopy of maps between
topological spaces. Two maps f,g : X — Y are then called homotopic if there is a map
h: X x[0,1] — Y such that ~(0) = f and h(1) = g. This is the usual notion of homotopy.
One then defines the homotopy groups of a pointed pointed topological space (X, *) as
the homotopy classes of pointed continuous maps

7T1<X) = HOInTOP((Si? *)7 (X7 *))/ ™~

from the pointed spheres to (X, *). These can be equipped with a group structure by
identifying S™ with the quotient of the hypercube [0, 1]™ by the relation that identifies its
boundary with a point and setting the composition to be the map induced by

| [z, 29, ...1,) for xy € [0,1/2] and
(f*xg)(x1,...,2y) = { (f*;)(;l,xg,...7xn)1: g(2xy — 1,29, ..., 2,) for zy € [1/2,1]

on the quotient space. The main example of model category is given by the category Top
of topological spaces, where

e weak equivalences are given by weak homotopy equivalences (i.e., maps inducing
isomorphisms on all the m;’s, for any choice of base-point),

e fibrations (also called Serre fibrations) p : X — Y have the right lifting property
with respect to the maps D" x {0} — D™ x [ for all discs D™

D" — X

D'x] — Y

e cofibrations ¢ : X — Y have the left lifting property with respect to fibrations
(these can also be described as retracts of transfinite compositions of pushouts of
the generating cofibrations S"~* — D™).

In this model category, the classical cylinder Cyl.(X) is a cylinder for X if X is cofibrant.
The mapping space Cocyl(X) := Hom([0, 1], X'), equipped with the topology generated
by the subsets V (K, U) indexed by opens U in X and compacts K in [0, 1], and defined
by

V(E,U) = {f :[0.1] = X, f(K) C U},

is a path (or cocylinder) for X if X is fibrant.
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For C a model category, the associated homotopy category is defined as before h(C) =
C[W~1. Since C is complete and cocomplete, it contains an initial object () and a final
object *. An object x is called fibrant (resp. cofibrant) if the natural map = — % (resp.
) — z) is a fibration (resp. a cofibration). The existence of functorial factorizations
applied to these map imply the existence of two functors R,Q : C — C together with
natural transformations id — R, () that are object-wise natural equivalences. The functor
R is called the fibrant replacement functor and () the cofibrant replacement. They are
valued respectively in the subcategory C; and C. of fibrant and cofibrant objects. Denote
C.y the subcategory of objects that are fibrant and cofibrant.

The main structure theorem of model category theory is the following (see [Hov99],
Theorem 1.2.10).

Theorem 8.2.4. Let C be a model category.

1. (Simple description of objects) The natural inclusion C.y — C induces an equivalence
of categories

h(Ccr) — h(C)

whose quasi-inverse is induced by R(Q).

2. (Simple description of morphisms) The homotopy category h(C.r) is the quotient
category of Cep by the (left or right) homotopy relation ~, i.e.,

Homh(ccf)(%y) = Homccf (z,y)/ ~ .

3. There is a natural isomorphism

Homy,c)(z,y) = Home(QX, RY).

This gives a nice description of maps in the homotopy category h(C) as homotopy
classes of maps in C:

[z,y] := Hompey (2, y) = [RQz, RQy] = Home(RQx, RQy)/ ~= Home(Qx, Ry)/ ~ .

We now introduce the notion of homotopy limits (see Toen’s lecture notes [Toe| for
an introduction and Cisinski [Cis10] for an optimal formalization). These give tools to
describe limits (defined in Section 1.1) in co-categories, by restriction to the case of higher
groupoids through Yoneda’s lemma.

Definition 8.2.5. Let I be a small category, C be a category, equiped with a class W of
morphisms. Let C! := Morc,,(I,C) be the category of I-diagrams in C and W; be the
class of diagrams that are objectwise in W. Let L : C — C[W ™! and L; : CT — CI[W;}]
be the localizations and ¢ : (C,W) — (C!,W;) be the constant diagram functor. A
homotopy limit functor (resp. homotopy colimit functor) is a right (resp. left) adjoint to
the localized constant functor

c:Cw= = ctw, .

The main theorem on classical homotopy limits can be found in the book [DHKSO04]
or in [Cis10].

Theorem 8.2.6. If (C,W) is a model category, then small homotopy limits exist in C.
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8.3 Quillen functors and derived functors

One then wants to study functors between homotopy categories induced by morphisms of
model categories. These are called Quillen functors. We refer to Dwyer-Spalinski [DS95]
for the following approach to derived functors by their 2-universal property, that improves
a bit on Hovey’s presentation in [Hov99].

Definition 8.3.1. Let C and D be two model categories, and
F:CsD:d
be a pair of adjoint functors.

1. If F preserves cofibrations and G preserves fibrations, one calls the pair (F,G) a
Quillen adjunction, F a left Quillen functor and G a right Quillen functor. If (F, G
is a Quillen adjunction, the natural functor

C.— D2 h(D)

(resp. Dy G te, h(C))

sends local equivalences in C. (resp. local equivalences in Dy) to isomorphisms, and
defines an adjoint pair

LF : h(C) = h(C.) = h(Dy) = h(D) : RG.
This adjoint pair between h(C) and h(D) can be explicitely computed by setting

LF =LpoFo@ and LG=LcoGoR.

2. Suppose in addition that for each cofibrant object A of C and fibrant object X
of D, amap f: A — G(X) is a weak equivalence in C if and only if its adjoint
f*: F(A) — X is a weak equivalence in D, then the pair (F,G) is called a Quillen
equivalence and ILF' and RG are inverse equivalences of categories.

The main property of derived functors is that they are compatible with composition
and identity. This follows easily from the above definition and the 2-universal property
of localizations.

Theorem 8.3.2. For every model categories C, there is a natural isomorphism e : L(id¢) —
idy(cy. For every pair of left Quillen functors F': C — D and G : D — & between model
categories, there is a natural isomorphism mgp : LG o LF — L(G o F).

The above compatibility isomorphism moreover fulfills additional associativity and
coherence conditions that can be found in [Hov99], theorem 1.3.7. One gets the right
derived version of this theorem by passing to the opposite category.
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8.4 Bousfield’s homotopical localizations

An important operation in homotopical sheaf theory is the notion of Bousfield /homotopical
localization. Given a model category C and a subset S of maps in C, find another model
category LgC in which the maps in S are weak equivalences. The localization functor
must be a left Quillen functor

f:C— LsC
that is universal with respect to left Quillen functors f : C — D that send images of
morphisms in S in A(C) to isomorphisms in h(D).

Let C = C[W '] be the co-localization of C. An object x of C is called S-local if it sees
maps in S as weak equivalences, i.e., if it is fibrant and for any y — 3 in S, the induced
map

More(y/', ) — More(y, z)
is an isomorphism of co-groupoid. A map f : x — 2’ is called an S-local equivalence if
it is seen as an equivalence by any S-local map, i.e., if for any S-local object y in C, the
induced map

More(2',y) — More(w,y)
is an isomorphism of co-groupoid.

Theorem 8.4.1. Let C be a standard model category. Then the following classes of maps
in C

e Wy := S-local equivalence;

e Cofg := cofibrations in C;

are part of a model structure on C, denoted by LsC and the identity functor induces a left

Quillen functor
C— LS C

that is universal among left Quillen functors whose derived functor send morphisms in S
to isomorphisms.

8.5 Simplicial sets and higher groupoids

We refer to the book [GJ99] for an introduction to simplicial sets.

The notion of simplicial set allows to give a purely combinatorial description of the
homotopy category of the category TOP of topological spaces. It is also a fundamental
tool in higher category theory, because it is a model for the theory of co-groupoids.

Let A be the category whose objects are finite ordered sets [n] = [0,...,n — 1] and
whose morphisms are nondecreasing maps.

Definition 8.5.1. A simplicial set is a contravariant functor

X : A? — SETS.

We denote SSETS the category of simplicial sets.
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To give examples of simplicial sets, one can use the following description of the category
A by generators and relations.

Proposition 8.5.2. The morphisms

d:n—1—=1[n 0<i<n (cofaces)
s/in+1]—=[n] 0<j<n (codegeneracies)

given by A
d(0,...,.n—=1])=1[0,...,i—1,i+1,...,n]

and A
s([0,...,n+1])=1[0,...,7,7,...,n]

fulfill the so-called cosimplicial identities

dd =  did ifi <
sidt = dis’™1 ifi1<j
sSidi = 1= s/dt!

sidt = dilsl ifi>7+1
sist = sigltt ifi<j

and give a set of generators and relations for the category A.

Define the n simplex to be A" := Hom(—, [n]). Yoneda’s lemma imply that for every
simplicial set X, one has
Hom (A", X) = X,,.

The boundary DA™ is defined by
(OA" ) == A{f : [m] = [n], im(f) # [n]}
and the k-th horn AT C 9A™ by
(AR)m == {f : [m] = [n], k ¢ im(f)}.

The category SSETS has all limits and colimits (defined component-wise) and also internal
homomorphisms defined by

Hom(X,Y) : [n] = Homa, (X X A,,Y x A,,) = Hom(X x A™Y).

The geometric realization |A"| is defined to be

A" == {(to, ..., t,) € [0, 1] t; =1},

It defines a covariant functor |.| : A — ToP with maps 6, : |A"| — |A™| for 0 : [n] — [m]
given by
O.(to, .- tm) = (S0, -, Sn)
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where
{ 0 it 07'(i) =10
S; = . 1/
The geometric realization of a general simplicial set X is the colimit
| X | = colim an_, x |A"]

indexed by the category of maps A" — X for varying n. The oco-groupoid (also called
the singular simplex) of a given topological space Y is the simplicial set

o (Y) : [n] = Homrep(|A™[,Y).
The geometric realization and co-groupoid functors are adjoint meaning that
Homop (| X1, Y) = Homgsers (X, oo (Y)).

Definition 8.5.3. The simplicial cylinder of a given simplicial set is defined as Cyl(X) :=
X x Al Let f,g: X — Y be morphisms of simplicial sets. A homotopy between f and
g is a factorization

Fibrations of simplicial sets are defined as maps that have the right lifting property
with respect to all the standard inclusions A} C A", n > 0.

Definition 8.5.4. A morphism p : X — Y of simplicial sets is called a fibration (or a
Kan fibration) if in every commutative square

A} —>4X ,

PN v
the dotted arrow exists to as to make the two triangle commutative. A simplicial set X
is called fibrant (or a Kan complex) if the projection map X — {x} is a fibration.
Let X be a simplicial set. Its set of connected components is defined as the quotient

mo(X) == Xo/ ~

by the equivalence relation ~ generated by the relation ~q, called “being connected by a
path”| i.e., Tg ~1 x1 if there exists v : A’ — X such that v(0) = xy and (1) = ;.

Lemma 8.5.5. The functor my : SSETS — SETS commutes with direct products.
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Proof. This follows from the fact that my(X) identifies naturally to the set of connected
components 7o (| X |) of the geometric realization, and geometric realization commutes with
products. O

The above lemma implies that simplicial sets may be equiped with a new category
structure SSETS™, whose morphisms are given by elements in mo(Hom(X, Y')), and whose
composition is induced by the internal composition map

Hom(X,Y) x Hom(Y, Z) — Hom(X, 7).

Definition 8.5.6. A morphism f: X — Y of simplicial sets is called a weak equivalence
if for all fibrant object Z, the natural map

mo(Hom(f, Z)) : mo(Hom(Y, Z)) — mo(Hom(X, 7))
is bijective.
The following theorem is due to Quillen [Qui67].

Theorem 8.5.7. The category of simplicial sets is equiped with a model category structure
such that

1. weak equivalences are weak equivalences of simplicial sets,
2. fibrations are Kan fibrations,

3. cofibrations are injections.

Definition 8.5.8. The above defined model structure is called the model structure of
higher groupoids, and denoted *GRPD.

Let X be a fibrant simplicial set and z : A — X be a base point of X. For n > 1,
define the homotopy group , (X, z) as the set of homotopy classes of maps f: A" — X
that fit into a diagram

At x
OA™ —— A"
The geometric realization of such maps correspond to maps
f:8" = |X|
Theorem 8.5.9. Weak equivalences of simplicial sets may be defined as morphisms that

induce isomorphisms on homotopy groups, for any choice of base point v : A® — X.

Theorem 8.5.10. The geometric realization and the co-groupoid functors induce a Quillen
adjunction
| — | : °GRrPD & Top : 11,

whose derived version is an equivalence of homotopy categories

L| - | : H(*GRPD) S h(ToP) : RIL...
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8.6 oo-categories

In this section, we will often use the basic notions of higher category theory described in
Section 1.1. In particular, we suppose known the abstract notions of Kan extensions and
limits given in Definitions 1.1.12 and 1.1.14, with the adaptation given in Remark 1.1.13.

The simplicial approach to higher category theory finds its roots and extends the
Dwyer-Kan simplicial localization methods [DK80]. Recall from Section 8.5 that there is
a natural model structure **GRPD on the category of simplicial sets whose equivalences
are weak homotopy equivalences. We now describe another model structure *CAT whose
equivalences are categorical equivalences. This leads to Joyal’s quasi-categories. This
gives a nice model for a theory of *1-categories (see Section 8.10), that we will simply
call co-categories. We refer to [Joyll], [Lur09d] and [Lur09c| for nice accounts of these
structures and of their use in geometry and algebra. These are the simplest generalizations
of nerves of categories that also allow to encode higher groupoids.

In this section, we give an elementary presentation of co-categories, that is easier to
work with than the abstract one, whose definition will be sketched in Section 8.10. It is
useful to present both approaches because the less elementary method of loc. cit. makes
the generalization of usual categorical concepts more simple and natural than the present
one.

Definition 8.6.1. Let C be a category. The nerve of C is the simplicial set N(C) whose
n-simplices are

N(C), := Homgar([n],C),
where [n] is the linearly ordered set {0,...,n}. More concretely,
1. N(C)o is the set of objects of C,
2. N(C); is the set of morphisms in C, and

3. N(C), is the set of families

of composable arrows.

To define the simplicial structure of N(C), one only needs to define maps

di : N(C)p, & N(C)p—1, for0<i<n (faces)
s;  N(C)p = N(C)py1, for 0 <j<n (degeneracies)

satisfying the simplicial identities, described in Section 8.5. The faces d; are given by

composition

fie fix10fi fi n
AL Lo VSN (VL= S N

of two consecutive arrows and the degeneracies s; by insertion of identities

oo o S 5
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Let a; : [1] — [k] be the morphisms in the simplicial category A given by a*(0) = i
and a’(1) =i+ 1 for 0 <i <k — 1 and let a; be the corresponding maps in A%. Denote
X the simplicial set N(C)(a;). The map

X(a,) = Xk — X1

simply sends a family of k& composable arrows to the i-th one. Their fiber product give
the so-called Segal maps

QOkIXk—>X1 X ... XXl,
Xo Xo

and by definition of X}, these maps are bijections.
Proposition 8.6.2. Let CAT be the category of small categories. The nerve functor

N: Car — SSETS
C — [n]— Homgu([n],C)

is a fully faithful embedding, with essential image the subcategory of simplicial sets whose
Segal maps are bijections. Moreover, it has a left adjoint 1, called the fundamental
category functor.

Proof. The full faithfulness is clear from the above description of the nerve. The existence
of an adjoint to the nerve functor follows formally from the completeness of the categories
in play (see [GZ67]). We only describe it explicitely. Let X be a simplicial set. Two
elements f and g of X are called composable if there exists h € X, such that hj; = f
and hp g = g. Their composition is then given by hj2. We put on X; the smallest
equivalence relation generated by this composition, that is stable by composition. We
define 7(X) as the category whose objects are elements in X, whose morphisms are
families (f1, ..., fn) of elements in X; that are composable, quotiented by the composition
equivalence relation. O

Definition 8.6.3. A quasi-fibration of simplicial sets is a morphism p : X — Y such that

every commutative square
A —X

A" —>Y
with 0 < k < n can be completed by a dotted arrow so as to make the two triangles
commutative. A categorical equivalence of simplicial sets is a morphism f : X — Y that
induces an equivalence of categories

n(f):n(X) = n((Y).

A quasi-category is a simplicial set X such that the morphism X — {x} is a quasi-
fibration. More precisely, it is a simplicial set such that for 0 < k < n, there exists a
dotted arrow rendering the diagram

Y

AP — X

ATL
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commutative. An oco-groupoid is a quasi-category such that the dotted arrow in the above
diagram exists of 0 < k& < n.

Remark that an oco-groupoid is exactly the same as a fibrant simplicial set for the
model structure *°GRPD of Section 8.6 (i.e., a homotopy type), and a quasi-category such
that the dotted arrow rendering the diagram

An

commutative is unique is simply a nerve.

Lemma 8.6.4. A simplicial set C is a quasi-category if and only if the projection
HO—mSSETs(A27 C) — HO—mSSETs (Ai C)

s a trivial fibration.

We now give an intrinsic formulation of the fact that the collection of oco-categories
form an oo-category.

Theorem 8.6.5. There exists a model structure on SSETS, denoted *°CAT, whose fi-
brations are quasi-fibrations, whose cofibrations are monomorphisms, and whose weak
equivalences are categorical equivalences. Its fibrant objects are quasi-categories.

Proof. We refer to [Joyll], and [Lur09d] for a complete proof. O

Theorem 8.6.5 may be improved, by saying that the collection of co-categories form an
>2-category (with non-invertible 2-morphisms). We will explain this shortly in Section
8.10. This is mandatory to our treatment of Kan extensions, limits, and colimits in
Section 1.1, exactly as in the classical categorical setting, because these definitions use
°°2-categorical universal properties. However, one may avoid passing to this 2-dimensional
setting by using only the above results. This viewpoint was systematically taken care of
by Joyal [Joy11l] and Lurie [Lur09d].

Definition 8.6.6. An oco-category is an object of the homotopy category of *CAT.
The following result shows that quasi-categories themselves form a quasi-category.
Proposition 8.6.7. If X is a simplicial set and C is a quasi-category, the simplicial set
mC’OCAT(XJ C) = I_IO—mSSETS(X7 C)

is a quasi-category. Moreover, if F': X —Y or G :C — D are categorical equivalences,
then
M(F’C> : mo"CAT(X7 C) — m“’CAT(Y? C)

and
M(X’ G) : MWCAT(X7 C) — m“’CAT(‘X? D)

are categorical equivalences.



156 CHAPTER 8. HOMOTOPICAL ALGEBRA
Corollary 8.6.8. The model category *CAT is cartesian closed. The collection of oo-
categories form an co-category *°CAT.

Proof. This is proved in [Joyl1] and [Lur09d]. The quasi-category *°CAT is naturally asso-
ciated, through a simplicial nerve construction, to the simplicial category whose simplicial
sets of morphisms are given by invertible co-functors, i.e., by a maximal Kan complex in
the quasi-category Morec,.(C, D). O

Definition 8.6.9. If C is a quasi-category representing an co-category, one calls

1. elements in Cy its objects,
2. elements in C; its morphisms,

3. elements in Cy its compositions.

If C is a quasi-category, one may interpret elements in Cy as triangular 2-morphisms

Xf—>Y

in the corresponding oco-category, encoding compositions. Remark that the arrow g o f
is only unique up to equivalence, and that the 2-morphism a is invertible only up to a
3-morphism, that may be drawn as a tetrahedron.

The following theorem is completely central and at the origin of the simplicial approach
to higher category theory. It is essentially due to Dwyer and Kan [DKS80].

Theorem 8.6.10. Let C be an oco-category and W be a class of morphisms in C. There
exists a localized oo-category, i.e., a functor L : C — C[W™!] such that for every oo-
category D, the functor

M(C[Wil]u D) — MW—l(Cu D)
G — GolL

s an equivalence of co-categories.

Theorem 8.6.11. If F': (C,W¢) = (D, Wp) : G is a Quillen adjunction between model
categories. There is an co-adjunction (in the sense of Definition 1.1.10)

LF:C[W; 'l =S DW5']: RG
between the associated oo-localizations.
Proposition 8.6.12. The identity functors
“GRPD S CAT

induce a Quillen adjunction between the two given model categories on SSETS. The cor-
responding adjunction on homotopy categories is also denoted

i : h(*GRPD) = h(*CAT) : 19,

and the functor i is a fully faithful embedding.
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Definition 8.6.13. Let C be a quasi-category, and = and y be two objects of C. The
simplicial set of morphisms from x to y is defined by the fiber product

mC($a y) - HO—mSSETS(Alv C)

| o

Ng— . cxe

We now show that oo-categories have the nice property of being weakly enriched over
oo-groupoids, in the sense of the following proposition. This implies that they are a good
candidate for a theory of *°1-categories.

Proposition 8.6.14. The simplicial set Morg(x,y) is a Kan complex. There ezists a
morphism of simplicial sets

o : Mors(x,y) X Mor,(y, z) — Mor.(z, 2)

that gives an associative composition law in the category °GRPD, unique up to isomor-
phism.

Proof. From Lemma 8.6.4, we know that the natural map
I—IO—mSSETS(A27 C) — HO—mSSETs (A%v C)

is a trivial fibration, so that it has a section s. One has a natural cartesian square

I—IO—mSSETS(A%7 C) I—Io—mssETs (Ala C) )
| |
HO—mSSETs<A1> C) _S>—H0mSSETS<AO7 C) =C

so that the map Hom(d;,C) : Hom(A? C) — Hom(A',C) induces, by composition with s
a composition law

o : Homggys(A',C) = Homggppg (A", C) — Homggpg (A", C).
This map reduces to a well defined composition map
o : More(z,y) x More(y, z) — More(z, 2).
By construction, this law is unique up to isomorphism and associative in *°*GRPD. O

We now define the notion of limits in oco-categories. One may give a more explicit
presentation in the setting of quasi-categories, but this would take us too far (see [Lur09d]
and [Joyl11]).

Definition 8.6.15. Let C and I be two oo-categories. A limit functor (resp. colimit
functor) is a right (resp. left) adjoint to the constant co-functor

C= m‘”CAT(*7C> - MOOCAT(L C)
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The only limits that we really need to compute explicitely are given by limits of higher
groupoids, because we will always use Yoneda’s lemma to reduce computations of limits
in oo-categories to computations of limits for their morphism spaces.

We now use the nerve construction to give an explicit description of homotopy limits
and homotopy colimits of simplicial sets (see [GJ99], [?] and [Lur09d], Appendix A). The
fact that every simplicial set is cofibrant implies that homotopy colimits have a simpler
description than homotopy limits.

Definition 8.6.16. Let f : I — SSETS be a diagram of simplicial sets indexed by a
small category. For each n, denote Ff, the so-called translation category, with objects
(i,x), with ¢ an object of I and = € f(i),, and morphisms « : (i,2) — (j,y) given by
morphisms « : i — j of I such that f(«a),(z) = y. The homotopy colimit of f is the
diagonal simplicial set of the bisimplicial set

hocolimf = [n — N(Ef,)],

obtained by composing with the diagonal functor A” — A x A°. The homotopy limit of
a diagram f : [P — SSETS whose values are Kan complezes is defined dualy to colimits,
as diagonals of nerve of translation categories of the diagram f : I — SSETS?.

Concretely, one has

(hocolimf),, ,,, = H f(i0)n.

10—>i1 > —im
We refer to loc. cit. for a proof of the following proposition.

Proposition 8.6.17. The above defined homotopy colimits and limits of simplicial sets
are indeed the homotopy limits and colimits for the model structure °GRPD, and also the
oo-limits and co-colimits in the co-category *°GRPD.

We now give various examples of concrete computations of homotopy limits in the
oo-category
*GRPD = SSETS[W_, ']

obtained by localizing simplicial sets by weak homotopy equivalences (remark that we
have the same notation of the quasi-category and its homotopy category; its meaning
will be given by the working doctrine). These examples will play an important role in
applications.

Example 8.6.18. 1. Let GG be a group, seen as a category with invertible arrows, and
let BG be the associated nerve. Then one has a homotopy cartesian diagram

G——{x}.

|

{+} — BG
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2. Let (X, ) be a pointed topological space and QX := Hom((S',*), (X, *)) be the
topological space of continuous pointed loops in X. Then one has the homotopy
cartesian diagram

|

{x}—X

3. Let X be a topological space and LX := Hom(S', X) be the topological space of
(unpointed) loops in X. Then one has the homotopy cartesian diagram

LX X
|
X2, XxX

in Top (meaning that applying 11, : ToP — *“GRPD to it gives a homotopy
cartesian diagram).

4. More generally, if Y, Z C X are two closed subset of a topological space X, and
Ly ;X C HOIII([O, 1],X)
is the subspace of paths starting on Y and ending on Z, then one has the homotopy

cartesian diagram
evo

Ly zX —>T
Y X

5. Even more generally, if f : ¥ — X and ¢ : Z — X are continuous maps of
topological spaces, then one has a decomposition f = p o of the form

Y -5 Y xx Hom(A;, X) -2 X,

with p a fibration and 7 a trivial cofibration. The homotopy fiber product of f and
g is then given by the fiber product

Y xh Z = (Y xx Hom(Ay, X)) xx Z,

that is the relative space of path L, ,X, given by triples (y,v,2) with y € Y and
z € Z, and 7 a path in X from f(y) to g(z).

8.7 Stable oco-categories
We refer to Lurie [Lur09c|, Chapter 1, for the content of this section. The reader may

also refer to Quillen [Qui67] for a more classical treatment of similar matters, in terms of
pointed model categories.
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Definition 8.7.1. Let C be an oo-category. A zero object in C is an object that is both
initial and final. An oco-category is called pointed if it has a zero object.

The existence of a zero object implies the existence of a zero morphisms
0: X =Y

between every two objects in the homotopy category h(C) := 11(C).

Definition 8.7.2. Let C be a pointed oo-category. A triangle in C is a commutative
diagram
/

X—Y
| ;
0——Z7

where 0 is a zero object of C. A triangle in C is called a fiber sequence if it is a pullback
square, and a cofiber sequence if it is a pushout square. If it is a fiber sequence, it is called
a fiber for the morphisms g : Y — Z. If it is a cofiber sequence, it is called a cofiber for
the morphism f.

Definition 8.7.3. Let C be a pointed co-category. A loop space object is a fiber 2X for
the morphism 0 — X and a suspension object XX is a cofiber for the morphism 0 — X.

Definition 8.7.4. An oco-category C is called stable if it satisfies the following conditions:
1. There exists a zero object 0 € C,
2. Every morphisms in C admits a fiber and a cofiber,
3. A triangle in C is a fiber sequence if and only if it is a cofiber sequence.

In an oo-category, the loop space and suspension are autoequivalences
Q:C—Cand X:C—C

inverses of each other. Moreover, the homotopy category h(C) := 71(C) is additive.
Theorem 8.7.5. Let C be a stable co-category, let

f

Y

X
.
0

.7

be a fibration sequence, and let A be any object in h(C) then there is a long exact homotopy
sequence

.-+ — Hom(A, Q"™ Z) — Hom(A, Q"X) — Hom(A,Q"Y) — Hom(A,Q"Z) — ---
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Definition 8.7.6. Let C be an oo-category with finite limits. The stabilization of C is
the limit
Stab(C) := lim(---C —% O)

in the oo-category of oco-categories.

Definition 8.7.7. A pointed model category is a model category whose initial and final
object coincide.

If (M, W) is a pointed model category, its co-localization C = M[W ] is a pointed
oo-category.

Ezample 8.7.8. The category ToP, of pointed (Hausdorff and compactly generated) topo-
logical spaces is an example of a pointed model category. In this setting, the suspension
is given by the derived functor of the functor

X = 3(X)=XAS8"

of smash product with S* (product in the category ToOP, of pointed spaces) and the loop
is given by the pointed mapping space

X = Q(X) := Homp,_ (S, X).

The stabilization of the associated oco-category TOP, is the oo-category Sp of spectra.

Example 8.7.9. The category M0ODg,(A) of dg-modules on a given ring (see Section 8.8)
is another example of a pointed model category. In this setting, the suspension is given
by the shift functor

X — X[1]

and the loop space is given by the functor
X — X[-1].
The cofiber of a map f : M — N of complexes is given by the graded module

C(f)=M[1l]e N

d 0
dots) = (f?[ll]] dB)

acting on matrix vectors and the inclusion N — C(f) and projection C(f) — M][1] are
just the natural ones. If f: My — Ny is concentrated in degree 0, then C(f) is just given
by f itself with My in degree —1, so that H°(C(f)) is the cokernel of f and H~Y(C(f)) is
its kernel. If f : My — Ny is injective, i.e., a cofibration for the injective model structure,
one gets an exact sequence

equipped with the differential

0—>M0i>No—>H0(Cf) — 0.



162 CHAPTER 8. HOMOTOPICAL ALGEBRA
8.8 Derived categories and derived functors

Let A be an associative unital ring. Let (MODg4(A), ®) be the monoidal category of
graded (left) A-modules, equipped with a linear map d : C' — C of degree —1 such
that d?> = 0, with graded morphisms that commute with d and tensor product V @ W of
graded vector spaces, endowed with the differential d : dy ®idy +idy ®dy (tensor product
of graded maps, i.e., with a graded Leibniz rule), and also the same anti-commutative
commutativity constraint.

Remark that this category is pointed, meaning that its initial and finite object are
identified (the zero dg-module). It is moreover additive, meaning that morphisms are
abelian groups, and even an abelian category. We would like to localize this category with
respect to the class W of quasi-isomorphisms, (i.e., morphisms that induce isomorphisms
of cohomology space H* := Ker(d)/Im(d)). This is usually done in textbooks by the use
of the formalism of derived and triangulated categories. We provide here directly the
homotopical description of this construction.

The projective model structure on the category MoD,,(A) is defined by saying that:

e weak equivalences are quasi-isomorphisms,

e fibrations are degree-wise surjections, and

e cofibrations are maps with the left lifting property with respect to trivial fibrations.
The injective model structure on the category MoODgy,(A) is defined by saying that:

e weak equivalences are quasi-isomorphisms,

e cofibrations are degree-wise injections, and

e fibrations are maps with the left lifting property with respect trivial cofibrations.

Remark that it is hard to prove that these really define model category structures on
MoDg,(A) (see [Hov99]). Recall that a module P (resp. I) over A is called projective
(resp. injective) if for all surjective (resp. injective) module morphism M — N, the
morphism

HomMOD(A) (P, M) — HomMoD(A) (P, N)
(resp. HomMOD(A) (M, I) — HOIIlMOD(A) (N, ]))

is surjective.

One can show that any cofibrant object in the projective model structure has projective
components, and that having this property is enough to be cofibrant for bounded below
dg-modules. Using this one can show that two morphisms f,g: P — () between cofibrant
dg-modules are homotopic if and only if there is an A-linear morphism h : X — Y
homogeneous of degree —1 (called a chain homotopy) such that

f—g=doh+hod.
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This can be seen by remarking that given a complex X, a path object for X is given by
the chain complex
Cocyl(X), = X,, @ X, ® Xpa

with the differential
a(x,y, Z) = (833, ay? —0z+x — y)

One also defines the cylinder of X as the complex defines by
Cyl(X), =X, X, 19X,
equipped with the differential
O(z,y,2) := (0x —y,—0x,x + Jy).

It can be used to show that the left homotopy in injective model structure is given by a
chain homotopy.

Definition 8.8.1. The homotopical category h(MoDg,(A)) is called the derived category
of A and denoted D(A).

Remark that in this case, a dg-module is cofibrant and fibrant if and only if it is
fibrant. Applying theorem 8.2.4, one can compute D(A) by taking the quotient category
of the category of cofibrant dg-modules by the chain homotopy equivalence relation ~,
i.e., the natural functor

MOD gy (A)/ ~ep — h(MODg(4))

is an equivalence.
By definition of derived functors, if

F :MoD(A) &= Mobp(B) : G

is an adjunction of additive functors such that F is left exact (respects injections) and G
is right exact (respect surjections), one can extend it to a Quillen adjunction

F : MODg inj(A) S MODgg proj (B) : G
and this defines a derived adjunction
LF:D(A) s D(B) : LG.
One can compute this adjunction by setting LF (M) := F(Q(M)) and LG(M) := G(R(M))
where R and () are respective fibrant and cofibrant replacements of M. This gives back

the usual derived functors of homological algebra, defined in [Har70].
For example, let A and B be two rings and M be an (A, B) bimodule. The pair

— R4 M : MODdg,proj(A> = MODdg,inj (B) : HOHIB(M, —)
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is a Quillen adjunction that corresponds to a pair of adjoint derived functors

_ &4 M: D(A) S D(B) : RHomp(M, —).

Similarly, the pair (we carefully inform the reader that one works with the opposite
category on the right side, to get covariant functors)

Homu(—, M) : MODg proj(A) S (MODgy proj (B))” : Homp(—, M)
is a Quillen adjunction that corresponds to a pair of adjoint derived functors
RHomy(—, M) : D(A) <= D(B) : RHompg(—, M).

The two above construction give back all the usual constructions of derived functors on
bounded derived categories.

If MODg, 4+ denotes the subcategory of bounded below dg-modules, on can define a
(different from the standard) cofibrant replacement functor ¢ : MODg4 4 (A) — MODg,(A)
by

Q(M) = Tot(L(M)),

where L(M) is the free resolution of M given by setting L(M )y = AM) | fo: L(M)o — M
the canonical morphism and

fi—l—l : L(M)z—i-l = A(Ker(fi)) — L(M)l,

and Tot(L(M))x = >, j— L(M);; is the total complex associated to the bicomplex L(M)
(with one of the differential given by M and the other by the free resolution degree).

Remark that the category MOD, +(A) of positively graded dg-modules can be equipped
with a model structure (see [DS95], Theorem 7.2) by defining

e weak equivalences to be quasi-isomorphisms,
e cofibrations to be monomorphisms with component-wise projective cokernel,
e fibrations to be epimorphisms component-wise in strictly positive degree.

The dual result is that the category MoDg, —(A) of negatively graded dg-modules can be
equipped with a model structure by defining

e weak equivalences are quasi-isomorphisms,
e fibrations are epimorphisms with component-wise injective kernel,
e cofibrations are component-wise monomorphisms in strictly negative degree.

Of course, one has Quillen adjunctions

i MODgg 1 (A) & MODg(A) : 7>
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and
i MODg, —(A) S MODg,(A) = <o

given by the inclusion and truncation functors. These allow to define derived functors
on bounded complexes, and to compute them by the usual method of projectives and
injectives resolutions.

Bounded differential graded module may also be studied with simplicial methods.
Simplicial A-modules are defined as contravariant functors M : A — MoOD(A). There
is an equivalence of categories

N : MoD4(A) & MODgg +(A) : T

between the category MoODg(A) of simplicial modules (which is equipped with the model
structure induced by the one given on the underlying simplicial sets) and the category
of positively graded complexes, which preserves the model structures. The dg-module
N (M) associated to a simplicial module M has graded parts

N(M), =N Ker(9")
and is equipped with the differential
dn(a) = 82

where 0! is induced by the non-decreasing map [0, ... T s 1] = [0,...,n]. The
simplicial set associated to a given dg-module C' is the family of sets

F(C)n = @nﬂkck

with naturally defined simplicial structure, for which we refer the reader to [GJ99], Chap-
ter III. This gives a way to introduce simplicial methods in homological algebra.

Definition 8.8.2. Let K be a commutative unital ring. A differential graded algebra is
an algebra in the symmetric monoidal category MoOD,,(K), i.e., a pair (A, d) composed
of a graded algebra A and a derivation d : A — A, i.e., a morphism of K-module A — A
of degree —1 and such that

d(ab) = d(a).b + (—1)%@q.d(b)
and dod = 0.

Theorem 8.8.3. The model category structure on MODg,(K) induces a model category
structure on the category ALGqq k of differential graded algebra.

8.9 Derived operations on sheaves

We refer to Hartshorne’s book [Har77], Chapter II.1 and III.1, for a short review of
basic notions on abelian sheaves and to Kashiwara and Schapira’s book [KS06] for a
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more complete account. The extension of the above methods to derived categories of
Grothendieck abelian categories (for example, categories of abelian sheaves on spaces)
can be found in [CD09].
Recall that a sheaf on a category X = (LEGOS, 7) with Grothendieck topology is a
contravariant functor
X : LEGOS” — SETS

that fulfills the sheaf condition given in definition 1.4.1. More precisely, the sheaf condition
is that for every covering family {f; : U; — U}, the sequence

X(U)—1LX(U;) —= HU X(U; xv Uj)
is exact.
We first translate the sheaf condition in terms of nerves of coverings.

Definition 8.9.1. Let U := {f; : U; — U} be a covering family for a Grothendieck
topology. The nerve N(U) is the simplicial object of LEGOS with n-vertices

NU), = ] Ui xv - xv Ui,

and faces and degenerations given by restrictions and inclusions.

Proposition 8.9.2. A contravariant functor X : LEGOS® — SETS is a sheaf if and only
iof it commutes to colimits along nerves of coverings, i.e., one has

Tim X(N@U),) 2 X (colim yeaN (U)a) = X (U)
n|e

for every coveringU of U.

An abelian sheaf on X is a sheaf with values in the category GRAB of abelian groups.
We denote SHAB(X) the category of abelian sheaves on X.

Theorem 8.9.3. (Beke) The category of complexes of abelian sheaves has a so called
injective model category structure defined by setting

e weak equivalences to be quasi-isomorphisms, and
e cofibrations to be monomorphisms (injective in each degree).

The projective model structure is harder to define because it involves a cohomological
descent condition. We first define it in a simple but non-explicit way (explained to the
author by D.-C. Cisinski) and then explain shortly the description of fibrations. We refer
to [CD09] for more details on this result.

Theorem 8.9.4. The category of complexes of abelian sheaves has a so called projective
model category structure defined by setting

e weak equivalences to be quasi-isomorphisms, and
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e cofibrations to have the left lifting property with respect to trivial fibrations, which
are defined ad-hoc as morphisms f : K — L that are object-wise surjective in each
degree (i.e., fnx 1 K(X), = L(X), is surjective for every n and X ) and such that
Ker(fx) is acyclic).

e fibrations to have the right lifting property with respect to trivial cofibrations.

We now give, just for the culture, the description of fibrations in the projective model
structure on complexes of abelian sheaves.

Definition 8.9.5. Let X € LEGOS. A hyper-cover of X is a simplicial lego U : AP —
LEGOS equipped with a morphism p : U — X of simplicial legos such that each U, is a
coproduct of representables, and U — X is a local acyclic fibration (locally for the given
topology on LEGOS, it is an object-wise acyclic fibration of simplicial sets).

Theorem 8.9.6. The fibrations in the projective model category structure on the category
of complezxes of abelian sheaves are given by epimorphisms of complexes (surjective in each
degree), whose kernel K has the cohomological descent property, meaning that for every
object X in LEGOS and every hyper-covering U — X, the natural morphism

K(X) — Tot(N(K(U)))
18 a quasi-isomorphism.

Another way to define the left bounded derived category of sheaves for the projec-
tive model structure is given by making a Bousfield homotopical localization (see 8.4)
of the category of left bounded complexes of abelian presheaves (or equivalently, simpli-
cial presheaves), with its standard model structure, by the morphisms of complexes of
presheaves that induce isomorphisms on the cohomology sheaves.

Definition 8.9.7. Let f : X — Y be a morphism of topological spaces. The direct image
of an abelian sheaf 7 on X is defined by

fF(U) = F(f(U))
and the inverse image is defined as the sheaf associated to the presheaf

[YFU) = f(l(%rclv]:(‘/).

Theorem 8.9.8. The direct and inverse image functor form a Quillen adjunction between
categories of complexes of abelian sheaves

f* : CSHAB(X)proj & CSHAB(Y ) @ f
that induce an adjoint pair of derived functors

Lf*: D(SHAB(X)) = D(SHAB(Y)) : Rf..
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The above constructions can be extended to sheaves of modules over ringed spaces.
A ringed space is a pair (X, Ox) of a space and of a sheaf of commutative rings, and a
morphism of ringed spaces

f(X,0x) = (Y,0y)

is a pair of a continuous map f : X — Y and a morphism of sheaves of rings f 10y — Ox.
Definition 8.9.9. The inverse image functor f*: MoD(Oy) — MoD(Ox) is defined by
f*FI: filf ®f—1OY Ox.

Theorem 8.9.10. The model category structures on the category of complexes of abelian
sheaves induce model category structures on the category of complexes of Ox-modules on
a giwen ringed space (X,Ox). The direct and inverse image functors form a Quillen
adjunction

f* : CMOD(Ox)pTOj = CMOD(Oy)Z’nJ’ : f*

8.10 Higher categories

We present here one model for the definition of the notion of higher category that is a gen-
eralization due to Ara (see [Aral0] and [Aral2]), of Rezk’s theory of complete segal spaces
[Rez09]. The approach to higher categories using an inductive construction and cartesian
closed model category structures originates in the work of Simpson and Tamsamani (see
[Sim10] for historical background and more references). There are various other models
for higher categories. Comparison results may be found in Bergner’s survey [Ber06] and in
Toen’s article [Toe04] for the one-dimensional case. An axiomatic for characterization of
the higher dimensional case may be found in Barwick and Schommer-Pries’ paper [BS11].

We refer to Definition 1.1.1 for an informal definition of the general notion of higher
category.

Let G be the category generated by the graph

D(] L D1 : D2 ! DS"'?

S S S

with relations given by
ss = st, ts = tt.

Definition 8.10.1. A dimension array T is an array of natural integers (ix, jx) € N;”gl X
N" of the form
J1 J2 0 Jn

with 7, > jr and i1 > ji for all 0 < & < n. The dimension of T is the maximal integer
dim(7") = maxy(ix) that appears in 7.
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To each dimension array T', one associates a diagram in G given by composing itera-
tively the source and target maps

7] = D

D, D;, Dy, e
D, Dj, S

Jn

Z'n+l *

We choose here a different convention of the usual one, by denoting O the opposite
to Joyal’s category.

Definition 8.10.2. The category ©g is the universal category under G with all limits
corresponding to the dimension arrays, i.e., the sketch associated to the category G and
the family of limit diagrams [T7].

Definition 8.10.3. A globular set is a covariant functor
X :G — SETSs.
The category of globular sets is denoted G.

The natural fully faithful embedding
G — G
extends to a fully faithful embedding
O — G.

Definition 8.10.4. A strict O-category is a set. For m > 1, a strict n-category is a
category enriched (in the sense of Definition 1.2.13) over the cartesian monoidal category
of strict (n — 1)-categories. The category of strict co-categories is the limit

n
str

CAT®®

o = lim CAT
of the categories of strict n-categories.

There is a forgetful contravariant functor

Cartg,, — G

that sends C to the globular set {Mor’(C)}i>o of morphisms in C.

Proposition 8.10.5. The above forgetful functor commutes with arbitrary limits and thus
has a right adjoint, denoted F,, and called the free strict oo-category functor.

We now define (the opposite category to) Joyal’s category.
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Definition 8.10.6. The category © is the full subcategory of (CATS,

op :
o0)°P whose objects
are dimension arrays and whose morphisms are given by

Home (71, T3) := Homcaros (Fiuo([T2]), Foo([T1])).
The subcategory with objects given by arrays of dimension smaller than n is denoted ©,,.

There is a sequence of covariant embeddings
G—06,— 0.

Each of these functors are obtained by extending the given categories: the first one by
addition of limits to dimension array diagrams, and the other by addition of composition
and unit morphisms between diagrams, like for example

m:D1 XDODlﬁDl OI'lIDZ'%DZ'_H.
The basic idea is that a strict higher category is a functor
C:0© — SETS

that respects the colimits associated to array diagrams, so that (C, {[T]}) is the sketch of
higher categories. One may naively extend this by considering *w-categories, that may
be thought as oo-functors

C:0 — °GRPD

that send array diagrams to limits. This have internal homomorphisms in the *°1-
categorical sense, meaning that if C; and Cy is an *w-category, there is a naturally
associated *w-category Mor(Cy,Cs). We now give a more precise definition.

For T and array, seen as the limit of a diagram [T'] in ©, we denote I7 the limit of [T]
in ©°7. There is a natural higher Segal morphism

T—>IT.

For example, in ©g = A, the array of lenght k& corresponds to the objects Ay and the
above morphism is the Segal morphism

Ak—>[k I:Al XAl"' XAl.
Ao Ao

Asking that a functor C : © — SETS commute with limits of array diagrams is equivalent
to asking that its extension to presheaves sends the Segal morphisms 7" — I to bijections.
Let J; be the free groupoid on two objects 0 and 1, depicted (we omit the identity

morphisms) as
J 1 .= 0 - = 1

There is a natural functor
Ji = Ag = {*}7
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that corresponds to a morphism Ay — J; in O°. For i > 1, we denote J;; the strict
(i + 1)-category with objects 0 and 1, Mor(1,0) = @ and only non-trivial morphism -
category Mor(0, 1) := J;. Explicitely, one has

JQ = 0W1
~ 7

and

There is a natural morphism J;1; — D; that sends the only two non-trivial i-arrows to
the only non-trivial ¢-arrow. It corresponds to a morphism D; — J;; 1 in O%.

We now define higher categories as oo-functors that send the above morphisms to
equivalences. This corresponds to sending the corresponding limit diagrams to oco-limit
diagrams.

Definition 8.10.7. An *w-category is an oo-functor
C:0 — “GRPD

that sends the Segal morphisms 7" — I and the morphisms D; — J;1; for ¢« > 0 to
equivalences. An *°n-category is an oo-functor

C:0, — “°GRrRPD
fulfilling the same condition for all arrays of dimension smaller than n and for ¢ > n.

The main theorem of Rezk [Rez09] (that is similar in spirit to Simpson’s main result
[Sim10]) can be formulated in the co-categorical language by the following.

Theorem 8.10.8. The oco-category of *°n-categories is cartesian closed.

8.11 Theories and structures up-to-homotopy

We now define a general notion of homotopical doctrine and homotopical theory, basing
ourselves on the theory of homotopical higher categories discussed in Section 8.10. The
main interest of this notion is that it gives a wide generalization of the theory of operadic
structures up-to-homotopy, that is necessary to describe all the examples presented in
this book, in terms of their universal properties.

The main motivation for studying the homotopy theory of theories is to understand
how algebraic or geometric structures get transfered along homotopies. These homotopy
transfer operations are often used in mathematical physics, particularly in the context
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of deformation theory. They give a conceptual understanding of some aspects of pertur-
bative expansions (see for example Mnev-Merkulov’s work in [Merl0] on the quantum
BV formalism, and Tamarkin’s formulation [Tam98] of the deformation quantization of
Poisson manifolds).

Here is a standard example: consider the monoidal model category (MODg4(A), ®, Wiis),
and suppose given a chain homotopy

h C X Y D k
between two dg-modules X and Y over a ring A. One has

fg - ldy = 6(1{:) = dyk’ + k?dy and gf - ldX = 8(h) = dxh + hd)(,

f

g

where partial denotes the differential on graded internal endomorphisms of X and Y
induced by the graded morphisms dx and dy. Suppose given on Y an associative (differ-
ential graded) multiplication

m:Y®Y =Y.

Then
me:=gomo (fxf): XX =X

is an operation on X, but it is not anymore associative in general. However, the obstruc-
tion for it being associative (associator) is homotopic to zero, so that there is a ternary
operation (the homotopy)

ms: X% > X

such that
mo(a, ma(b, c)) — ma(ma(a,b),c) = d(ms)(a,b,c),

where 0 is the differential induced on the internal homomorphisms Hom(X®3 X') by the
formula

O(f) = dx o f = (=1)** D f o dyes.
One can combine my and mg to get new relations that are also true up to a higher
homotopy my : X®* — X, and so on... The combinatorics that appear here are a bit
intricate, and the homotopy theory of operads is here to help us to deal with that problem.

We refer to Loday and Vallette’s book [LV10], and Fresse’s book [Fre09], for the
standard algebraic approach to operads, that give a way to treat linear and monoidal
theories, and the corresponding algebra structures, up-to-homotopy. An oo-categorical
presentation of the theory of operads up to homotopy may also be found in [Lur09¢c|. The
main results in the model category approach may also be found in Berger and Moerdijk
[BMO03]). An important aspect of this theory is its explicit computational aspect, based
on Koszul duality results, that give small resolutions of the theories in play (see [LV10],
Chapter 11). We will not describe this important aspect of the theory.

We now define a setting, based on higher categories that allows us to define very general
types of higher theories up-to-homotopy, and work with them essentially as with usual
theories, presented in Section 1.1. These have a build-in abstract notion of homotopy
transfer.
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Definition 8.11.1. An oco-doctrine is an *°(n + 1)-category D given by generators and
relations. A theory of type D is an object C of D. A model for a theory of type D in
another one is an object

M : Cl — Cg
of the *n-category Mor(Cy, Cs).

Of course, every doctrine D gives an *(n + 1)-doctrine. For example, the doctrine
of symmetric monoidal categories is contained in the doctrine of symmetric monoidal
oo-categories. As an example, a dg-PROP (symmetric monoidal category enriched in
dg-modules) can be seen as a particular kind of symmetric monoidal oco-category, and a
cofibrant replacement of it for the natural model structure will encode the corresponding
structure up-to-homotopy.

One can of course apply the same idea to more general types of structures, and this
complication sometimes simplifies the study of the corresponding theories. For example,
Lurie [Lur09a] have shown that the theory of topological quantum field theories up to
homotopy, given by the m-monoidal *°n-category of cobordisms, is the free n-monoidal
*n-category with strong duality on one object, i.e., the free n-monoidal theory with
strong duality.

Important examples of theories are given by classical Lawvere (finite product) or Ehres-
mann (sketches) theories, embedded in the *1 setting. They give notions of algebraic and
other objects up-to-homotopy, like co-Lie algebras, that we now define, because they will
play an important role in the quantum part of this book.

Definition 8.11.2. Let K be a base field. Let (7L, x) be the finite product linear
theory of Lie algebras, whose underlying linear category is opposite to that of free finitely
generated Lie algebras. We see this theory as a linear symmetric monoidal theory. If
(C,®) is a symmetric monoidal linear co-category, a Lie algebra in (C,®) is a monoidal
oo-functor

L: (Tige, x) — (C, ).

One may describe Lie algebras in the oco-category of differential graded modules by a
more concrete “tree style” linear theory, called the L., operad. We only define here the
notion of L.,-algebra.

Definition 8.11.3. A curved L.,-algebra g over a ring A of characteristic zero is the
datum of

1. a positively graded flat module g,

2. a square zero differential D : V*g — V*g of degree —1 on the free graded cocommu-
tative coalgebra on g.

The graded parts {/;};>0 of the associated canonical (cofreeness) map

l::Zli:\/*—>g

are called the higher brackets of the L.,-algebra. If [y = 0, one calls g an L., -algebra.
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Chapter 9

A glimpse at homotopical geometry

9.1 Motivations

In physics, for example, in gauge theory, one often has to study spaces defined by (say
Euler-Lagrange) equations that are not smooth, because they are given by non transverse
intersections (in gauge theory, this is related to the so-called Noether relations, to be
treated in Chapter 12). This non smoothness means that one does not have a system of
local coordinates on the solution space. For example, consider a functional S : X — R
on a given space. Its space of critical points may be described by the intersection

T =im(dS)NT; X € T°X

of the image of the differential and of the zero section in the cotangent bundle. For
gauge theories, this intersection is not transverse, and one has to compute the derived (or
homotopical) intersection

Th = im(dS) T X

to get a better space, with nice local coordinates. To illustrate this general problem of
transversality on a simple example, consider two lines D; and D, in the algebraic affine
space R?, defined by the equations # = 0 and y = 0. There intersection is given by the
origin (0,0) € R? whose coordinate ring may be computed as the tensor product

O(D1 N Dy) = O(D; xg2 Dy) = O(Dy) ®orzy O(Ds)
that gives explicitely
O(D1NDy) = Af(x) @4 A/(y) = A/ (z,y) =R,

where A = R[X,Y]. This space is of dimension zero and the intersection is transverse.
Now consider the intersection of D; with itself. It is a non transverse intersection whose
usual points are given by Dy, that is of dimension 1. We would like to force the transver-
sality of this intersection to get a space of dimension 0. This is easily done by defining
the derived intersection to be the space D; N* D; with function algebra

L
O(Dl ﬂh D1> = O(Dl) ®O(R2) O(Dl)

175
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given by the derived tensor product. This may be computed, in this case of a linear
equation, by taking the projective resolution of A/(x) as an A-module

0—+A-"5A— A/(x)—0.

The derived tensor product (of A-modules) is then equal to the complex of modules over
A/(x) given by
(A= Al@a Af(x) = [A/(z) = A(2)).

It is thus the zero map with cohomology spaces HY = A/(z) and H' = A/(z). If we
define the derived dimension of the derived intersection as the Euler characteristic of this
complex, we get

dim(D;, N" Dy) = dim(H°) — dim(H") =1 -1 =0,

so that the derived intersection is transverse, at least in terms of dimension. This idea
of improving on intersection theory by using cohomological methods was already present
in Serre’s work [Ser70] and in Illusie [I1171] and Quillen [Qui70]. The case of spaces of
trajectories is computed in a similar way, but one has to pass to the setting of D-geometry.
This will be described in Chapter 12, where we describe general gauge theories.

The above example is also related to the problem of defining a nice deformation theory
and differential calculus on a non smooth space. To illustrate this, take a smooth variety
(for example the affine plane A? := Spec(R[X, Y])) and equation in it whose solution space
M is not smooth (for example XY = 0). Then one cannot do a reasonable differential
calculus directly on M. However, one can replace the quotient ring A = R[X,Y]/(XY)
by a dg-algebra A’ that is a cofibrant resolution of A as an R[X,Y]-algebra, and do
differential calculus on this new dg-algebra. Morally, we may think of Spec(A4’) in A? as
a kind of homotopical infinitesimal tubular neighborhood of M in A2. This will give a
much better behaved non-smooth calculus. For example, the space of differential forms
on A’ gives the full cotangent complex of A.

To formalize this, one has to define a differential calculus “up to homotopy”. This can
be done in the general setting of model categories of algebras (see Toen-Vezzosi’s seminal
work [TV08] and Hovey’s book [Hov99]), which also encompasses a good notion of higher
stack, necessary to formalize correctly quotients and moduli spaces in covariant gauge
theory. We will only give here a sketch of this theory, whose application to physics will
certainly be very important, particularly gauge theory, where physicists independently
discovered similar mathematical structures in the BRST-BV formalism.

We may also motivate the introduction of homotopical methods in physics by the fact
that many of the physicists spaces of fields are equivariant objects. For example, in Yang-
Mills theory, one works with a variable principal G-bundle P over a given spacetime M,
that one may formalize properly in equivariant geometry (the theory of co-stacks) as a
map

P: M — BG

where BG is the smooth classifying space for principal G-bundles. It is very convenient
to think of principal bundles in this way because this gives improved geometric tools to
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work on them. The proper setting for differential calculus on spaces like BG is given by
derived geometry, that has been alluded to above.

Another good reason for using methods of homotopical geometry is the fact the quan-
tization problem itself is in some sense a deformation problem: one wants to pass from a
commutative algebra, say over R, to an associative (or more generally a factorization) al-
gebra, say over R[[A]], by an infinitesimal deformation process (see Costello and Gwilliam’s
work [CG10]). The modern methods of deformation theory are deeply rooted in homotopi-
cal geometry, as one can see in the expository work of Lurie [Lur09e] of his formalization
of the derived deformation theory program of Deligne, Drinfeld and Kontsevich. The
conceptual understanding of the mathematical problem solved by the quantization and
renormalization process thus uses homotopical methods.

9.2 Homotopical spaces

The main idea of homotopical geometry is to generalize the functorial approach to spaces
by the following systematic process, that is an almost direct co-categorical generalization
of the functorial approach to geometry, presented in Chapter 2. This categorification, that
is very much in the doctrinal spirit of Section 1.1, is obtained by replacing the category
SETS of usual sets (i.e., O-categories) by the oo-category **GRPD of higher groupoids (i.e.,
>(-categories).

1. Define an oo-category ALG), of homotopical algebras (functors of functions) as the
oo-category of functors

A : (LEGOS,C) — (**GRPD, {all limits})

commuting with particular limits (e.g., finite products or transversal pullbacks),
where “°GRPD is the co-category of co-groupoids, and LEGOS is a category of build-
ing blocs with a Grothendieck topology 7.

2. Extend the Grothendieck topology 7 to a homotopical analog of Grothendieck topol-
ogy T, on LEGOS;, := ALG}”, by defining the class of morphisms

Y - X

of simplicial presheaves on LEGOS" that are hypercoverings (see Definition 9.2.3),
as those whose pullbacks along all points U — X of X with values in U € LEGOS
are hypercoverings for the original topology 7. Denote 7, the corresponding class of
cocones in LEGOS;,.

3. Define homotopical functors of points (derived spaces) as oo-functors
X : (LEGOS}”, 71,) — (“GRPD, {all limits})

sending hypercovering cocones to limits.
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The analogous construction with SETS-valued functor describes the category of sheaves
of sets on LEGOS as a localization of the category of presheaves by local equivalences.
We now give a concrete presentation of the above general methods in the setting
of Quillen’s model categories. This gives, for example, a finer take at the computational
aspects of mapping spaces between stacks. The reader only interested by formal properties
of higher and derived stacks may skip the rest of this section.
The homotopical analog of a Grothendieck topology 7 is the following.

Definition 9.2.1. Let (LEc0OS, W) be a model category with homotopy fiber products.
A model topology T on LEGOS is the data, for every lego U, of covering families { f; : U; —
U}ier of morphisms in h(LEGOS), fulfilling:

1. (Homotopy base change) For every morphism f : V — U in h(LEGOS) and every
covering family {f;: U; = U} of U, f xI f; : V xBV, — V is a covering family.

2. (Local character) If {f; : U; — U} is a covering family and {f;; : U;; — U;} are
covering families, then {f; o f;; : U;; = U} is a covering family.

3. (Isomorphisms) If f : U — V is an isomorphism in h(LEGOS), it is a covering family.

A triple (LEGOS, W, ) composed of a model category (LEGOS, W) and a model topology
T is called a model site.

We now define the notion of hypercovering, that replaces the classical notion of (nerve
of a) covering in the setting of homotopical geometry.

Definition 9.2.2. Let A~,, C A be the full subcategory on the objects [1], [2],...,[n].
The truncation functor

T+ SSETS = Mor,, (A%, SETS) — Morq,, (A<, SETS) =: SSETS<,,
has a left adjoint
sk, : SSETS<,, — SSETS,

called the n-skeleton, and a right adjoint
cosk,, : SSETS<,, = SSETS

called the n-coskeleton.

Definition 9.2.3. Let (LEGOS, 7) be a site. A morphism X — Y of simplicial presheaves
X,Y € PRgsprs(LEGOS) is called an hypercovering for the topology T if for all n, the

canonical morphism

Y, — (cosk,_1Y), X X,
(coskn—1X)n

is a local epimorphism for 7.

We can now give a sketch of the definition of the category of general homotopical
spaces. We refer to Toen-Vezzosi [TV08] for more precise definitions.
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Definition 9.2.4. Let (LEGOS, 7, W) be a model category equipped with a model topol-
ogy. Let (C,W¢) be a model category. For z € LEGOS and A € C, one defines a functor

A®hy: LEGOS?” — C
Y = HHom(y,w) A.

e The model category
(PR(vac)(LEGOSa W)a ngobal)

of C-valued prestacks on LEGOS is the category of functors
X : LEGOS” — C,

equipped with the model structure obtained by left Bousfield localization of the
object-wise model structure (induced by the model structure We on C) by the
weak equivalences A ® hy for f € W and A in a family of objects that generates
by homotopical colimits.

e The model category
<SH(C’WC)<LEG087 W7 7—)7 I/Vlocal)

of C-valued stacks on LEGOS is the left Bousfield localization of Pr(c w,)(LEGOS, W, T)
by the class of homotopy 7-hypercoverings.

Definition 9.2.5. Let (LEGOS,7T) be a site, equipped with the trivial model structure
whose weak equivalences are the isomorphisms, and (C, W¢) = (SSETS, W) be the model
category of simplicial sets. The oo-category of higher stacks is the oo-localization

STACKS (LEGOS, 7) := SH(ssurs w.,) (LEGOS, Wiy, 7)[Wio k]

local

Definition 9.2.6. Let (LEGOS, 7) be a site, equiped with a family C of limit cones (e.g.
transversal pullbacks), and ALG), be the model category of covariant functors

A : LEGOS — SSETS

that commute homotopically with limits in C, and that are quotients of algebras of the
form O(U). Equip ALG, with the Grothendieck topology 73, induced by 7, and suppose
that (ALG}”,7,) is a model site. Let (C, W¢) = (SSETS, W,,) be the model category of
simplicial sets. The oco-category of derived higher stacks is the oo-localization
DSTACKSw (LEGOS, W, T) := SHssprs,w.,) (LEGOS), W, ) [W 1.

ocal

One can also work with spectra valued algebras, and this gives a notion of unbounded
derived stacks. If LEGOS is the category of affine schemes over Q (i.e., opposite to Q-
algebras), one can also replace simplicial algebras by differential graded algebras in the
above construction, since both model categories are Quillen equivalent.

One can also work with unbounded differential graded algebras (or with ring spectra,
in the simplicial language). This also gives a notion of (unbounded) derived stacks.
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9.3 Non abelian cohomology

The main interest of derived and homotopical geometry is that it gives a setting, called non
abelian cohomology, that allows one to treat geometrically the problems of obstruction
theory. These ideas of using homotopy theory in geometry were developed by many people,
starting with Quillen [Qui70] and Illusie [I1171]. The idea of non-abelian cohomology was
already present in Grothendieck’s long letter to Quillen [Grol3]. It was also developped
by Simpson and Hirschowitz [SH98|. A systematic treatment is now available in the work
of Toen-Vezzosi (see [TV02] and [TV08]), and Lurie (see [Lur09d] and [Lur09b]). We refer
to Sati-Schreiber-Stasheff [SSS09] and to Schreiber’s book [Sch11] for nice applications of
this formalism in the description of higher gauge theories.

Let (LEGOS, 7) be a site with a family C of limit cones. In this section, we will denote
STACKS,, the oco-category of oo-stacks on the site (LEGOS,C), and DSTACKS,, the oo-
category of derived co-stacks (given by simplicial sheaves on the model site of simplicial
generalized algebras A : LEGOS — SSETS, given by functors that send hypercovering
cocones to homotopy limits.). Objects in STACKS,, will simply be called stacks, and
objects in DSTACKS,, will be called derived stacks.

Definition 9.3.1. Let X and G be two stacks or derived stacks. One defines:

1. the non-abelian G-cohomology space on X as the oco-groupoid Mor(X, G) of mor-
phisms from X to G;

2. non-abelian G-valued cocycles on X as objects of Mor(X, G);
3. non-abelian coboundaries between these cocycles as morphisms in Mor(X, G);
4. non-abelian cohomology of X with coefficients in G as the set
H(X,G) = m(Mor(X, G))
of connected components of Mor(X, G).

Ezample 9.3.2. If A is a sheaf of abelian groups, and A[—n] is the corresponding complex
concentrated in degree n, the Dold-Kan correspondence gives a stack K(A,n) such that

H"(X,A) = H(X,K(A,n)).
This shows that non-abelian cohomology generalizes usual cohomology of abelian sheaves.

Definition 9.3.3. The pointed loop space QA of a pointed object {*} — A is defined as
the homotopy pullback
QA —— {x}.

|

{x}—A
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A delooping {*} — BA of {#} — A is a pointed object such that
A= QBA.

A pointed object that has a delooping is called an co-group. If A is an oo-group and
X — BA is a non-abelian BA-valued cocycle, the homotopy fiber product

P—{x}

]

X—BA
is called the corresponding principal co-bundle.

Remark that a section s : X — P of a principal co-bundle is equivalent to a morphism
s: X — {x} over BA, i.e., a homotopy commutative diagram

.
X—BA

Ezxample 9.3.4. Abelian sheaves of groups have the particular property of being deloopable
arbitrarily many times. If A is a sheaf of abelian groups, one has

K(A,n) = B"A.
The principal oco-bundles associated to cocycles X — K(A,n) are called n-gerbes. Their

equivalence classes correspond exactly to the cohomology set H™(X, A).

Ezxample 9.3.5. Suppose we work in the algebraic, differential geometric, or analytic set-
ting. A semi-simple group G is only once deloopable, with delooping the moduli space
BG of principal G-bundles. The universal bundle In general, if G is an oco-group and A
is an arbitrarily deloopable co-stack, one thinks of

H"(G, A) := mo(Mor(BG, B"A))

as the group cohomology of G with values in A.

Example 9.3.6. As before, suppose we work in the algebraic, differential geometric, or
analytic setting. Let G be a semisimple group and G — GL(V') be a representation of G.
The push-forward

VxG V
.
{x} —=1[V/G]

defines a fiber bundle [V/G] — BG with fiber V' over the point. This bundle has an
n-delooping
K BG(‘/’ n) — BG
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relative to BG for all n, with fiber K (V,n) over the point. If P: X — BG is a principal
G-bundle on X, the bundle V¥ := P x[V/G] associated to the representation V is given
by the homotopy pullback

VP ——[V/G] .
X— BlG

A morphism s : X — [V/G] of stacks is the same thing as a section s : X — VF of
the corresponding principal bundle P, : X = [V/G] — BG. More generally, the bundle
K(VF n) is defined as the pullback

K(VP n)——= Kpag(V,n) .

! |

X BG

A morphism s : X — Kpg(V,n) is the same thing as a cohomology class s € H"(X, V7).

Ezample 9.3.7. Let X be a smooth variety, seen as a (non-derived) stack modeled on
algebras in the given geometrical setting. The infinitesimal co-groupoid of X is the stack
associated to the prestack whose degree n component is

5 (X)o(T) := {x € X™(T), 3U — T" thickening , Vi, j, zyjy = 2, }-

It is equiped with its natural simplicial structure induced by its inclusion in the simplicial
space n — X". Let G be an oo-group. The stack of principal G-bundles with flat
connection on X is given by the stack

BunConng(X) := Hom(II"" (X)), BG).

This space plays an important role in higher gauge theory. If G is a semisimple group
(in the algebraic, smooth or analytic context), one can give a simplified description of the
above space as

BunConng(X) = Hom(IIPEX, BG),

where TTPEX = 7 (I (X)) is the groupoid associated to the infinitesimal groupoid.
This is a subgroupoid of the groupoid Pairs(X) of pairs of points in X, whose maps to
BG are identify with flat G-equivariant Grothendieck connections on principal G-bundles.

Ezample 9.3.8. If (X, w) is a smooth symplectic manifold and L, and L, are two lagrangian
submanifolds, their derived intersection gives the stack whose points with values in a
simplicial smooth algebra A are

(LyN" Lo)(A) = {f [0,1] — [X(A)], f(0) € [La(A)l, f(1) € |L2(A)]},

where | — | : SSETS — TOP is the geometric realization functor. This derived stack is
actually representable by a simplicial smooth algebra, i.e., it may be described as the
derived spectrum

LN L, = RSpec (COO(Ll) = C“(LQ)).
- e=(X)
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The above applies in particular to the case of a cotangent space X = T*M and the
lagrangian submanifolds are given by the zero section L; = T M and the image Ly =
im(dS) of the differential of a given function S : M — R. The corresponding intersections
are the usual, homotopical and derived critical points of S. One will usually use the stack
of derived critical points to get a well behaved differential calculus.

Definition 9.3.9. The free loop space LX of a derived stack X is the homotopy pullback

LX X
"
X——Xx X

The simplicial algebra of functions on LX is called the Hochschild cohomology of X.

Remark that this definition really gives the right Hochshild cohomology in algebraic,
smooth and analytic geometry, on a uniform ground.

9.4 Differential cohomology

Differential cohomology is a differential version of non-abelian cohomology, that is used
to formalize gauge theories on higher bundles with connections. We will give examples
of such theories in Section 15.5. We refer to Sati-Schreiber-Stasheff [SSS09] for a short
introduction to non-abelian cohomology and its application in physics. We base our
presentation on Schreiber’s book [Sch1l], that gives a systematic and elegant treatment
of higher gauge theories in the setting of cohesive homotopical geometry.

The general setting is given by an oo-topos (i.e., co-category of sheaves on a homo-
topical site, see [Lur09d] for a thorought study and various characterizations)

H = SHegren(C, 7)
whose global section adjunction
Disc : *GRpD S H: T’
is equiped with additional adjunctions
IT:H S *°GRPD : Disc and I' : H < *°GRPD : coDisc,

called the cohesive co-groupoid and the codiscrete functor, fulfilling additional conditions.
We will work with the cohesive co-topos

H = STACKS.(OPEN¢e, T)

of smooth oo-stacks, but all constructions of this section generalize to other cohesive
situations. We denote, as usual, Mor(X,Y’) the co-groupoid of morphisms between two
smooth oo-stacks.
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Definition 9.4.1. Let [¢] € H(B,C) = my(Mor(B,(C)) be a non-abelian cohomology
class, called a characteristic class, and denote A its homotopy fiber

A——{x}.

L

B——=C

The c-twisted A-valued non-abelian cohomology space of X is defined as the homotopy
pullback

mcftw(X7 A) tw—> H<X7 C) )

| ]

where s : H(X,C) := mo(Mor(X, C)) — Mor(X, C) is a given choice of section.
We now define the notion of higher flat connection and flat differential cohomology.

Definition 9.4.2. Let X be an object of H. The smooth co-groupoid of X is the smooth
singular space
I1(X) := LConst(I1. (| X))

where I1(]X]) is the singular co-groupoid of the geometric realization |X| of X and
LConst is the locally constant co-groupoid stack associated to a given co-groupoid.

We refer to Schreiber [Sch11] for the proof of the following result.

Theorem 9.4.3. The smooth co-groupoid functor Il : H — H has a right adjoint denoted
p:H— H.

For A an object of H, we denote bgrA := {*x} x" bA. If G is an co-group, the defining
fibration sequence of byrG extends to

bdRG — G = bG ﬂ bdRBG,
and induces in particular a morphism
0:G — birBG

called the Mauer-Cartan form on G.

Definition 9.4.4. The flat cohomology of X with coefficients in A is defined by
Hpa(X,A) = HII(X),A) = H(X,bA).
The de Rham cohomology of X with coefficients in A is defined by

HdR(X, A) = H(X, bdRA).
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The corresponding spaces are denoted Mor ;. (X, A) and Mor,p(X, A). The differential
cohomology space of X with coefficients in an oo-group A is the #-twisted cohomology,
where 6 : A — byjrBA is the Mauer-Cartan form. More concretely, it is the homotopy
fiber product

Mor (X, A) —— Har(X, BA) ,

| |

Mor(X, A) — 2 Mor (X, BA)

where the right arrow is given by a choice of representative for each class in my. The
differential cohomology of X with coefficients in an n-deloopable oco-group A is

Hc?iff(X7 A) = Wo(MOI'diff(X7 BnA))
Ezample 9.4.5. If A is a Lie group, the cohomology
H'(X,A) := H(X, BA)

is the set of isomorphism classes of smooth principal A-bundles on X. The flat cohomology

set
H}lat(X7 A) = Hflat<X7 BA)

is the set of isomorphism classes of smooth principal A-bundles on X equiped with a flat
connection. If A = U(1), the differential cohomology set

is the Deligne cohomology of X, usually defined as the homotopy pullback of integral
cohomology and the complex of differential forms along real cohomology.

Definition 9.4.6. For X € H, the space Mor
the homotopy pullback

conn (X, BG) of co-connections is defined as

Mor,,,..(X, BG) — 1T Mot (X, B"A) .
¢;€H(BG,B™i A),i>1
" |
Mor(X, BG) 11 Mor (X, B" A)

c;i€H(BG,Bi A),i>1

One defines
X, BG)),

e an oo-connection as a cocycle V € Hepn (X, BG) := mo(Mor,,,,..(

e the underlying oco-bundle as P :=n(V),
X, BG),

e a gauge transformation as a morphism in Mor,,,,.(
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e the refined Chern-Weil homomorphism as the homomorphism
¢ Hepnn(BG, A) — Hp (X, A)
associated to ¢ € H"(BG, A).

We will see explicit examples of higher gauge field theories, defined by applying the
present formalism of non-abelian cohomology, in Chapter 15.
Another way to formulate the above Chern-Weil theory is given by the following
procedure, that may be found in [Sch11], Section 2.9.
Denote
Q;lzl(_7 A) = I?dRBA,

and choose recursively for each n € N, a morphism
QZZ—H(_7 A) - BQZZ(_J A)
out of a O-truncated abelian group object (i.e., a sheaf of abelian groups).

Definition 9.4.7. For any n € N, the differential refinement B™Aconn of the classifying
space of n-bundles is the oco-pullback

BnAconn - Qzll+1(_a A) .

| |

B"A —L b p B A
For X a manifold, denote

H, (X7 A) = Wo(M(X, BnAconn))-

conn

Definition 9.4.8. Let ¢ : BG — B"A be a smooth characteristic map and B" A, be a
differential refinement. A differential refinement of BG along ¢ is an object BG.,,, that
fits into a factorization

bBG —25 = hB"A

N

BGconn —C> BnAconn

l |

BG = B"A

of the natural above vertical rectangle diagram.

If X is a manifold and ¢ : BGepnn, — B" Aconn 18 a differentially refined characteristic
class, one may define the differentially refined Chern-Weil homomorphism

é : M(]\/L BGconn) — I‘IO_HI(M, BnAconn)

from the moduli space of G-bundles with connection to the moduli space of A-n-gerbes
with connection on M.
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9.5 Geometric stacks

We now give a short account of the notion of geometric higher stacks, that is originally
due to Simpson and Hirschowitz [SH98]. We refer to [TV08], Section 1.3 for a complete
treatment of geometric stacks. The relation between this notion and our considerations
is that geometricity is the most general finiteness hypothesis that one may put on both
the space M of parameters and the configuration space C' of a classical physical system.

Definition 9.5.1. Let STACKS be the co-category of stacks (resp. derived stacks) on a
site (LEGOS, 7) (resp. homotopical site (LEGOS, 7)). Let P be a class of morphisms in
the given site that is local with respect to the given topology. We define geometric stacks
with respect to the class P by the following inductive process for n > 0:

1. A stack is (—1)-geometric if it is representable.

2. A morphism f : X — Y of stacks is (—1)-representable if for any representable
stack Z and any morphism Z — Y, the fiber product Y x; X is geometric.

3. A morphism f: X — Y isin (—1)-P if it is (—1)-representable and the pullback of
f along a point Z — Y with values in a representable stack is a morphism in P.

4. An n-atlas on a stack X is a family of morphisms {U; — X };c; such that

(a) each Uj; is representable.
(b) each morphism U; — X is in (n — 1)-P.

iel

(c) the total morphism

is an epimorphism.

5. A stack X is n-geometric if its diagonal morphism X — X x X is (n — 1)-
representable and X admits an n-atlas.

6. A morphism of stacks X — Y is n-representable if for any representable stack Z
and any morphism Z — Y, the pullback X Xy Z is n-geometric.

7. A morphism of stacks X — Y is in n-P if it is n-representable and for any morphism
Z =Y, there exists an n-atlas {U;} of X xy Z, such that each composite morphism
U — Xisin P.

Definition 9.5.2. In algebraic, differential or analytic geometry, a stack that is geometric
with respect to the class of smooth morphisms is called an Artin stack, and a stack that is
geometric with respect to the class of etale morphisms is called a Deligne-Mumford stack.

Example 9.5.3. Most of the stacks used in non-abelian cohomology and gauge theory
are geometric. At least, we will always suppose that the parameter stack M and the
configuration stack C' for trajectories are both geometric in a convenient sense.
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1. If G is a linear Lie group acting on a manifold M, the stacky quotient [M/G] is a
geometric Artin stack. In particular, BG := [x/G] is a geometric stack.

2. More generally, if A is a commutative Lie group, then the stack B"A is also geo-
metric.

3. Lurie’s version of Artin’s representability criterion (see [TV08], Appendix and [Lur09b])
implies that if M is a proper smooth scheme and G is a linear algebraic group, then
the mapping stack

Hom(M, BG)

is also geometric. This may not remain true in the smooth or analytic setting.

9.6 Homotopical infinitesimal calculus

We now describe shortly differential calculus relative to a given oo-category C, explaining
the necessary modifications that need to be done to adapt the methods of Section 1.5
to the oo-categorical setting. This presentation of differential invariants is originally due
to Quillen [Qui70] (see also Illusie [I171]). We refer to Lurie [Lur09c] and Toen-Vezzosi
[TV08] for thorough treatments of the cotangent complex.

Definition 9.6.1. Let C be an oo-category with finite limits. The tangent fibration
TC — [1,C] to an oo-category is the fiberwise stabilization of its codomain fibration

codom : [1,C] — [{0},C] = C.

More precisely, it is a categorical fibration TC — C (in the sense of, say, the model
category *°CAT) universal with the property that for each A € C, its fiber TC4 over A is
the stabilization of the overcategory C/A. If A € C, we denote MOD(A) := TC4.

Definition 9.6.2. A cotangent complex functor for an co-category C is an adjoint
dom : TC — [{0},C] = C : Q'
to the domain map on the tangent oco-category.

Definition 9.6.3. A square zero extension in C is a morphism A’ — A that is a torsor
under a module M € TC4. More precisely, if BM is a delooping of M, fulfilling QBM =
M, this torsor structure is given by a morphism

A" — BM
in the overcategory C/A.

Using the above definition of square zero extension, one can what was done in Section
1.5 to the oo-categorical setting. This gives, in particular, a notion of thickenings and
jets functors, and of crystals of module and spaces. We carefully inform the reader
that working with non-flat connections in the derived setting is a bit involved, since the
curvature must be seen as an additional structure on a given connection, not as a property.
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9.7 Derived symplectic structures

We now give a short sketch of the notion of closed form on a derived stack, and of derived
symplectic form, that can be found in [PTVV11] (see also [BN10] and [TV09a]). This
gives a direct generalization of the usual notions, that is quite well adapted to a global
and canonical study of gauge theories. A stricking difference between the classical and
the derived setting is the following: the fact that a differential form is closed is not a
property but an additional structure, in general.

From now on, we work in the co-category DSTACKS.(LEGOS, 7) of derived stack on
one of the classical sites (algebraic, smooth or analytic geometry). We have already seen
in Proposition 2.3.32 that one may see differential forms on a manifold M as functions
on the superspace of maps Hom(R", M). We will now present a refined version of this,
in the setting of derived geometry, replacing R by the circle stack S*.

Definition 9.7.1. The circle stack S is the delooping BZ of the constant group stack
Z. The derived loop space is the stack

LX :=RHom(S", X).
The unipotent loop space is the stack
L*X := RHom(BG,, X).
The formal loop space LX is the formal completion of LX at the constant loop X C LX.

The natural morphism S' = BZ — BG, induced by the inclusion Z — G, induces a
morphism

L"X := RHom(BG,, X) — LX.

In the affine case, i.e., X = Spec(A), the above map is an equivalence. This means that
the group stack Aut(BG,) acts on LX. The more general case may be treated by using
the following theorem of Ben-Zvi and Nadler [BN10)].

Theorem 9.7.2. Formal loops are unipotent, i.e., the natural map LX - LX factors in

LX — "X — LX.
In particular, LX inherits an action of Aut(BG,).
We can form the quotient stack

p: [LX/Aut(BG,)] — BAut(BG,).

Definition 9.7.3. The de Rham complex DR(X) of X is the module p.O; x/auy(56.)]
over BAut(BG,).
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Concretely, the group stack Aut(BG,) is isomorphic to the semi-direct product G,, x
BG,, and the de Rham algebra is the module over its functions with underlying complex
the derived exterior product

DR(X) = @, (A"2x)[p].

and action of the functions on Aut(BG,) given by the de Rham differential, for the BG,
part, and the grading, for the G,, part. This looks like a complicated formulation, but it
is necessary to treat canonically the derived case.

More generally, one may also formalize analogs of D-modules, and quasi-coherent
sheaves with non-flat connections on derived Artin stacks using the loop space formalism,
as in [BN10]. We only give here a short sketch of these notions. We denote Aff Toen’s
affinization functor (see [Toe00]), that sends a derived stack X to the universal morphism
X — Aff(X) from X to an affine stack. We have Aff(S') = Aff(BZ) = BG,. Let
St — §3 — 52 be the Hopf fibration and consider its rotation

058 —= Q52
|
{e} —5

Definition 9.7.4. Let X be a derived Artin stack. A graded de Rham module over X
is a quasi-coherent sheaf on the derived stack [LX/Aff(S") x G,]. A curved graded de
Rham module over X is a quasi-coherent sheaf on the derived stack [LX/Aff(25%) x G,y].
The curvature of a curved graded de Rham module F is the associated module over the
derived stack [LX/Aff(QS?) x G,,).

We refer to [BN10] for a proof of the following theorem and of other related results.

Theorem 9.7.5. Let X be a usual scheme. There are natural functors from D-modules
to graded de Rham modules over X, and from quasi-coherent sheaves with connections to
curved graded de Rham modules.

We now define the cyclic complex as the complex of BG,-equivariant (i.e., S'-equivariant)
de Rham forms on X.

Definition 9.7.6. The negative cyclic complex of X is the direct image
NC(X) := ¢.(DR(X)),
where ¢ : BAut(BG,) — BG,, is the natural projection.
There is a natural morphism
NC(X) — DR(X),

that induces a morphism
NC(X)(p) — N"Qx|p]

for all p > 0.
For E a complex of modules, we denote |F| the simplicial set associated to the trun-
cation T<oE.
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Definition 9.7.7. The simplicial set
AP(X,n) = | A” Qx[n]]
is called the space of p-forms of degree n on the derived stack X. The simplicial set
AP (X, n) = [NC(X)[n — p)(p)|

is called the space of closed p-forms of degree n on the derived stack X. The homotopy
fiber of the natural morphism

AP(X n) — AP(X,n)
at a given form w is called the space of keys of w.
Remark that keys of w are exactly the structures needed to close the form w.

Definition 9.7.8. A degree n derived symplectic form on a derived stack X is a closed
2-form w € A% (X, n) of degree n such that the associated morphism

w:Tx — Qﬁ( [n]
is an isomorphism.

We now quote the important structure theorems of [PTVV11], that is valid in the
algebraic setting, and also probably in the analytic setting.

Theorem 9.7.9. Let X be a derived Artin stack endowed with an O-orientation of di-
mension d, and (F,w) be a derived Artin stack with an n-shifted symplectic structure w.
Then the derived mapping stack Hom(X, F') carries a natural (n — d)-shifted symplectic
structure.

We now present an example that gives a clear relation between Yang-Mills theory and
differential calculus on derived stacks. Let G be a smooth affine group with Lie algebra
g. An invariant pairing on g induces a closed 2-form on BG. The above theorem allows
in particular the construction of a shifted 2(1 — d) symplectic form on the derived stack

BUNConnJ?lat(M) := Hom(Mppg, BG)

of principal G-bundles with flat connection, from a fundamental class [M] € HZ% (M, O).
We now discuss derived isotropic and lagrangian structures.

Definition 9.7.10. Let (F,w) be an Artin stack equiped with an n-shifted symplectic
form w. An isotropic structure on a morphism f : X — F of derived Artin stacks is a path
h between 0 and the closed 2-form f*w in the space A*%(X,n)